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^ I I nivorsity of Hoinbay has recently inlrodneed cimsideraljlc 
^ changes in the iimtheinatical course preseril^cd for tlie B. A., 
and B. Sc. examinations. Tlie curriculum is now brought more into 
line with the rigorous nietliods of treatment adopted in modern 
books on Higher Mathematics. Thus the older works of Edwards 
and Williamson on the Calculus have gi^'en place to the newer and 
more rigorous treatises of Lamb and Gibson. There is also another 
change made namely in the grouping of tlie various subject.s in the 
seveial papers. We now have Algt'bra and Tr'gonometrv conven¬ 
iently placed in one paper. There is, however, no easily nvailalih' 
book which treats the cnirse prescribed in these subjects con- 
currently, taking advatitage of the common ground covered by 
them. High-r Algebra and Anaiyti.-al Trigonometry touch each 
other and overlap ill several places, and a great deal of nnitv of 
treatment can he secured and duplication of work avoided if these 
two subjects are dealt with together. The present work is an 

attempt to supply the need felt by students for such a eombiiied 
and unified treatment. 


A word of explanation is necessary regarding the plan of the 
book. Junior b. a. and B. Sc. students usually read Analytical 
Geometry in the first term. As a knowledge of determinants and 
algebraic equations is of great help in this study, these latter hav.* 
been treated m the br>>k earlier than is customary. On the other 
hand a satisfactory discussion of the theory of infinite series and of 

elementary functions presents great difficulty to the beginner and il 

IS not convenient to take up the treatment of these subjects till the 
student has assimilated the ideas of limit, continuity and infinity 
and has had a thoiongh grounding in the principles of the Calculus. 
Accordingly they have been relegated to the concluding part of the 

As regards fulness of treatment and variety of method the 
book should satisfy even the most ambitious student. With a view 
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to cure the student of the superstition thst a mathematical thojrem 
i*an be proved in one and only one way, many the«»rems have been 
proved by more than one method , even at the risk of increasing the 
bulk of the book: for example, as many as fou: methods are sug¬ 
gested for establishing the three typical series of chapter IX. 
The methods of the Calc -^lus are suggested, throughout. The geo¬ 
metrical aspect of complex numbers is broughi; more vividly to the 
notice of the student than is usually d >ne. The author has in this 
way attempted to show to the studeut how the several branches of 
mathematics intermingle and dovetail into each other and how 
necessary it is tor him to cultivate the habit of always keeping in_ 
view the whole field o f mathematics. Abont two hundred examples, 
chosen mostly from university papers are fully solved and about 
a thousand examples, a large nnmber of which are original are set 
for solution. Some of tlie latler are hard and obviously tliey do not 
i-epreseut the university standard; hints for solution are given 

sometimes. 

Almost every chapter ends with a list iif books for reference 
most of them written by er.nnent authors. These references 
are mainly intended for the use of students who wish to read deeper 
into the subject or those who ate willing to sacrifice part of their 
time for the joy of intellectual adventure. The author is grateful 
to the writers of the works meutioued in the book; the following 
books however deserve special me tion; 

Bromwich, T. J. I. Theory of /nfijtiie Scries 

Hardy, G. H. A Course of Pure Mathematics 

Young, J. W Pmtrlamctdal Cojicepts of Algebra and Geometry 

Whitehead, A. N. An Introduction to Mathematics. 

The futhor has received the greatest inspiration from the last 
book and recommends it strongly to the aspirants for mastery of 
mathematics. Dr. Whitehead deals with the most abstruse ideas 
that lie at the foundation of the science in a maimer that is at once 
clear and non-technical, and the light style in which the book is 
written makes it easy and pleasant reading. 
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The author has great pleasure in aeknowiedging liis deep 
indebtedness to Rev. C. P. Saldanha, m. a., s. j., whose genius 
for teaehing inaUiematie.s had won him a nniipieposition in the stud¬ 
ent world. But for his sympathy, sustained encoiirageineut, and 
personal interest in the author, the work would not have seen 
the light of day. His sineere thanks are due to his friend and 
former pupil, Wrangler D. C. Pawate, b. a.. (Bom. and Cantab.) 
who generously undertook the revision of last ehapters and also to 
Mr. L. S. Kamat, b. a. (Hons.) Daxiiia Fellow of the Karnatak 
College who went through the manuseript and verified the examples. 

There are almost insuperable difficulties in printing works of 
this character in this country and the author’s thanks are due to 
Mr. H. F. Kattinani, b. a., the manager of the Tontadarya 
Press, Dharwar for the gererous manner in which he has helped 
in the printing of this work. 

Suggestions for improvement and notices of error.s will be 
gratefnPy received by the autbox*. 


Dharwar, 
Decemhet' 1927. 
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CH4PTEK 1 


DISTRIBUTION OF PRODUCTS 


I'l. To ninUiply by /-I-;//, wc multiply « liy / and 
and b by / and m, and the partial pr.)diu*ts so formed, an* addt* I 
alffebrai<*ally. It is easily seen that the proe.ess is equivalent to 
this: Take a term with its proper sign from eaeh of the faetors 
rtd-^ and/d-w and multiply them. Do this in all possible ways 
without repetition. Add tojjether all the partial pi'odue*ts algobrai- 
eally. Then the expression so foi-med is npial to the produet 
{a-\-b) (/ + ?;/). It is elear that the process can he extended to the 
distribution of the product of two factors eac.li containiug more 
than terms. To obtain the product (a + ^) (/ + m) (.v+.r), 
we multiply the lirst two factors and the result is nniltiplied hy 
.r+y. We see that the same result is obtained thus;—Take a 
term with its proper sign from each of the three factors and 
multiply them. Do this in all possible ways. Add together all 
the partial products algebraically. The expression thus formed, 
is the product {a + b) {I m) {x + y). It is thus evident that 
the process may be generalised so as to apply to products of any 
number of faetors each containing any finite number of terms. 
This rule is known as the Disiribuiivi; Lam . 

1’2. Prove that 


( -v + (II ) ( .r + rt2 ) ( .V + as ). 

-f ^1 ^2 .v^-Sq-. 

whete denotes the sum of products of 
at a time, 


..{ v d- rtn ) 

. (ix\ taken 


r 


ciioosnis V ti-oin each of the « factors, we have the term ,r' 
bmcc the choice can be made in one way only, the term r" oceni 
only once m the distrilmtion of the product. Choosing an a froi 

a factor and .V from each of the remaining «-l factor.s, we hav 

terms of the^.pe .v -V The sn.n of all such products is clear! 


\x 


Choosing (I s from two of the factors and .r froi 




DI^^TRIBUTICN OP PRODUCTS. 


[§ 1-3 


^ ^ r A* • ^ ^ ^ ^ ' — — — 

oiV'h of the romainin? factors we get terms of the type 
(nearly we have a term of this type (corresponding to every pro- 

duet of two faetors (chosen from ^2, .«n. Their sum is 

thus ^2 .r"--. Proccceding in this way, we find that the distribution 

of the produ'd eoiitains groups of terms donotel by 

^-11^ . -V , . t^n-l -ft '^n . 

Adding up all these terms, we have the identity 
( A' + (71 ) C A- + (7» ) t V + ( 73 ) .( -t- 4- rtn ) ^ 

_ ^.11 _p Si ^2 .+ ^n-l-V + ^ii. 

Example. Expand (a —1) ( a* + 2 ) ( a'+ o ) (a* G). 

ITie (cneffieient of .r is 1. 

'Hie (M'^ffieient of x-^ is — 1 + 2 + 5 0 = 0. 

The (‘oeffieient of x- is 

(_-l ) ( 2 + 5 — G ) + 2 ( 5—G )—5.G = —3 3. 

The (coeffieient of a is » 

f 2.5 + (— 1) 2 (—^ ) + (“"!) ~^ 

The (coeffi(cient of a'^ is (—1) (2) (5) ( G) =G0. 

Hen(ce the pmduct is c^ual to 

vt —33 a~28a+ go. 

Examples. I. a. 

-Expand the following ; 

1. ( 2 A + 1 ) ( 3 A — 2 ) ( 2 A — 3 ); 

2^ (v-l) (a+ 1) (2 A-1) (2a + 1) (3a-1)(3a + 1) ; 

3 '^ ( V + rt + ^ ) ( -t: — a + l> ) ( .A + rt & ) ( -V a ) - 

the f^ntoffiinl Thcovt^fH ilidt 
^ _j_ ^ = .%•'* -f- „Ci ( 7 A'"‘^ + 11C2 a~ a”"^ + nfjs a" 

+. +i.Cn rt”. 

p„t «1 = = «:* = . = «n = « in the iden tity of §r2. 

The left hand member roduees to (a + «)". Now eaeh of the 
lerms of is the product of r (z’s; furthei;, there are as 

mai y suich products as there are combinations of n things taken r 







§ 1 * 31 ] 


PISTRIBUTIOK Ob' PROOrOTS. 


• > 


at a lime. Now by the the>ry of (i«n]hnaliou^ tliere are ,.0r sueli 
produets. Hence reiuees, aflorthea- substiiulioie, are uuulv, 

uCr a^. We thus establish the ideality : — 


( + a )n = ,j0o X" + i.Ci a .v"-‘ + hOia-.v’’-- 

+ nUi + . 


+ ,.(t. r?" 


Alternative method:-Wnee .v+^ is linear and homo-reneous in 
X and a, ( a- h/r)" is homogen-ons and of dimensions in .r and ti. 
Its expansion therefore contains terms of the type Now 

the term fl'-v"'*' may be regarded as formed by choosing ^ from 

r o f the factors of 

(x + a) {x+ a ) ( V + ) . ( V + <» ) 

and vjrom the r emaining » —yfa etors. Tliis (*onld be done in 

nCr ways. Hence, the term a* .v’*-*' occurs ,,0,- times in the exp¬ 
ansion of ( x-\-a )". Now the different types of terms are 


-v”, a X 


• ll-l 


a- 




a 


II 


Hence, we have the identity 


[x + a )" = A*" + ,.Ci a A*-i 4- nCb rt- a‘"- 2 +. + ,.r,. <r''. 

4 

1'31, The student should note that in every term of the ex¬ 
pansion of {x a) the suffix of C is e jiinl t > the exp )nent of a and 
that the sum of exponents of a‘ and a is always ft. Fiirlher, the 
exponent of <r is 1 in the seond term; 2 in the third term; 3 in the 
fourth term and so on. Thus the general term of the series or the 
( r + 1) th term is r.Oi- a^' a'°'*' or 


71 


(« —r) ! 


a^' X 


.«.!•= » (« — 1 ) { 71 — 2 ) .■ .(?; 

1.2.3.4. t 


r + 1) 


«’■ A* ''-f 


We also see that a* 4- <7 and therefore ( a* 4- ^is s ymmctiiea l 
with respect to a‘ and a; hence the expansion of (.v + «)■'is also 
symmetrical with regard to a- and a. Therefore the coefficients of 
A."' «“-*■ and «*■ A-"-*- are ecjual. Thus {;f + «)" is equal to 

either a*" 4- nCi « 4- . 4- nC -i a 4- nO . 

Ol’ nC« a:*» -b „C„-l a a""' + . + ,.Ci a’ 4- 
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DISTRIBUTION OF PRODUC'TS. 


[ § r>M 


Exaviplc 1. Expand ( 2.r — 3r )•’>. 

We liave the identity 

(.V + «)■>= .r^+ 5C1 .V* + 5C2 a'^x- + -A:,i + .v+rX^ 

Patting 2.V for x and — 3j' for a, we have 
(2.V —3y 

= (2 .r)5 + 5Ci (-3.r^ ( 2 x )* + sC_> ( -3.i')2 ( 2 . 1 )^^ 

+ rXi(-3.r)^ (2.r)2 + 5C* (-3 .v)M2a) + X:. (-3 r)*. 
Srtbstitjatin? the valne^of 5C1 , r.C'-*-. and niinplifyiu^, we have 
(2.V —3y)'' = 32v'' --240 a‘j'+ 720.v''y- — 1080 .vyr^ 

+ SlO.v.v^—243r"’- 

Examplc2. Writedown the 7th term in the expansion of 

(2x-yyK 

The 7 th term = nC.; (— j')*" ( 2 v ) 

^TJJ0.9.8.7.(i 

(5.5.4.3.2.1 “ ■ i 1 - 

Example 3. Find the term in .v'’ in the expansion of (.v+.v-^) 

(a* + r-*)'* — (1 + .r'-)’h Tims the term in v'’ is obtained 

)>y multiplyintf a-'^ by the terin in a*‘' in the expansion of 
( 1 + A'-“ )** , Now by § 1'3 

( 1 + A-‘^ )” = 1 + I,Cl a- 2 + nO. A-+ + nCiA--‘> + .. 

Hen(*.e the required term is nCa x^ or 105 a*'’. 

Example 4. Expand ( 1 + r — 2 )>" in aseendin? powei;^ 

of .r ns far as the term in x^, [ E. V. 1925 Hons 

Applying: the binomial theorem to ( 1 + a ■—-2 x-.5^' or 

to ^ 1 + ( V — 2 %'' ) , we have 

(1 + A— 2a- 2 )>»• = 1 H- loCl ( A—2A2)^K^„(b (a—-2a2)2 

4- ^K^0■.^{x-~2 ^+. 

Other terms of the expansion Ci;ntpin liijfher i>owers of a' than 

the 3rd. 

Now 1=1 . 

,uCi ( A — 2 A- ) . = 10 A— 20 a2 

inC, ( A — 2 a2 ) -^ = + 45 a2 — 180 +. 

,uC.t (a —2a2)^ = + 120A^ + ....... 

Hence (1 + a — 2a 2)1*' = n- 10 a 4 25 a^— (10 a-’ 4. 


] 
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DISTRIBUTION' OF UHODL'CTS. 


i) 


Examph's, T. h. 


Expand the following ; 

fCoC" A’-x . •(- 

1. (,v+ 1 )*~(.v —1 

3. ( ^‘ + ;• + .r )'\ 


d5*c..;w'‘. •. -f 


2. (+ i)M.v-i )••;. 

t O ^ o f 

4. (^-3/0-’.’ -L " 

I ' 




J -M J -V I 

G. ( . 1 * — 3 ^ 

Write d:)Wn the ;3tli term in the expansi(Hi of ( v — 2 .r ) 


5. (.V —A-l)^ 


8. Write down Tlio middle term in Ihe expaii'^ion (»f (.v — r )-" 
(The expan-sion eontiiiii'^ 2// 4* I t. rms.) 


9. Write down the tw.?inlddie ierms of ( v — y 


10. Which term of ( a*- — 3 )-‘ is independent of .v f » 




K**«—. . < 


11. Write down the term independent of v in ( 2 v — 3 i->)-» . 




Expand the following as far as .i * : 


12. (1-2a)MH-a-)^ 13. (l-.v)Ml + 2.v)-, 


14. ( l+;t- + .V-’ )•, 


15- ( 1 + ^ + <*1' + V 

1! 2! 3! )■ 


% 


16. Three oonseeutivecje.lieieiits in the expansion of (i + v)>’ 
aie in the ratio 5 : 10 : 14. Show that w = 11. 

17. If (he eoeffieients of three eonseenlive lerms in iht* 

expansion of (1 + .v)" are in A. P., prove that ?/ + 2 i.s a perfert 
square. 

[» th , (r + 1) th and (; + 2) tli eoeffieieuts are pi oporiional lo 
1,(71 ~r -\- 1 )(?/ — ?) , 1 /, („__,.) ^ j; ^ 

These are in A. P. if 

*{r+l) 4- ( « —r -i-1 )( M—7 ) == 2 ( ? -f ])(,,_,. 4 ^ 

This condition reduces to ,^-1-2= ( « — 2 /') - |. 
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[ § 1'32. 


Prove the identities in Examples 18 — 22: 

18. 2" sin^" [j + ^ ^ 

+ nasin=^2^ + . +vCa sin’‘25; 




19. „Cl—nCi (1 + y) +na. (1 +T+yM 

— ,C 4 (1 + T + y’ +1’^) + ... to terms = (1 — r)"''; 

- - -j-0 - 9 


^ (a-b\^ 

20. 2*;^" = (rt+ ^)" j 1 +'‘Cl+ »(--i + ^7 

i + .0. (s-D ■ +.i ‘ 


21 . 


) 


( 2a )'* + ( 2^ )“ - 


= 2 ( a + ^ 1 + nCi (^-:^^) + '-Ci (^ _^“/,) ■*■ ••• 

22. Cos^‘2^ 

= ( eos» 6 + 1 .C 2 cos”-^ 6 sin2 + >■^4 eos" ■* 6 sin^ 0 . )- 

— ( nCi eos''-i 9 sin 6 + 11 C 3 eos^-^ 6 siir^ 9 +.)" = 

o;.} - ifj 1 + V )o = Co + Cl A- + C2 A- .+ OJ^a” 

“ fU f 1(5^) C^c.J X ( 

prove thaw^ ' ^ 

( CV.+ 'cTTf C4/^ +4^.. )-^ - ^ ( Cl + Ca *+ CrZ+Ci.e....)^ 
= Co — Cl / + Ci —C3 /■* + ....+( — 1 )" Cn 

I'32. Investif?ate the nui'nmeally j^v ontest teian in tlic 
expansion of ( 1 + a" )”. 

Denote the numerical value of the rih term by t,- and tbe 
niiinerieal value of x by X. Then 



3,wici. »o ( 


» («—i)(?f— 2)....^r~i:+,g_) x'-i 

1.2.3.4 . (;—1) 


[§ 1-313 


and 


, _ a ( »-l ) ( »—2).( n-l±yl X'; 

1 *>. 3 . 4 ....^.('-1) • 
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/r + I _ « — r + 1 Y 
it *- 


iv + 1 


tv + 1 


> 

/ r according as 

71 — 

X 

> 

< 



r 

< 

> 


< 

( ;/ + 1 ) 

X 

< 

/,• according as 

r = 

> 

ii + 1 

9 


Case 1. If ( « + 1 ) X / (1 + X ) is not an integer, let it he 
equal to ? + / wliere i is the greatest inte<?er in it ami / a positive 
fraction less than unity. Now for values 1, 2, 3,.../ of r 

tx ^ t V\ '• /2 ^ ^ 1 i /.1 > ^2 i. /i + I > ^ i. 

Again for values /+ 1, / + 2 , / + 3,.of r 


/r + l< f r /i -hi > /i -r 2 , /» + 2 > /i 3 , . 

Thus in this ease / i i is the numerically greatest term. 

Case IT. If ( « + 1) X / ( X + 1) is an integer, denote it by /. 

Now for values 1, 2, 3, . i—\ of r /r i > : bonce i\ is 

numerically greater than any term which precedes it. Tfr=/ 

tj 4-1 = ti. Again for values /+!,; +2, . of r /r * i < ^r; 

hence all terms which follow t\ + i arc numerically less than/i-r i. 
Thus in this case/j and / i 4. i are equal and are numerically greater 
than any other term. 


Exa^nplc. Find the greatest term or terms in the expansion 
of (A'4- y )-® where x* = 3 and y = 

Let ix denote the r th term, then 


fr •* \ __ 20 — r 4- 1 4 

—^— _ - - , j 


/r 

r 


> 


> 

f r + 1 = f V 

according as 

4 (21~r) = 3 r 

< 


< 

> 


< 

^ r + 1 = / r 

according as 

r « 12 

< 


> 
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[ § 


Thus /i < /2 < /:{. < /i‘i, /i2 = /i3 and /la > iu > ^ir> 


/i 2 and /i:; are eijnal and avo greater than any other term. 

Examples. I. e.. 

Find the nnnierieally greatest term or terms in the expansions 


1 . (a* — j' )'^ where v — 3 and y = 2 . 


2 . ( A- 


)•-’ where A' = 2 and y = 3 , 


3. ( A' ir y )^’ where x — 4 and>' = 7 . 

1*33. In the seipiel; we give some nronerties of the hinomial 
«* oetti(‘ient s. 

Prove that 

>oVx (1) „C„+ nCi + nC2 + nCa + nCi + .+ iiCn = 2" 

3C (2) nO,,— nCl + nOi “ nQt + . 1 C 4 —. +(”l)”nCn=0 

and that 

( 3 ) iiCo + nC 2 + nC+ + . = iiCl + nCa + iiCj = 2 " *, 

In the identity of §r3, pat x = a — 1. Then, 

2“ = nCo+ iiCl + uCi + nCa + .nCn . (1) 


Ill the same identity putting x — — a ~ , we have 

O = nCo- iiCl + nC* - nCa + 11C4 . 

Adding (1) and (2), we have 

2 " — 2 ( iiCo + lA-i + 11C4 + i,C(i + . ) 

2*1-1 ■= ,,(j„ + „C2 + 11C4 + iiG; 4 -. 

In the same way snhtraeiiug (2) from (1). we liave 
2" = 2 ( iiCi + nC:i + nC.'» 4- . ) 


( 2 ) 


2"‘* = nCi 4- 11C3 4- iiC.*, 4- 


^ the series 4- nCi ai 4- 1 . 02^2 


4- 


4- i»C,i where Jr = I 4-^4- 


V. <0 




We easily liave 1 4- r 4* = 1 4-^r + r { r 

nCv Jr = r.Cr 4" 2 r „Cr 4- ^ — 1 ) nC,- 


1 ) 















§ rns ] 


PR0PP:RTIE5 op binomial coefficirnts 


f) 


N.,XV r,.a = « - ;/ .r . 

•- (r-l){r-2) .2.1 - . 

Similarly r (r-T ) r.C,- 

/ («-2)(?/-.S) . + ^ _ 

-^ n-‘jCV-o 


Tlm«> 


nCr — TiOi- 4- 2 //, .,.’(.’ 1-1 + n ( 7/-1 ) ii-j(V-_». 


Pnitiii? r = 0, 1. 2, 3. . in this identity, vro have 




— iiC,>, 


nCi — nCi + 2 7/. ii-d' . , 

iiOj = i,Ci> 4- 2 ?/. ti-dh + //(?/-l) . n->0„ , 

TiOt = nC;i + 2«. n-lO-j + ?/( ;/-l ) „->Cl , 




O't !iCn — iiCn + 2;/ +■ ;/( 7t-\ ) ii'iCn-^. 

.^ hl j ngr im these relations, we have, hy § Vm, the sum of tin* 
jyiven series " 

== 2" + 2/1 2"-i + ^ 2''-2 = 2»-^ («=? + 3;/ -t- S \ 

Otherwise : Sinee (l+.r)*^ = 1 +nC,.v + ,.C.t'-' + ... + „arr 

we have^ ^ ( Hr r)" = ?^(l + .v)"-i 

/ 


= nCi 4- 2. tiC^x 4-./+ r. „Cr .v*'-* 4- 


and 




;)D.2 


““7 ■ ^ 

= 2,1. „Q> 4- ...|. 4- 0 -4) nCr.r>‘-2 4- 



/ 


( 14-a-)‘' 4- 2a« (1 4- a)"’* 4- x'^t \-l)(1 4 -a )>'^2 


4- 


\ 14-2/-4-r(r~l) \ X 


4- 


= ao 4- ai i,Gi X 4- a-i ».Cj.r24- 


H-^r iiO,. A** 4- 

2 
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Pultnig A' = 1 in this identity, we have the re inirml re.'.uli. 

■■ io 117 

^;c4. A03 * Before we apply either of the two methods, it is uf-ee :sary 

to chanije a pjlyuomia l like into the, form 

- ^ A ' 

Ao + Aw + A>rj^f-l) + ...r... * 

*•*• ■ ■ *“ t-w 

As wv shall have maniy oeeasit)iis to use this Iransforination 'V^e 
‘jive a method of odV.'iiii^ it. More ir‘*neially, a ny pv>iyii )mial 
P (;•) of the n th degree in r eaii he put into the form 

^ r^a\) + ^2('—^i) +^:i (t )(>'”“^ 2 ) (+ 

. ■+ dn{f—a\)[r—a->) . (r-an), 

where ^o, .are eonstants, any one of whieh exeept 

may be zero. 

Suppose in the division o f P {r) by r-a\, the quotient is Q^{rf 
and the remainder, !),>; we thus have 

P (r) = + ( r~ a\ )Qi(/ ). (D 

!<uppose in the division of ^itr) by >~ai, t he quotient is Q>{f ) 
and the remainder, di ; we thus have 

Q\i^) = t)\ •¥ {f a*) 




S-.» V S * 

1-4 ^ ^ ft ' ^ 

S tA V-A 


from (1) and (2) we have 
P{r) = 


;.{3) 



r) = /io + di(r-ai) + 

e ^hus see that, by repeating this operation, we can oTeet the 
reouired transformation. Much labour ean be saved by applying 

' • T ♦ • C \ ^ f S,/ 

the method of s vntheiie division _( Sol). ' 

Example 2. If (I + v)" = + fli x-\- ai x- +.+ .^■”- 

prove that 

|«0 22 + gM23+^a2 2‘+.+ ^«n 2'“+'' 


( 2;^ + ^)3»+^ +l 

(;/ + !) (« + 2) 


( B. V. 1916 Hons. I) 
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mh 

We have 

—! ^ ^ + 1 > 9r+2 

^ +2 r+2’ > (r-1 }(r-2)...2.1 “ 

= 7- + ^ _ (» + 2)(;/ + 1)»(,MJ IJ 

(?/ + l)(« + 2) ■ (r+2)(r + l) r (r-1) 2.1 “ 

(?i + l )C« + 2) - 

The [jiven series thus rednecs to 

1 ‘' 

(?/ +1 ) ( « + 2 ) J '>+2Cj2’+ 2a+2C.(23+ ... 

■••+ (^+l).,+2Cr+22'-+^+ ... I , 

? « sei-ies ot the game type asthat of the fet example; its s,.m eau 

he therefore foand by the mothoci of that e.vainple. 

Otherwise: It is easily seen that 

2«o22 + 1^j 23+ I a.2*+... + 

= (ao r + fl-i ,r2 -f- a^ x^ + ... + ^^-n+i ) 

= X ( 1 + JT )» 

= [ ,7^1 (1 + - )-* ] ' - 

2 . 3 n +1 ^ integrating })y jiarts ] 

^ (2?i + l)3» + i + 1 

~ (?/+!) (K+2r~ ■ 

&-.jck 3. In the notation of Exami>le 2 prove that 

“o + al + ai + ai + ai + .+« 2 ,. = ^„c„. 

By § 1 31, we have 

(l+a.)» = a„ + a;a; + a2ar2+aax^+.+«r;xr + ... + 

“" ■*■ + «D-2a:-- +.+«.arf + ... +aox^. 
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As W*’ 


[ ^ r ><3 


X!>\\’ liu' coefti-'ioTit a': .r'* in the pi*iV.la«‘t of ilu* i,\Vv) vii>ht I:..nd 
fximnsions is e iiiai to 


I */ I *> 1 

a- -h rtj d- .7- + 73 


+ •> 
7 - . 


It is thus equal to the e .^tflicient of iii( 1 + .v )"X( 1 + .v )" 
i. r. iu ( 1 + .V )-**. Hi-u(v it is e.).ia] to-jiiCn . 

Example 4. If Cr is tht^ eoelTicieiii of .v'' in the t*xpansi >ii of 
(l + ;r)“, prove that 




+ .U Ci ^ 

Ji o 


....... + ( - 1 ) 


1*1 

11-1 *>u 


;/ 


= ^ + I + 5 + . 

‘ and show how The value of 

N ^ 

\ V ' ' —- V- —" + v-‘ - '* 

■ 1 '2 '3 

jnay he found . 

It is easily seen that 

2 _ 2“ -i- oil 

1 2^3 


+ i 


I + ( - I )>'-i i 

n ' > 


- vT + 


{ .r=' 


;/ 


[E. U. 1911 Problems^ 


( _ I ) n-l 2“ 


n 


_ S'- C]dx — Cj.ft/.r ■¥ JOav-(Ix — 


O 


<) 


i) 


f - (Cl -C2 .v+ C;i .v-^— ... ... ) <lx 


u 


C‘- \ _( J_(/v = r* (ly where 1 

' J I - ( 1 - V ) .{ 1 - > 

' rx “1 


-X ~ y 



r 1' r- j’*^ J'”!' 

+. J '-')'6 = [ V + 2 + 8 - tJ -, 


= ? + ^ + f +.+ ^ \ 

13 5 « ' 


1 


4 (-1 ^ . 


Ui _ 

Siinilarlv x ^ ^ y 

\ 1 - r 1 - 




_ _ r’’* Lr-A'" tly where y - 1 

J \ } 

1 


= 1 - ;v. 
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I’HOPKKTIKS OF RINOMJA h (’OHFFICI KN'l'S 


p: + 

Ll 2 


+ 4 4- 


n-t l-X 


^-11 


i + 1 + U ... + i 

1 2 ') It 


(l^v) . (1 -a)' . 
1 2 




Example 5. 8]io\v llial intoifiT 
tlje form l^V-t-lor (jr jmcoidinu’ «s 
odd. 


■vt of ( VI 0 t ;{)'■ is ()|- 


iIk* iiitcj'M' It is I'vcii oi' 
[/?. E^15 Prohltms.^ 


Let ( \’I0 + 3 )^' = / 4- /' whore / i> the ‘jrcalosl r >ii- 

lainod in ( \10 4*3)" and /*'a posiliw qnaiiiity l<-ss lhaii unii.v. 


•o Now 9<1()<1() 3<>10<4 0<V10-3<1 

.V (-.'10-3)" is a positive «p-.anlit.v less than niiity. 

if by 

Case I. It^L^s oven, we ha v 

( xl0+3)''+ (^10-3)" = 2(lo'2 + „c., 3- +.).' 

/ 4- b-\- F\ is an iutetrer . F-\‘ E\ is an infoijer. 

Now A and/'i are positive tiaetH>ns eaeh less than unity: 
henee F’VF\ must he equal to 1. 


^4- 1 = 2( 10 2 + 


lO^’’ 32 4- nCi 10^'- 3*4- 


- 2^ 10-2-1 ) 4- 2 4-2.3*( 10^'' 4-„C4 U)?'- 3^....) 


11 

= 2 ( 10“ “1)4-2 4- I8w where m is an ontoirer 


18r 4- 2; [sinee 10“ -1 is divisible ))y ,10 -l or 9]' 

•*. / is of the form 18/ 4- 1. 


Case II. odd. we have 

(VIO + 3)>i^Vl"-.3):. = 2.3 ( , 0 '^ „c, + lo'f „Ch>^. ). 

Thus / -h I'~F\ = G m, where m is an Integer. 


.. Now F. Fx being positive fraetions en.^li less than nnilv, tlieir 

^.m,st be z^o. Henoo/o..the integral pa.-t of 
( VIO + 3 )’Ms of tbe form Gr. , 


• ♦ 












>* *.“ I 
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L § 1-32. 


Examples 1 . d. 

^ 1. = ao-i-aiX+a->x--\-..\. .+an'i^"'^ and 


(l+.v)" = bo-\-bix-^b 2 X^-^ ...-{-baX^^ prove tiat — ar+gr-i. 
H mee show how the coefficients in the expansn^iis of (l + .r)*, 
(1-H.r, (H-;t)^ ...can be successively^written down. 


If (14 -a: )" = Cn-\-c\x + cox- + c-AX^ +.4-Cd-V" prove the 

identities in hxampies Z —11. s 


S C<K 






2. 1 <ri4- 2c‘>x 4"3r3.r-4- iciX^ 4- • • • 4- fiCnX^^'^ = n {14-at) 3 V 

3. 1.2^24*2.3c;{;r4-...4- (/«-l)«rn.^«r"'-= («-l)w(14-Ar)“;^.'^ ^ 


■4. l-ci4-2V2.r4'3-C3-3r4-...4-?/-rn.^“’^ — ?i(l 4-«.r) (14-r)“'r.*. / 


vv» 5. a-^o-(a4-//)'^'i4* (rt4-2<0'^'2"(^4-3//) V 34 -... = 0. («>2)/,* 

V/ 

n S 


*~ukSo-b3i^ 0. 4-r’»"44-... —0 or (-1) 2 cu according as n is odd or' 

, * ' 2 [ev^i. 


7. (i) ^•o4-2fiJv4-3r23r’4-••• 4- (r4-l)fr-*'''4-... / 

=[l4-(«4-l).r](14-.r)"-i':y^ 

(ii) <ro + 3f2+5a4-...=2n4-4o)4-6c.',-h... = («4-2).2»-2;/(«>lJ 


fiii) 4+2c‘i4'3(r5 4-...4-(3^4-l)c; 4-..-4-(?i4-l)r; 

= 2nCn4- (« “Kl ) >n-lCn-l. 

-I 

8. l.^i-(14'2)f2 4----(-l)'’Ml4-24-34--.-4-r)fr4-...= 0 

wliere n is not less than three. 


r. 

Q ^12—^-14-^ —-4- 

• ^’2 3 4 5 


(w4-l) (w4-2) 




« « » 4 


1 2^3 4^ 


^ 1 2^3 

»V<r7*** <^2 , o 


111^ ^1 
= I + 2+3'^-'^«’ 




^ 2 . 


+ $-%+■■■ ‘'> = H+(i + D2 

* Vl 2 3/3 Vl 2 3 ?iJn . ' » ^ 


AC.^1 


! 19 Hv considering the coefficient of iii the product of the 

IjJii'wiioexpansions of (li^)"' and (l+.r)”, prove that — 
j CS—= m^r - uCo 4- .nCr-l . uCi H- niCr-2 ■ nU^ 4- mOcSt - nGj 

1 1^ 


4-.“HiuOo «Of 




. ttiii 






!!, 2 (-r- ^ -- Z(-)/; VV?L'! ■^* " 
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MLM/rjN'OMIAL THIj: >KEM. 15 

1 4 The Miiltiii >inial Thor>n*iii. JM. 

///a/ (« + /»+ r +. + / + w/ )" /s cjuaf to '**■' h' 

''' jr^Fr'l ~ ~T\ //! . 

cohere the series iuihtdes all terms eorresfio/tdh/^ to all positive 
integral solutions of iho equation p 4 - 4 - r + .+s-\- 1 n = n. 

a 4-b 4-0 4- .+ / + w is hoin i-one >iis and lineai-, tlu-n-fon* 

{a 4- b 4-e 4- .+ / + «#)•> js homi>;r<‘ne.>iis and of n dimMii^ini^s 

.; h‘w.o its expansion .Mnlains t,-i*nis of tlio tvp,. 

ai' b^i r'’ ...... /t ,n" 

where/, r, ., are positive inte;?ers sneh tJiat 

P -h (2 4-r 4- -.. + ^+ t 4 - 7 / n . 

Now tfxpandinj. {a + 6 + c + ...+/ + ,„)•• by th.- liino ini,.l 
theorem, we have 

[a 4- {b4-c 4- ...+/+«/) -f. ^n-l ( /, + ^ + ) 

S'^e that all terms of the requii-ed expansion which 
eont^n as a faetor are sriv’en hy 

nCn-i* aV {l, 4- c 4- d 4- . 4 . 14 . J„ )n.i> j 

Again applying t he binomial H ieorpm fn, 

lb4-{c+ a'+ ... + / + w)]n-p have ib4-e4-d4-...4-l4-„f)»-v 

- + n-pCi ^n-P-» {c 4-d4- ./ + )1 ^ 

•*• fttnheterinsoftheexpansionof (^5 + r + r/+ ...)..-p 

whieh eoiitiin 6 ^ as a factor are given hy 

n-pGn-p-q b^ { c 4- d 4 - .)n-p.q 

i’rom (1) and (2) we deduce that all the terms of the expa,, 

^ + f. +.) eontaiuu.. .s a faetor are ^3" 

tSjurp n-pCn-p-q ( ^ + rf + 

the -r of 

nCa-p n-pG„-p-q i,-p-.,C.,-p-,,-r . ... .5CV„-,,.r. 

or 71 ! _ 

9 • ^'! • .. t \ u I, 

J 
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1 *'* 


3»-U 


Oi', we limy ar^m' thus : p rt’s oau be elio^en from Uie n 

facc^ {a-\-6-\-r . +/ + /«)'■ m way : ; ,y ^V, can be ch 

from the i-eamiiuni' n-p factors in n-yC . way ; and s > on. 

the term r**.occurs in the exuansi m 


i,Cp . n-pO.j . n-j.- |Cj. oi p \ (/ \ r \ 

Tims we the re;|nired txoansion. 


/ ! // ! 


times. 


:c4 i^s- 14 I Show how to expand {a + hx + cx-’^ ... 
into a polynomial in.v. 

By pn'tiiu^ rt, bx, cx\-.. mx^ for a.,b,e, .in the id -.itity of 

^ r4, we see that the general term of the re piirt'd expansion is 

_ 1^1 - rtP (o.v)‘i (r.r')’’.(w/A*")* 

p\ q\ J !.^ ! 

_ rV^ .^. 

a... Non t, Dh-k mn terms in .v>^ say, we have to subject r, / 
to the additional restriction that /?' + 2?'4-di+ 

Thus the coefficient of in the re inired expansion is given h.\ 
3 r‘-. 


the two (Miiditions > 

^ + 5, + ^+... + / = « + + '■ 

r..a.,pU^. Fhul the 


Kf ; 

The required coefficient = qToj qi 


= (50. 


Example 2. Find the e,)emeient ..f expaiiMon o 

( 1 - :i .V-+ 2-F')'^ 

The general term in the expansion is given hy 

o \ 6! ^ ^ Vi ‘2** v-‘* ■*■ 

0!_-lP (-3,vO'> ( 3) - . 

p\ q\ r\ 
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ILLUSTRATIVE EXAMPLES 


17 


wlici'e p, r an* snbjn^t to tip* hvo (tonditions 

= 6 (1) and 2^ + 3^ = 11. (2) 

Sin«o q, r, are positive inte^jers, from (2), \r(‘ k'.*.* that «mly 
0-1(1 values of r are admissible, and that itcnnnot be greater tlinii 3, 
for then q would be negative ; heneo r ean assume only two valuer, 
1 and 3. The eorresponding values of p and q are 1,4; 2, 1. Tin* 
e ).*flfieient of is therefore e pial to 

‘l!4fl!2(-^)^+^i3T-^ (-3)- =..420, 




Verify this result by applying the metho l of E\:anip!<' § ]’3. 

^ Example^. Expand ^rt4-/j + r + ... + /’+/)■*, 

Since the expansion must b'* homogeneous and of tlii'ee dimen¬ 
sions in <T, , the different types of terms that 0 (M*nr in it, an* 

(Eb^ abc. 

Now the eoefheient of is 3!/3!0! 0! or 1. 

Prom symmetry, the eoeflieient of b"^, r\ must also b(* e/pial to 1. 

Again, the coefficient of d-b is 3!/2! 1! =3. 

Similary theeoefficients of terms likeaV, etc. arc each equal to 3. 

The coefficient of ais 3!/lIl!l! = (i. 

Hence the retpiived expansion is 

Example 4. By using the identity ('l-h2.tr+.r-)'‘ = (H-.v)-'* 
prove that 


nt 2^ 


n! 2--i 


nl 


(«-/-M)!(/-2)!l! + 2) r[7^Jj ' 

Now 2 nCt is eqnal to the epeffioient of^t i„ the expansim, .rf 
(I+a:)-**; so It must be equal to the coefficient of .v‘ in the 
expansion of (l+2.v+^:i)>-. Now by § r4l, the coefficient of in 
tJie expansion of (1+ 2.r+ x -)" is 

.ro, .„hie«t to the 


P + q-i-r = n and q-h2 r — / 
Now setting r=0. l, 2.we easily have th'S 


;s of vj 



IS 


DIS TRIBUTION' OF PRODUCTS 
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P = w- 


} r I ) 




1X0 


yabslitaliii^ tliese valiies in (1), we have the required result. 

Sinee <7 is positive, the greatest value of r is either //2 or (/-I );2 
aeeording as ^ is even or odd. 

a. 5. If (l+.v + .rO“ =a.) + aix-ha2X---h.y + a>nX‘'^\ 

prove that (1) — «>n, ai — a-jn-:, rtj = rtin- 2 ,---: 

(.:) 1 —+ e+. S' i.jj 

and that (3) ar«o-fli-irti + «i-2«2“«i”y«3 + --* ■= 0 or 
aceording as r is odd or even. 

(1) Putting l/g' f or x and then multiplying both sides of the 
gicen identity by .v-", we have 

Now (.v’ + .v + l)" is the s\mi* as (l+.v+vO". Thus we g-‘t 

. , ■^'in=s/7 

flo4* rit*4-a'V —rtj.v -rai.T 

and so a.-ae,. ai = ^r 2 n-i, . 

(2) Putting -V = -1 in the given identity, we have 

[l + (-l) 4 (-l)-]"==ao+f7i(-l)+«2(-I)-+'7;!(-l)-H-..+rt2..( D" 

l=ao“f7l+^2"^3 + <74-'-* • 

(3) Ohangin r -v into -v i n the given identity, we have 

(I - .V Py’•)" = rto-^a ix-ha >x--a.t r * + a i.v. 

Thus the (^oeme.i^nt of in th' produet of the expansions of 

d + .r + y’)'* and (l-.v + yO" 

is a,ao^r-lfliyffr-2«2-ar-:(rt3+..- + (-‘Uhl..rtr. 

n,is nnantity must tbeveture be equal tu the " ’" V 

Xovx observing that (l + ^-'^ + .v‘)"«an be denvecl from (l + .s+x ) 

by ehanging A- into we have ^ ^ 

Qj.^»q_;^4)n =5 rto+Ul-V' + lTiV^ + naA -H...+U^nA . 

Henee the eoe.fieieut in the expansion of (1 H-.v-^ + .v*)" is either 

,ero or «r according as , is odd or even. Hence the requiro.l resuU. 

Examples. 1 . e. 

Find the eoofficient of 

1 ^0 in the expansion of (1+2 a + 3.v-)^; 

2. in the expansion of (1-2 a -t- ~a ; . 


I 



§ IT)! 


EXPANSION* OP I(a-d) IN TERMS OK a 4-^ AN*I) ft/) 1!) 


3. a^dc in the expansion of (n’-^ + 2 f)' ; 


i •% e-4 

4. in the expansion of cs. -r 

5. Prove^fhat. the eoeffiei*nt of in the expansion of 

^.4 A .1# ^ K ^ M V. M 


a+ab)° is fill{}i-p)\(n~(;)'.{n-r)\ where/>, < 7 , r are positive 
L-s such that h+y+r =25j^‘ /i - i “ «.««• 


{bc-i~ca 
integci 

6. If A 2 , A:nA‘4, deii')te-a-^d‘^c, a-b + Cy n-i-d-Cy a-{-d-\-c 
respeeiively, prove that ^ i (n^/* ~ 

( I ) ;r'J + xj + xl + xl '= Ma'+P^ + c-), •‘*•'^7^ 

/' A. > ■* J - >) 

( II ) .rj + A-ij + a-:!V] = - 2 J^ W, AVc.C-j^-fc 

t..- 


(III) xl-\~x] +xl-x]=^-80 abc- («^ + //^ + r^), 


(IV) A'l + xl + A 3 -A 4 


= -5Ga^c[3(a4 + ^^+f0+10(<^V^4-irV + rt’(&-J) ] . 

In the following articles we establish identities which will be 


nsed, later on^_to prove important trigonometrical results. 

i's' To expand {a^-b^)!ia-b) in terms o f a-\-b andab. iM. tsf 


Denoting a+b and a b by^ and g , we have the obvious identity 


a-b ' 1-ax 1 -^.v ' 1 


A* 


A* 


ia + o)x-^abx‘ l-px-^gx~ 


SimilaiW 


anu kt*« 




X-,px + qx^ - 1 + ipx-gx-) + {px-gx-) - +... ct 2 »^ 


+ {px-7x-Y^ + . ^{px~qx^V^^-^+ 

3L : l-Av + f/A*^* 


Thus 


1 . , 21 . , ^ ^ I' 

<T-ih-a,v- l-ix-5 aT ■*■ ITT'- +■■• 


+ a:" + ... + (a'^x^ _ d'».v>“\ 

\ 1 -^.v \-bx) ' 


Prom this, we see thaTu^^/Ca-i) ;; ‘e,;;, .o^i^'eoemei.mt 


of a" in 

•N«N«Ate ■* y. _ . 



•arz* 


. - y/ ■' V 


i4£r 
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DISTRIBUTION OF PBODUCl'S 


L § 1T> 


X ifix-]x-) "'1 +.r(-) "■•* 4- -.. . 

// ... + (-l)>'n-.^lOr'/>'--'-'5>-.'.. . (1) 

/ jit is s »iu‘titu?s (1 )iiwnient t > iv-ifran^v.* the term^ of the ri^ht 
h^iul expression of (1) in the reverse order . 

I If^is an ev'en integer, e pial to 2m s ay, we ol);3i’ve that the 
ft-riius in the series (1) contain t>nly tahl powers of p . N )\v from ^ 
1 1) the term containing; is 

(-l)'“-'m+r*lCm-r A''-* D™-'‘.n + r-lC.r-jA:^V’”'■* (§l’3l) 


■rfZi 


\ _X. 0 «-r + l)A-'-V"‘V( 2 r-l)! 

Hence \.(a-^~d-"^)[ia-±) _u- *«•. i*—:<^ 2 


H - I^X 


= (-l) 


in -1 


»f r„-i w(w'-l') . "/(W--1-) (;«2-2-) 

- — -'PV'-'H-- p>gu^-^ 




\ If ^is an odd integer, ejaal to 2m + 1 s ay, we obsorvethat the 
tcuins in the series U) contain only twen powers of p. Now from 
(l)\the term containing y/-*' is 

+ (§1*31) 

= (—Ij*"■*■( w + ?") (m4--? — 1 ).•• (m 4-1)m(m-1.) • - - 

\ X 0/i-r 4- l)/A(7'"-’7(2r): 

= (-1 )V'- («; + O <« () (W--2 ■) • • ■ [«/■-- (> -1) A-'A-'/( 2^)!. v / 


Hence x a 2 m +1 _^ 2 in +1 )j(a-d) 




r ( ^ ^ w 2-l2) • • • „2r„m-i- . (3') 

4-(-t; - (2/)! ’ 

Identities (2') (3') may be written in the form: 

{a^'—d^)i{a-d) is equal to 

j i 

when n is even ; and _ 

..... *'■' (3) 


when 71 is odd. 


t 
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§ I’d ] KXTANSION' OK IN TKli.MS OK r7 +/^ AND ab 

10 In the same way, to express in terms a b t\m\/t b, 

we nse the obvious identity 

1 1 . . ., , TL ioi 

- + ^ -I = t _ l2^/£; _ 

1—//A' 1—At \--~{a-\-b)x-k-abx- 1—+ 

N»w proe.vdhi^ as in ^ To. wo find that is ninal Id flu* 

eoeffieient of a-** in 

^l-qx’-) [1 + (p.r-g'.vV + ... + v'^) >■-1 + „ ] 

Other terms are omitt vl as they <V» not invalve t'M’nis in a'". 

H.-nee 0 ;^+^= Cl 0 + ...• 

■•-|-(-l)'-(„-,.C,+„.,-i(y-,)/y-2iv^r+.., ^ 

r! (1) 

^ ^ . 2 it is sometimes (^onveni<*nt to rearraujre (be terms 

ofthcscries ( 1 ) in the ria:gr.-je order z.^. in the aseendinjr powers of p. • 

If 2 L.i>* an ev^ integer, equal to 2 m sny, we obs.erve that ttie' 
hand expression of ( 1 ) eantains only even powers of p. 
thejerm which cmvains 7 /-** is from ( 1 ) e pial to • * ‘ ■h.-'— 


Thus 


» J / \«-r / I , 


... 4 . (_l)r ., 

(W-^ . (O') 

that ♦<- 2 m+ 1 say, ave observe 

^ • eries (1) contains only odd powers of n Now th t 
eont^ing j,, f,„,„ N<-'' the tern. 

^ ^(™+r+lGm-r + m+rCm-i-i)p‘->^+l(yi«-r 

1“ *'(m+r+lC2r+l + m+iQ>r+i)fA+l„«i.r f§rqi\ 

X ( «i-r +1)//-*•+Igm-ry ( 2 r-f 1 ) I 





DISTRIBUTION OF PRODUCIS 


[ §§ Vii, I'Gl 


_ f _Y) m-r {2//( + 1) ( W/ + r) /» (■ • • 

Hence (-1 )»>(«-'“■*■»+ is equal to 

(2». + 1) ^ ^ ^ 51 

lit(m + r)(wi --1.') (*»"2-)- ■■[ Hi--(r-lH ] 

+ (-!)>■ (2r+l)! 

Identities (2') (3') may al£> »>e w_nttai tlins: 

when n is even: and _ 

= (-!)- ^ ? lil’"'’ :-i:23 ’ ‘ 


m-2 


Q 


I (>y) 


( 2 ) 


'I 








(3) 


touowi:^ iden^ty i. innnediately obtained .y 
puttin, .^.andA^m (1) of § VG. We thus have 

We mav derive orrespondiu' 

i^hieh is g polynomial m zjtl—- \v». m.i.> 
formulae from the resu'ts of § I o. ^ ^ 

, ‘'*rr c .vp 

Amt:o,rv) V-'' 1-. j'. ^T->\ 

2'*' + + 

S = naHn^d){a--\-ad+M 

4. ] 

X [ (a+i)'>-;;a+M*«« + '>(« + '^’^''*, "/ J-. 

'■ . f M Ov-U-H-' or Oiliorvise,- prove tlnit 

5 Bv expansions of (1 

.2.+i^’3.2"-^+ —sTi:^-- ?5,AU. ,, 

= 4 r g-'+'+ViT']! [> 5 - ttzs Hon>. /.] 

O 1 1 M qvUl-(-v) )• lienee the re [hired result is 

[ (1-2V-3.V0-'=1 ,,, „ of § l o. ] 

ohtftinel l'> putung ». - ) 

1 -% 

•-w *?A4. 


^ a. t - 1 

t 4. t ' 

^ V - < 



§ I'Gl ] 


EXAMpr,E> I. a. 


G- Provo tint 


.vr 


_1.j.O/-'2) 1) I (//—t) (;/-")) (« -G) I 

^ 1 ^ 12 i 2^1 ^ ‘ ' 

[Tho ri ;’it haii'l sori^^ inn Iv.' dTivod froiii^ tliat of (1) § IT), 
)\V putting p = +1 and ^ -l ] 


/ixan;ph'$. I. 

+ = + prove that 

1. '^^11 + (^u.i +(«-2)r„/>+... = «•'iii-iC ,-i: 


2. £ii2 +^ll.'j-£^V0LLV _ (1 + -1 

^ ^ w + 1 ^ ^ ;/+T ' 

3. +^:V + '' ‘ - T -' I 

1^ 2- 3- 4! 

_ _J_ J (•^'+1)-1 _1_ (-V + 1)'--1 , U + 1)J-1 , (,v + ])’'+'-l > 

«4i< 1 ^ 2 ^ —3 ■^•••+ «+i:-L 

2>*’4. Provethat f34-VS)"4-(3-sl5)'>^s eqnHl to c*<.l , j. 7 j. , 

Ca-’i6>-24+ ”^’4f) t;.n-44t- »(»-4)'(«-!')) ^..„..,*-p° 

I 1.2 1.2.3 * +••• . 

N.eK«« He lie or otherwise shew that the integer next lyreater than 
(3+V5)’* is divisible by 2 ^ 

on^r^■ integral part of (5 + V 21 )’' i.s of the form 

- -M 1 where M is an integer.--Ad% •• * 

6. Prove that the integral part of {>ll3+3)-’i+'is of the 
form 3.2=»« M where M ia an inte?L-. - 

If(Vl34-.3)t.aK = i + p th> ..vUe.t integer 

oontametl in (Vl34-3)2^a+i, p,.ove that P (I + p) = 4 !.n 4 i 

n J ,,” . 

(I ) S^V .. 

ri*”i 4 ^^’ ~ Wl!j fiz = »(?i + l)l2l, rt.i = ?z(7/+ !.)(« + 2 )/ 3 ' • tf 

[U.e the Identity (l+*-)"(l + .rt)" = (n..^+^.-.+ ,.;,)„. 

«o ®2 + a4 + rt.i+ ..^—(Il + a 3 +a;; + ,.. 

9 If the product of an.v' number of factors of ti.e form 


^ QnnJ » 1 ^ 

» ^ K1 - I • 


3 ^^-4 i£^£l . 

41 ^ ^ 


•n ^ 


* fr^^S^a 
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KXAMPLES \. a. 


I . 


( 1 +.v + .v- + .--.v-v)i,(H-.r+;c-+--..v-‘i)"*... whore ..., are 

positive inte^jers, is expaiuloA i!it:> an expressi m of tlic form 

o 4 - a i)i.+ a->x- +r73.t-* H-... + r/ ,• j**‘ +... 

prove that ^ 

{]) the eteffioionts oiinidistant from the two ends are equal 

(2) = or flr aoeordin^: .as >• is odd or even; 

•2 «f.s—iCKjn*- 

(M) + ("1 ^*'^rr + ••• = !• 

fc'f ^ 

10. Show that 0 can bo expressel as the sum of jnto'^ors 
1. 2. 3, 4, o, (>, 7, 8 in 7 way-; an integer oeenrs not more Ilian onoe 
as a t'*rm in th« sum. [C >nsid‘'r the «r)etfi«‘ient of .v'^ in the distrihu- 
l ion of the prodin^ (1 +a*) ( 1 + a'-) (H-.r*) (l+.v*) •••( 1 •] 

? 11. Prove that weights weighing 1, 3, 9, 27 lbs. can be mani¬ 
pulated to deal out any tjuantity weighing up t >40 lbs. in integral lbs. 

[Uisti-ibute U+.v-' + l)(.T-'' + T-^+l)U»+v-’’ + l)(-V-‘ + A-^^^ ] 

12. Prove that 7 coins worth 1, 2, 2\ 2', 2S 2>, 2^ 2^ rnno. s 
.•JUI be manipulated to pay in integral rupees, atiy amount up to 


•lan be manipulated to pay in integr; 


13. Prove that, if l+y= (l + .r)'^ and y’’ where r is a positive 

integer b> expanded in aS"ending powers of r, the eoidlii'i'mt of .r^ 
;n llie expansion IS ^ -rrz^-^ c 1 _ 


is3^ \ 

Ct*%4 




^ (~1) X r-stiCt • /> /• 1 

s^o [/?. a. 1924 /V/s.v. A] 

14. Prove that 

iiCn-t“nCl X ii-lCn t + X ~ ^^ _ 

1.0 Prove tlni^^^ (» _ *Z^ / . c 

V— 1 _ I_L —on ^ ' 




«» *,a *• •f H-tK.*-)*% Up + u 1 +^2 + + • -• + — •!“ 


t-i *. - ) 


and Ck «•- 0 


•{■a-y-nw^ .4-U2ti — 1 


whoia 


CHAPTER II 


DETERMINANTS 

2 1 This chapter is devoted to tlie discussion of an important 
f'lass of functions that occur so often in many bramdies of math<?- 

matics. It will be found that fh;*y soouro mnch cleganc-c of form 
and great economy of labour. 

2 2 Definition of Determinants. Considerthe four fjnan- 

tities arranged in the form o: a sciuai-e 

a\ <^1 
ai b'l 

Qu ntiti's ai, b\, are called or coHHtiiHmix. Ele- 

in iit-s in a hDi i;5outal line are said to form a row, they are chnrntite- 
riz^i by the aam- suffix. Those in a vertical line form a column- 

they are characterized by the same^altlmbet. (Thus a,, bv. a-u b> 

are two rows and m, a>-, bi, by, are two e )lu!nns.) We operate upon 
these four elements in the following manner Form nU possible 
produots of elements choosing one and only one element from oa.Oi 
cMumu, and one and only one element from each row. We have 
thus axb-y, a2br, arrange the factors in alphabetical order and then 
assign to them positive or negative sign according as the number of' 
p:cr^m the order of suffixes is even or odd. [ A greater suffix 
Receding a smaller one gives rise to an inversion ]. We thus have 

and-a,di. Adding up algebraically all the terms so formed 

we finally oblniu the expression. 

aibi-a-ybi . 

We denote this symbolically by 


a\ 

a-* 


b. 


or 


[ «i &-J ] » 

1*^. ”»>■> 
a Bq«“' in the f-m of 


o R,a 


4 
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DETERMINANTS 


1 ^ §§ 2 ‘ 2 - 2‘22 


ai 

hi 

ri 

a* 

b> 

<*2 

as 

bs 

Cs 


Wo have three rows consisting’ of eloineiits ^7 i,/n, ri; ^-> 2 , ro; 
and as, />,:$ and three columns consisting: of a\, a^y, as-, fti, hi, ?;•{; 
and ri, Co, c;^. The products formed by taking: one and only one 
element from each row and on>and only one element from each 
column, are the following:- axbics, a\hsCi, aih\C\\, aj)sr\, ash\Vy, 
asbu'i. The factors of each product are arranged in alphabetical 
order. In aih>(‘s there is no inversion in the order of suliixes, 
hence its sign is positive. In axhsey, 3 precedes 2; hence there is one 
inversion and so we assign to it a negative sign. In aihsC], 2 and 
3 precede 1, Therefore thei*e are two inversions and so its sign is 
positive, ash-yri cont ins three inversions; for 3 precedes 2 and 1; 
and 2 precedes I ; hence its sign is negative. The signs of aihi<’s 
and a-.\l>ici may be similarly found to be-and + respectively. 
These products with their proper signs, when added, give vise to the 
expression 

a\b2CT~(Z\h-M‘>-\-aihs(']~a2hi('s‘^osbic>-ashi('\. 

It is called a determinant of the third order and is symholicnliy 


f 


denoted by 

ai hi c\ 

ai b'l c-z or [ ai h> cs ] 

as hs r:t <■— 

2*2 I As there is a one-m-one correspondence between rows 
and suffixes and column.s hUy ^’I^habcH r the above rnle m ay be 
modifie^^ *tlius; - Form products by choosing only one element from 
each column taken in order fi'oin left to right sub.ject to the condi¬ 
tion that one and only one element is to be cho.sen from each row. 
Positive or negative sign is given to the product accordiug as there 
are an even or an odd number of inversions in the order of rows 
from which el 8 m 2 nts are successively chosen. 

2'22 Yet another moditicatio n is the following:- Arrange 
all letters in alphabetical order and tiren'^pe nni^e 'suffixe s In all 
possible ways. Corresponding to every permutation we have a 
term of the determinant, its sign being decermined by the number 
of inversions in the order of suffixes as before. Thus we have 


§ 2‘21] 


DEFINITION OF DETERMINANTS 
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seen tbatina <loterrainant of the seeond order, there are 2! or 2^ 
terms, and that in a determinant of the third order there are 3! or 
() terms. In tlie same way we can define a d eterminan t of Die ;/th 
order . It eontains n elements in ea(^h of its rows and n elements 
in each of its columns. Its expansion contains wM^erms^soine of 
which may reduce jo zero^ut? to zero elements. 

The notation of arranging the elements in the form of a sqmire 
and then enclosing thejii between two vertical lines is due to Cauehy 
(1789-1857) It furnishes a very good example of how a h}f]Cpy 
notation facilitates the development of a mathematical suijjeet. ? 

The following are illustrations of problems involving deter¬ 
minants. 

Example 1. The condition that the conation s a\x-\-b\y^{) 
and a 2 X+dy}> = 0 should be consistent is 

a\ 62 -a 2 b] = ai bi — 0. 

a* b'l 

Example 2. It is easily seen that the ratios r: y \ z determi¬ 
ned by the equations aiAT+^iy+ci^ = 0 and < 7 i.t + />2y+f-22 = 0 arc 

given by 


X 

y 

_ 


b\ c\ 

ri rti 


bi 

b'l c-i 

('■1 a-i 


as b'l 


Example 3. It is well known that the area of a A XYZ 
whose vertices are given by («i, b\) -^ 2 ) and {as, bs) is, (axes 

being rectangular) 

i (?^2“&3)+<Z2(63-6i)+« a( 6 i-ft>) 3 

01’ i U1 61 1 I 

a-s bs 1 I 

«3 hs 1 I . 

Example 4. Show that -{■a\hsc 2 d\ is a term of the deterini- \ 
naut {.aib'iczd^^. 

Eaoh of the letters oeaurs once only. Hence only one element 
IS taken from each colnran. Similarly it involves each of the 
suffixes only once. Hence one and only one element is taken from 

alphabetical 

• ‘tat the nnmher of inversions is 6. Therefore 

+ (n1>3C2dK is a term of the determinant with its piWer sign. 
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DETERMINANTS 


Examples. II. a. 

% 

1. Prove that a' 2 b\c\d?^^ a^iiCAd\,-a^ic\d\y-aJ}^c\d%-d\h:c?,a\ 
are the terms of [«i . 

2- Are the products a\b 2 Chd\c^, a-ihiad-iC^ and aih-zc-idnCn terms 
of the determinant [ a\ h> o #^4 es ] f 

3. Write down, with their proper signs, ^ t)ie terms in the 
• determinant [^i h-z es d\ ] which contain as a faet or (IJ a^p-d^ (ii) 
e^dncA (iii) a\,d\ and (iv) axd^. 

^ 4. Prove that the terms of la\ ?;j] multiplied by those of 
di] give some of the terms of [ai h> ca di] . 

yi. Find ^Ihe terms, M’ilh their proper signs, of the deter¬ 
minant [rti IjA a d4 e-,], which contain aid-jb^ as a fact >3*. 


G. Prove th^t 

a\ b\ 

— • 

ai aj 


a* 1)1 


In h 


Kv'aluate the following determinanls: 


7. 


9. 


S Y W. 


11 . 


—V)»e 


13. 

C<. Jl.'» 



. t 

1 -t.' 






B.ff.IT t* ^ IT). Prove that (-1)-"^^ &ii-i ^■n -2 IK a term of 

I ■ (ht'rininant [<71 fta di... ^*n]» 

IG. Prove that the conditio n that the eipiation 

ax' + 2hxy + by^+ 2j,r + 2f r + c = 0 
should represent t wo straight lines may be v'ritten in the from 

a h (j 

h b f =0 

\ g f e 


§§ 2*3, 2*4 ] INTERCHANOE OF COIiUMN?; AND ROWS 
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2 3 A (i"ipr)i}uiayit is iioi chaiiffetl w'i-en cn/umtis aye writtf^'i 
ffs YOWis or roll's as columns. 

We shall prove, t\>r instanee, that the two detenninaiils 


Ai s= 



ei ' 

and Aa = 


<7a a.i 


a-i 

h-2 

t'a 


In 

h> h 


(1.1 

h 

VJ 

1 

1 

Cl 

C-l C.\ 


are identical. The ar^uiii.^iit will be found to be peiteetly general. 

Consider a term +a^Ac\ «>f Ai. Writing it so that, all its 
suffixes are arranged in the ascending or n«)rnial order of nmgnitnde. 
we have + the term s> derived is nnmeri|;{tlly equal 

to a term of Aj ; for , sinre all suffixes oivnr each onecjonly and are 
arranged in asonding order of magnitude, the prodifet is formed 
by taking one and only one eb.nent fro n each eolum^i of An taki-n 
in order. Also each letter occurs once onlv ; lienc^^ it is formed by 
taking one and only one element from each row of Ai.C'OFurther 
nuiuber of inversio ns in the al phaboticn l order of loiters in the 
derived term c\aih.i is the same as the number of inversions in the 
order of suffixes in aj/wi, each inversion in X\\j order of suffixes in 
a 2 hc\ giving rise to an inversion in the alphal^tical order of letters 
iu C\aM. Therefore + c.aM is a term of At witli its proper sign 
(§2‘21), In the same way, every other te^in of Ai is a term of 
A 2 with its proper sign. It can be proveil^tliat reeiproeally every 
term of Aa is a term of Ai with its propci' sign. Henee we have 

Ai = Aa . ,* 

The argiyji^nt is pe rfectly genei^l .find can he applied to deter¬ 
minants of any order. It follows as a e »nse pience of this theorem 

that any theorem which holds for rows, holds also for columns and 
vice versa. 


' ^ ^ ti vo_su/^x es in a term of a determinant are inierchanaed. 

the alphabetical order of letters remaininy the same, ne yet a new term 
of the determinant and the two terms have opposite siyns. 

Let the determinant ba ^a^ h> e.i. .. Suppose the given term^ 
where P,Q,R, stand for products of olements. By 
luterahanging h and k we get Fd^Q/^U. Since in P^kQ-ZkR. 
«v-evy letter and every suffix occurs once only, it i.s dear, that 
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Ihe same is true of lVkQ; 7 iiR. Therefore is numeri¬ 

cally eciual to a term of the deterininantA^'^It remains to prove that 
t he si^ns of the terms are different . For this, it is sufficient to show 
that the d ifference between the numbers of inversion s in the two 
terms is am odd inte;j:er. Suppose that p of the sultixes iii Q are 
greater than both h and k; q, less than both h and /.*; and r, between 
h and/>■. Suppose further that h > k. it is clear that the 

number of inversions due to any suffix in P or R is the same in 
bi>th terms.) A is greater than k and also greater than q + f suffixes in 
Q; corresponding to each of these f/4- r+1 suffixes there is one more 
inversion in th^^ given term thaiv4n the derived terin.^'*'!A.gain r of 
Uie suffixes in Q are greatej*" than k and less than /i. Due to each 
of these r sullixes, th^t^'‘'is more inversion in the first term 

than in the seeoiul^'^*Vurther in the derived term since k is greater 
than*^ of ^suffixes in^there av^q more inversions in the derived 
te -m than jin the original.^'All other inversions are not disturbed 
by the ^in«erehnjige'(>f h and k. Hence the original term contains 
+ r~q or 2r4-l inversions more than the derived one. 
Tlie two terms thei*efore must have opposite signs. If Ajvere ^ 
than k, 2r +1 inversions would be more in the derived teion than in 
the original. Thus in either case the two terms differ in sign. Hence 

the theorem. 

Example. Determine the sign of a^He-ykerJi of the deter¬ 
minant [ui O'h4 ]• ’ tj 

If we interchange 1 and 4; 2 and 3; and 4 and G normal order 
of suffixes is restored. Hence the sign of the term is negative. 


Examples. II. b. ‘ 

Determine the signs of terms: 

(!) a:iln<‘:vhe\ and awb-iexeithoi {a\ b> <h eo'\ ; 

(2) f:A\Cvhe‘ia\ and a[\b:x:vh^\fi of [axhic^the^Ui]. 

2'4 I // tn'o rotrs or i’olumiia of a determinant are. , 

then the reunltinq determinant dijfferH%i Hi(jn''(o}^from^fffoiren 
ileterminant. 

By ciianging the 7/th and 7.th rows of the determinant 
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Ai = 


we bave anolher detorniinant 

A- s 


o\ 

h 


... /] 

a-i 

h-l 

ro 

... h 


h, 


... /), 

4 ^ ^ # 

(Xk 

^ ^ ^ A 

/>k 

rk 

... Ik 

• ^ ^ 1 

nant 




a\ 

In 

<*\ 

- /l 

UJ 

h-l 

v> 

- /■* 


hk 

rk 

... / k 

o>i 

l>\i 


... /]| 


Pdi 


A. 





Consider any term P./i,Q/kR<^Ai wh-re P, Q. U, stand, as 
in § 2*4, for prodiiets of elem^-'nl-?. - _Ch losinu' eleiri-nts from 
fo rrespondinT JlJas^s in A->, we bave eieai^X Hie term PdkQf/uli 
of Aa. This t a-m must involve the same numH(.'r of inversioi/in 
th5ord?rof rows in A - as the^Un-m P/;,%.R do'e^jn Ai. Hence 
the two terms mast agree in sigm^ ^Fnrther by § 2^,-PJi,Q7kK 
is a term of A:> obtained by interelianging tbe suffixes h and /■ in 
P.4Q7hRof Ao; hence PrfhQ^kR mil P,4Q7:,R must differ in 
si?n. Thus, correspjndinn; to every term of A, wc Imvc enotlier 
te.-m of A, differing from it only in sign. It. is .dear th:d (Ids 
r dation is reciprocal. Hence the given dot-■ndnant and (lie trans- 
lormed determinant must be identical except in sign. 

n IS evident: tliat a <orre.spon-Vng theoretn holds wi(h respee* 

o ailmnns. The tw.) foregoing tliorems expeclite the determination 
gl-the sign of a term of a decermiuant. - 

« 'M-r>nh,nnt arc 

^^'lixcal then ifs value is zero. 

This is an immediate deduction from § ‘^*41 

taiu^r^nf' n”""" ^ -'<1 ^P‘terminaut oh 

by Ar^ N““T>- 4 r‘-'’ ‘a - A T’''" 

besameasA . Hc^ee A = ^a 7 ' 


’/ 
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Example 1. Prove that 






t e 
^ A 


, 1 

1 1 
1 1 

O 

a 

1 

4 



b 

1 

1 1 


! 



- 1 

• ' 1 



c 

1 i 


1 I = - {b-c){c-a){a-b) . 

, fr.*- (g.> 4»J ( 

Denote the d.te-niinant as rsnal by A - It is clearly a polyno¬ 
mial ni rt. If ^ is put for rt, two of its rows become identical and 
therefore it vanishes for this substitution. Hence is a factor 
of A. Similarly a~c is also a fjictor. Considering the determinant 
as a p olynomial in r, we similarly find that 6-c is also a factor. 
Now A is of three dimensions. Hence 

A = /.■ ib-€){c~a){a-b). 

where I' is a number to bo suitably chosen. The loefficients of a-h 
on both sides of the eijuation are +1 andhence A‘ = -l; end so 

A = - (b-r) {c-a) (a-b) 


Examples. If. c. 
Evaluate the determinants: 


1 . 
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a~-ha 

b'-\-b 

C'-he 

mjnw 

w:}W?i 

m\mi 


a 1 
b I 

(T 1 

m\ 

ni2 

W?H 


{a-hxy~ rt-h-r 1 
(b + xY^ &+A- 1 
{c-k-xY" c-]rx 1 


1 

1 
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4. 

uo 



;;/2 

mo 
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m-A^ 


m-A 

1 
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1 y¥z 

yz 

a 

1 

y-^z xy+xz 

1 2- f .V 

zx 


1 

z+x yz-^yx 

I x-\-y 

Prove that 

xy 
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6/* 
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% ^ 

x+y xz-^zy 
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bx 

Cl .«• 


an 

bn 

Ci\ • • • 

ay 

b> 

f 2 • ♦ • 


a 1-1 

^n-1 

^n-l ••• 

■ 






* • • 

(til 

bn 

n »• • 

ai 

bl 

Cl 




1 

(t\ 

b\ 

C] • • * 


2'5 Development of a Determinant. If from a determinant 
of the wth order p rows and p colmnn s ai*e suppressed the remai' 
ning elements form a detei’ininant of the w-/th order. It is called 
a /;th minor. It is nsual to denote a determinant by A ; a first 
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luiuor is then denoted by Ax where x is the element oeeurin? ntthe 
interseolion of tho suppressed row and column. Thus in ilie doter- 
niinant [ ai h> ] 


Aftj - 

^2 £ 

- 1 and A.„ = j 

1 

Oa c 

3 1 "1 U3 l).\ 


are the first minors coi*respondin» to the elements ai and cj. 
2'6 In thf>. usual notation , prove, that the ftHevminant. 

ai hi c\ ill 


a'i hi c-i (li 


is e.^nal to 
( 1 ) 


<23 ^3 C3 
a\ 64 Cl 


dli 

fll 


• / 


nlTd^ai) 


rtiAfl, ■i'^aAag -rtiAu^ 

(-1)» Ui Ad, -ddAd^ + * Ad,, -,k Ad,]. 

Since one and only one clement is Selecte<l from e.sch row an 
one and only one from each column, to form a term of a detcrmi 
naut.it follows that it must be a ^liomogeneons and hinear fnimtio 
of the elements of « ..o^or of a olnmu. Tims thrgiven deter 


minant must be an expression of the form 

whor -^ 1 , Az, Ah, A, are independent of a,, u,. ^ 13 , « 4 . Now, if P 
“JeUP. with Its proper sign, of the first minor A., then a,P is 

term of the given deternimant; for in u,/> one and’ only eleme. 
f om eaeh row and one and only one from each column is presen 

i£:™:?! 2 Mjn«./’is th.e^e as in/>. Coi 


If Oi^is a term of the determinant^ then P' contains" 

than the row and the column passing through m f. e. one and on 
element from each row and column of the first minor A„ 

SnS“p'‘’'" "! '-S^S^onsju a.p- is t he same as that in / 

ence P' must he a term of A„, ovith its proper sign; thus wo ha^ 

In the same way it is easily seen that a term O of ,u„it, 
P led bv <12 IS equal in mimorioal value to and differs in si^n fro: 
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*1 term of ( he detenninaiit— In a-iQ, 2 precedes 1 and hence there is 
o ne inoro_invorsi f)n iurt 2 ^ than in Q. O n the other ha nd, if 
o-iQ' is a term of the determina nt, then Q' must be equal in 
ini nej’ioal valu.» to a term of but tbe numb er of inver sions 

in a-yQ' is g reate i- than that of inversions in Q' by 1 and hence a-iQ' 
mid must differ in sign. Tl^us we have 

.'/p = (-l)*Aa^, . Similarly, ^4^= (-D-Aa.^ and -44 = C'1)^A-.^ 

i\I iking these substitutions for ^i, ^ 2 ,in (1) , wo get 
til * reiiuircd result (I). 

Let us now try to expand the determinant in terms of tin* 
ments of any other eolmn n. say the 4th . By interchanging the 
ele nents of the 4th column with those of the 8rd and then witli 
tin se of the 2nd and so on, the given determinant transforms into 
I (-1)^ di ai b\ c\ 

, d'l a-, 62 Cl / -.VTA/ 

I J r = (-l)’^A' say. 

»3 03 <’3 

rt '4 Qi h\ 04 

iNow applying the first part and expanding A' in terms of the 
elenlonts of its 1st column, we have 

\ A^ = d\ A^ij + rf;iA'<i.^ -d\ A^l^ _ (2) 

But m is easily seen that A'.ij, A'a.,, etc. are identically the same 
as Adj, Ad., etc. Waking these substitutions in (2), we imme¬ 
diate!^" have the reejuired result (II). 

Similai^ " the dof^'ininant can be expandwl in terms of the ele¬ 
ments of a ny row o r any olumn. The argument is (|uite general 
and ir ay be extended to determinants of any order. 

*t ii. 

i92,...ete. are called the vreDared whiors or cofa'-tors corres¬ 
ponding to the elements a\, ^ 2 ,**-i'espectively. We see, from above, 
that they are numerically equal to^ ^ Ai^ . 

The following corollaries are important; they simplify very 
much the manipulation and reduction of deterininanTs. 

2‘6I. Cor. 1. 7'he sum of the elpniPiits of a column (or a row) 
m uliiplied hr the vofado rs of vorrespotuling elements o f any othe r 
column {or row) is zero. 
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For instance, we shall prove that in the ease of the (letiTiiiinant 
of § 2*C, 

By §2’G, we have the identity 

a\A\'\‘a'yvl->'‘ra:\A‘^-\~ a.\A^ (1) 

where A\, A>, A.\.A^ are independent of ai, ao, rtrj, ai. Settin^r 
(i\, ih d'A, (li in this ident^.^lveTiavV^ 

I (h Cl d\ 

j '^2 &2 Cl (l-y —diAi-j-d-yAi + diiA.i + diAi. (o^ 

ds ^3 C3 ^^3 

C ?4 di C 4 di 

Now the left-hand determinant of (2) has two identaial eolumns 

and hence, by §2-411, it is epial to zero. The required result i.s 
now obvious. j 

I 

2*62. Cor. 2. /f the elements of a column {ora ;y>w) arr 

multipUed by the sam^ quantify x the resulting rHermhiant is x times 
the given determinant. ~ 

For instajiee by § 2 0 , we have the identity 


~a\Ai-\-ayA2-ba:\A:i . 



ai 

bi 

Cl 


ai 

&2 

C'y 


U3 

b^ 

C3 

Substituting 

(liX, 

, ao: 

serving that 


Ay, 

Aa 


xoi bi n 
xa-y b y C y 
xas fta ^3 I 

^^'^i'^i-^xa2Ay-hxaiA3==^x{aiAi + ayAy~\-ajAA)^x.A, 

This result may be eas'ily generalised : 
thus 


=lm 


lai 

m 

mhi 

nci 


«i »? 6 i 

«ri 

l(l2 

mh> 

nC2 

=-l 

a^ mhy 

ncy 

la^ 

fnb-A 

nc3 1 


«3 »a 63 

ncz 


a\ 

hi 

flCl 



6 i 


r 

9 

rto 

h 

nc2 

~lmn 1 

ao by 

c-l 


rt.3 

6.3 

ne-A 



63 

£3 

Prove that 





3G 


DETERMINANTS 


[ § 2 *G 3 



a 

1 

he 


a- 

a 

1 

A = 

b 

1 

ca 

— 

b'^ 

b 

1 


1 

c 

1 

ab 

1 

1*2 

c 

1 


Multiplying the rows of A by <7, r, respeetivoly, we have 

I a ahc 

abc A = 


a- 

9 


Now by § 2*62 removing from the last column, we have 


d* a 

abc 1 

1 


a'^ 

a 

1 

b‘^ b 

abc 

1 

= abc 

62 

h 

1 

c- c 

abc \ 


c~ 

c 

1 


and thus we have the required result. 

2*6 3. Cor. 3. If to the ehmenH of a column {or a row) 
the co rresfpofuimg eleme nts of any 7tii7nher of other colnunis (or rows) 
or the sa9ne tnultifAes of them he addedy the resu ltlfiff determi nant is 
equal to the origwal 07ie. 

For instance if to the elements of the first column of 

a\ b\ Cl 
a2 b-i C'l 
a-i 63 <*3 

we add I and m times the elements of the 2nd and the 3rd columns, 
we have then 

ai-\-l ti + MJCi h\ c\ 

a‘y'\‘lh2'\‘mc-i b'l Cl 

a:\ +1 mc‘i 63 cs i . (2) 


( 1 ) 


Now by § 2*6 we have the identity 

[< 7163 ^ 3 ] = a\A\-\-a>A2-\‘a\iA.). 

Setting a\ + lh\-\-mci , ai + Wi'\rmoi and ai-\-lh-.\ + mc:x for a\, ai. an, 
respectively in this identity and observing that^i, A-i, Aa&ve 
independent of ai, aa , «3 , we find that the determinant (2) is 

eiiual to 

(ai-\-lhi-\-mei) Ai-{- {ai-htb>-\- mci)Ai-\- (a-s-^-lbj + fnr-.i) A-i 

01 - to {aiA^-\-aiA-yAa:iAs) -^KbiAi+b-iAy + lKtAi^) 

7n {ciAi-^-ciA-y-^ cjA^i) ’ 

But by § 2*6 and § 2*61 we have 

biAi+b.yA2+b,iA3= ciAi+c-iAi-^csAs-O ; 
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and thus the two determinants (1) and (2) are identieal. 

2’64. C >r. 4. // each plfmmt of a rohimn {or a roir) roiiHi.ttK 

of thp sum o f the samp mimber {k say) of ipvms thpji the tlpfprminaul 
ran bp pxpvpsscd as the sum of k determhi/inta. 

For example we shall prove that the determinant 

a\-\-a\ -^ax'' h\ ri 
a-> + a-*' + b'l P'l 
a\\ •¥a\\* b-.i m 



ai hx r\ 


ax' 61 Cl 

1 

ai" b\ Cl 

1 

a-y 62 <'2 

+ 

a-/ 62 ^*2 

+ 

b'l <*2 


u:{ ha r;{ i 

1 

aa ba ca 


aa' ha r;{ 


Putting rti+rti' + ai", a^ + a/^ha-z" ,a,i-^as'-ha:t" for ai,a-,,a^ 
in the identity 

ax Ii\ Cl 

< 7‘2 b-z c> — a\A\-^a‘iA'»-\-a\\As (D 

as hs ca 

we find that the given determinant is equal to 

(ai + ai'+ai")Ai-h(a2 + a2'+a/')A2+(aH + aa'+aa")A:, 

or to (ai-^l-i-a2A2+a3A3)-hla/Ai + a>Aj+a:tAa) 

+ (ai"Ai+a2"A2+a3"A:t) . 

Putting ax , a* , aa j and ax ', az", aa" for ai, aj, aa respeetivelv 
in the same identity U) we have 

[ui' fta Ca] = ai'Ax+a>'A>+aaA:t 
and lax" b> c-a] = ax"A\ + a/'Az-¥a3"Aa. 

result**"* 'nsking these substitutions, we have fiually the desired 
It is eas.v to generalise th e result thus : 

// fletmnts of certain columnseonsht of sumsof p. q, ,■... Urws 
then m determinant can be expressed as the .sum of pqr dctermhiants. 
ror instance the determinant 

ax+ai' bx + bi' ci 
az+az* 62 + 62 ' c* 


1 

ax 

61+61' 



ai' 

• • 

6i+6i' Cl 


«2 

63+62' 

C2. 

+ 

az' 

62+62' C2 


aa 

63+63' 

Ca 


aa' 

6,3+63' Ca 
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In 

Pi 


[«i 

bi' 

Pi 


ai' 

bi 

Pi ! 

1 


bi' 

Pi 

1 ^2 

hz 

P2 

4 

<22 
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C2 

4 

a*' 

bz 

P2 ' 

4 

az' 

bz' 

P2 

1 

bz 

Pa 



bz' 

Pa 


az' 

bz 

CZ \ 


az' 

bz' 

Pa 


The first three of the following examples illustrate throe im- 
po rtant application s of determinants. The stiident is advised to 
study them earefnily. 

Eaample 1. S)lve th e l inear simultanems er^iuations 
a\x-\-h\y\-ciz — d\, a^x C'lZ~d> and azX'^b-^y-^c^z — d-A . 

Mnltip ly the ejuations A>y Az where 4i, A>, Az repre¬ 

sent ofaetjrs of ai, a>, az in the determinant [ai h> rj and then 
add them. We then have 

xiaiAi+azA-z+asAz) '^y{biAi’^dfA> 4 bzAz) 

+ z {ciAi + c-zAi-^-d^A^) = d\A\-\'d>A'i-^dzAz. 
N)w by §2-6 and §2 61, 

aiAi + a2A2-\~azA'i = [<?i Ca] , biAi+d>Az-\-bzAz — C, 
ciA\-¥c>A'>-^c.iA3 = 0 and diAi-td 2 A>-\-d^Az — [rfj b* ca] 
and hence x [«i b* ra] = [ di b> cz ] or x = [,di 0 2 raj 4 - [^i b> C 3 ] 
if [aib-i ca] 0. 

Similarly [aijji Pa] 4 - [^i bz ra] and zj = [ai b-z dz^^ [ai b-> €:]] 

The above method can lie applied to solve any set of linear 

simultaneous equations. ^ i 

% 

Example. 2 . Find the condition that the following equations 
should be consistent : 

avX-\-bvy'¥ Ct z — dt (r = 1, 2 , 3 , 4). 

Assuming that [ai bz ca] ^ 0 we have from the first three 
o^itions (see Examjde 1 above) 

' X = [ffi ^2 c-z\ 4 - [rti 62 P;i] % y = [ai <^2 Pa] 4 - {a\ b-i Pa] ; etc. 

Substituting the^e value] in the last equation, we get the requir- 
ed eondi tion 

[d\ b* Pal + bi [a\ dz Pa] + P4 Iai b-i rfa] — d\ [rti 62Pa]. 

Tliis may be put into the form 

a4^4 + 64i?4 + P*Q+'A/?4 = 0 or [a\ &2 Pa d 4 ] = 0 . 

Otherwise:- Multiply the four equations by ^1, Az, Az, Ai 
wliere^i, A-i, (supposed to be different from zero) are cofac- 

tors of a],a>,az,ai in the determinant [ai, bz cz di\ and then add. 


^ 2a'4] APPLICATION OP DETERMINANTS TO ELIMINATION 


By using results of §§ 2-G, 2-G, we get .v [^, b-i ot = 0; ;nnl 
thus since .r, y, z, eannot all be zero, we have [ai h* r.i 1 /^] = 0. 

Example (f. Eliminates: between (he two (luailraticf ef|nalion.s 

ax-+h.r-\-c = 0 and a\X'-{-b\x-\-r\=Q ' 


We have +//a-+< s + 0 = 0 c t 




and 


- »- % - 


0 +(7a:‘-+^.v+c = 

uiA^HZ(iA- + ei^+0 = 0 V- *c 

0+aix^-^bix + ri 

Tieatinga'^ j;-, a* as independent variables and applying the nielliod 
of the last example, we have 


h ' X 


a h c o 

o a b c 

bi ri o 
o <21 ^1 ri 


= 0 . 


The meftod employed here is known as Sy/res/e, DlaiyUc Melho.l 
of EUmiTtatiofi. To elbuinate a; between, the two erpmtions f{x) =(i. 

degrejfs^^and;g> say, we multiply (he first ecpiation’ 
^ a: 1 and the second, by j*"'*, x*’"-, i 

and thus obtain ?// + « eiiuations. From these>H + « e-inations we 
can eliminate m-j-n -l quantities ^ 

Example 4:. gy-aluate the determinant formed hv the ma-ie 
sqn^e I 11 94 7 .00 .. . • 


11 

24 

. 7. 

r20 

y 

4 

% 

12 

>25 

‘''8 

16 

17. 

>5 

'r 13 

'^1. 

"'0 

>10 

f 

00 

> 

■1. 

. 14 

'22 

[23. 

"‘G 

'19 

"2 

15 


G 19 2 '15 I . [B. U. 1917 Hous. /] 

menterf a*; 1st coin,the c:„-,esp.,.ulin^ ch- 

Zrnlft ! “’““’“‘“2 foni- coln.nus (§2 03) and then re.novc the 

folT/r t,ans- 

foimed determinant,(§2-62), we then have 


A = 65 



1 

24 

7 

20 

3 1 

1 

12 

25 

8 

16 

1 

5 

13 

21 


1 

18 

1 

14 

22 ! 

1 

6 

19 

2 

15 1 . • 
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* Subtracting the 4tli row from the 5th, the 3r(l, from the 4th, 
ami so oil, the last four elements of the 1st column of the trans- 
foi imxl determinant reduce to zero; hence, expanding it in terms 
of the elements of the 1st column, we have (§2*6) 



-12 

18 

-12 

13 

- 7 

-12 

13 

-7 

13 

-12 

-7 

13 

“12. 

18 

-12 

-7 


[ N )te how the oi*der of the determinant is red gee ] 

We notice that the first three elements of the 1st row are the 
same as the 1st three, of the last row; therefore subtracting the 4:h 
row from the 1st we have 


ll 

< 

0 

0 

0 

20 


-7 

-12 

13 

-7 


13 

-12 

-7 

13 


-12 

18 

-12 

-7 

Now expanding tlie 

determinant in ter 

row, we have ($2’6) 




A = -05-20 1 

-7 

-12 

13 



1 

13 

-12 

-7 




-12 

18 

-12 



Now taking out the common factor 6 from the 2ncl column and 
3 from tlie last row, we have by § 2 62, 

A = “65.20.18 


-7 

-2 

13 ; 

13 

-2 

-7 1 

-4 

1 

-4 


> ' mm. 9 

^ y i S/*^ . 

A straightforward application of § 2 6 leads to 


A - -05 


)5.20.18 r -7,-2 -7 

I 1 


-13 


-4 




-2 13 
1 -4 

= - 23400 [-7(8-l-7)-13(8-13)-4(l44-26)J =4'i8.)0d0. 

The student is advisetl to study this example (wrefnlly a-S it 
illusti’ates vaidous devices that we usually einploj in r<*dacing a 
a numerical determinant. 

* To subtract the 4th row from the 5th means to subtract the 
elements of the 4th row from the corresponding elements of the 

5th row. 
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Example. 5. If a, d, c are elements of a <3< terminant of Hie 
third order and B, C their respet^tivo (preparcMl), minors, 
sininlify 

(rti +61 + C1) (^1 + ^i + Cl) + (< 7 i + ?-'2+<'2)( ^2 + ^2+ C2) 

+ (^7;^ + 63 + e3)+ Cn). {^B. U. 1925 Hons. I] 

The expression is equal to 

{a\A\-¥a-z^1‘>-¥a\\A:\) 4- {h\A\ +h>A't-\-iK\A\\) + {e\.!\ A f I.-,) 

4- 4'a2-52 4- a\\B-d) + {h\B\+b2B±-\- ^3^:1) 4- (ri^i 4-r-2j^2 4-r.i/y, ) 

4- (aiCi4-ff2C24-<r3C3) 4- {b\C\-\- b>C2+0:\C:\) A (riCi4-^'2C24'r;[C;i) 
or (A 4-04-0) 4-(04-A 4-0) 4-(04-04-A) = :iA. (§§ 

Example. 6. Prove that 
a-\-0, a4-2& a + Sb a-{-4d 

a-\-2d a + Sb ^4-4^ a-\- b = 32( 2rt4-Dr>)//‘ 
a-i-3d a 4-46 a~\- b a-^2h 

a + 4h a-\- h a-i-2h a + 3h I . IB. 0.1916 Hons, I ] 
Add to the 1st eoluinn the remaining three eoluinns and tlien 


take out the factor 4<i 4-106 ; 

we then have 


A = (4rt4-106)X 

, 1 

rt4-26 

rt4-36 

rt4-46 


1 

rt4-36 

rt4-46 

rt-h 6 


1 1 

rt-l-46 

fl4- 6 

tf4-26 


1 

rt4“ 6 

a4-2/> 

u 4-36 


Subtracting the 1st row from each of the remaining r<»\vs, W(‘ 

have 

^ = t4«4-10&) 1 fl-f26 «4-36 a 4-4^ 

06 b -36 

0 26 -26 -26 

0 -6 -b -6 . 

Now expanding in terms of elements of the 1st column, we have 

A = ( 4 rt 4 - 106 ) 6 6 -36 

26 -26 -26 

-6 -6 -6 . 

Now removing the factor 6 from each of the rows, we get 

11-3 

A = 2 ( 2 a 4 - 56 ) 6 :^ 2 -2 -2 

-1 -1 -1 . 

Add the last row to the first; we then have 


6 
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' 0 

0 

-4 


A = 2(2rt + .-)/ )/5» ; 2 

-2 

_2 

+ j 2 -2 

-1 

-1 

-1 

-1 -1 


= H'2{2a + r)h)h^. 

iin^th kI ^ yill bo su^goitod latei* on (^7*8). 
K.;ck Examplf 7. Provo that 


0 

1 

1 

1 


0 

a 

b 

r 1 
1 

1 

0 

•> 

c- 

ir- 


a 

0 

c 

h 

1 

f- 

0 

•> 

n- 


h 

c 

0 

a 

1 

}r- 

•» 

a- 

0 



h 

a 

0 


Multiply rows of tin* first di-torminant by ah(% a,h,r rospo-'ti- 
voly and (hon divido tho 2ii(l. the 3rd and the 4th oolunins of the 
transfonnod determinant by he, ca, ab respee^i/'-ly. The first will 
llnis ivdui'o to tho se<*ond doteririnnnt. 

Adding, to the first row, tho remaining throe of the 2nd dotor - 
jninant. wo see that a + h-\-c is one of its factors. Again multiply¬ 
ing tho rows by-1,-1, l, l rospootively and adding the last throe 
rows, to tlio first, wo see that-rt+^ + c is a factor. Similarly, we 
may find that a-b + r, a‘\-b—c are also factors. Since' the deter¬ 
minant is of four dimensions, it must bo Ofpial to 

A'Crt+ft + <^) (-rt4-fo4 <:) (a-h + c) {a + h-r) 
where, on iuspet^tioti of the c.oef?icient of on both .sides, wo find that 
-/’= + ! or /.• = -l. 


Example 8. Provo that 


u'- 

ha- 

ch'- 

I 

ac 


dr 

hr 

tih* 

bc'- 

•'d- 

' - + + 

ah 


ftc 

a- 

2c*os,-/ 

2cos/? 

2iv).s C 


1 

2c 

, ^ 

.)S^ 

2cos C 


[ B. U. 1914 holts, /. ] 
Den<>te the first determinant by A. . Multiply tlie last row _hy 
(thr and then remove the factors a, h, r f rom tlie fir.st, second and 
thij’d Cvduinns respectively ; we then have 

ft- 

A — I h- c- a- 

2/>ecos.'i 2eucjs^ 2a^easC 
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Now add the seeondaiid third eolmniis to tin* first and tlieii siiL- 
stitnle for cosW, eosi5, eosC in terms of sides a, Oy r. \V\* llieii lias'r 

fr*’* **~f**', A — I ■’ _L / _1_ •’ ■> 


I a- + ^^ + r’-i 

= {a^ + h'^ + i'-) I 1 

1 
1 




2<j«* «*os// 

•I 

a- 

•I 

r* 

<*os/y 


h'- 

•> 

2/7/' e.is^ 


*> 

a- 


2^'7/7 e >st 


Multiply tlie 1st and 2nd rows by ofy ab and remo v'e a ab I rotn 
(lu* 2nd and ‘Ird eolninns. A then redn<*es h) the desired form. 
S.<p.J-t5 Example^, given A (a) - ar-r* + 3ftr-V- + 8r,.v+7/r for ;- = 1. 2 .‘-t 
prove tliat 
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■. hix) 

/i'(.t) 

h"{x) 


1 

-r 

»• 

A- 

-r' 

fAx) 

h'ix) 

f/Ax) 

= -18 

<7| 


<■1 

</l 

rt{x) 

h'(x) 

h"(x) 

1 

<72 


<■•2 


1* ’t 

4- 3 tH, 


<7.3 



t 

ea .a*)*? 




cv. 

•h 


«*• • • S ^ 




y 2924 Prohhin.< \ 
Denote the I’ight hand determinant by A . x Mnltiply the first 
Ihvee eolninns _by a'*, 3r-, Sx re.speetively and then add them to t)u- 
fourth eolnmn. Wo tln'ii have 


A = [ 1 -A- 


A-i 


JL ' 

a\ hi c\ f\ (a) 

O'l b> C'i f * (.r) 

<73 bn rn fn {x) 


Now nmltiiMy the first three eolumns by :V^. fij-. H and then 
add the first two to the third. A then reduces to 




-T 


0 


0 


«i bi fi{x) /i(a) 

bi h'{x) f,{x) 

<73 ^3 f?!{x) h{x) I . 

Now multiply the first two eolumns of tliis transforme<l deter¬ 
minant ^ e^and 6 respe.jtively and then add the first to the second 
We then have 


A - 


1 

r?f 


0 


0 


0 


<71 fi"{x) fi{x) 

a> ' f/'ix) fo'{r) f.>{x) 
<73 hHx) fn{x) 
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whic-b, by expanding in lernis of the elonients of the fii-st row, is 
reduced to 

xV ! fi'f.r) f\{x) 

' f 2 "(x) f-/ix) hix) 

h'\x) //{.v) h{x) 

Inteu'hanging the Ut and the 3rd eolninns, we reduce it to llie 
r*qinred form. A luore elegant im-lh<>d is suggested later on, 

{^^xample.^. a third is given in Burnside and Pantons. 

The Theory of E ,nations,’ i)art II page 53, Example 9. 

Example 10. Prove that sin V siui^a-x) sin2(rt+A) 

I sin-y sin-(a-y) sin“(rt+y) 

I siu> sin-(fl-2) sin*^(fl+^) ! 

= 4 sinV. crtsn. sin (y-z). sm (z-x). sin (.r-r). 

[ B. U. 1721 Proh/ems ] 
Denote as nsnal the determinant by A and denote tana, tan x, 
tany, tan ^ hy ^ fj, Taking out factors cos-.v, cos-js cos-^ 

fi om the three rows and cos’rt from the 2nd and 3rd columns, we have 

A = cos^fl. eoB'X. cos-y. eos-^ ^i- (Mi)- (l + /i)- j 

/ 2 ~ (^“^2)^ (^4*^2)" 

(Ma)^ (t + /3)2 

Subtract the 2nd column fi*om the 3rd and the 1st from the 
2nd and take out factors 4/ and / from the last two columns. A 
then reduces to 

4cos“/ 7. sin-a. cos-at. eos-j'. cos-^ j ti- E2fi ti ! 

t2- ^-2^2 I 2 
t-2h h !. 

Add twice the 3rd column to the 2nd and then take out tin 
factor t from the 2nd. We then have 


A = 4sin^iz. eosfl. cos-,r. cos^. cos^^ 


ti2 

/3- 


1 

1 

1 


h 

h 


= 4siD^<7. eosu. COS-AT. COS-y. COS-^ (^2”^3) 

= 4sin^a. cosa. sin(y-5’). sin( 2 —.r) sin(-v-y) . 

{^sS^Example 1, §2*411] 

A different method is suggested further on (Ex^ample 2. §2*71) . 
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/txamples 11. Sliow that ax ■'by -f.z ay-\-bx cx-Vaz j 

ay-^rhx by-rz^ax bz + ry \ 

\ 

cx + az bz+cy rz-ax-hy i 

= + (x--{-y--\- 2 *) {a.r-\-by-\-rz). 

[/V. fy. 1923 PrabhmH.'\ 

Denote the cleteinninant by A , i^f nltipl y the rove's l)y a, b, r 
and then add to the 1st, tho remainin’^ rows: \r(* )ia\’’e 

<zA = x{a--{-b--hr’) y{a • + ]}• + (*'') s{a'- + h'--^r') 

ay + bx by-cz~ax + 

fx-\-az hz-\-(‘y rz~ax-by 

= + X y z 

ay\-hi by~rz-ax bz + cy 
rr+az bz-hry rz-ax-by . 

Kow in.iltip ly eol.raas (»f the i-esnltins: detenniimnt by .v. v. z 

respectively and then add the 2nd and the 8rd to the 1 st e.dumn. 

We then have 

ax A (x--\-y- + z') y ^ {a~-\-b-~hr’) 

(x"‘-^y- + z-)b by-cz-ax hz + ry 
(x--i-y- + z-)r bz+cy rz~ax~-by 

= + + 1 y 

b by-rz-ax bz~\-ry j 


I c bz-\-cy cz-ax~by i* 

Now multiply the 1st column by y and then subtract it from 

tte 2nd. Again multiply the Ist eoln.nn b.v ^ and then snbti'n.d it 

from the 3rd. Expanding in terms of the elements of the 1st row 
we have. " 

a;rA = -ez^ax cy | (ff- + ft- + r2) • 

bz 


- \-cz-ax cy (<7-+62+r2) (.t 

1 bz -ax-by 

= ax{a^~\-b--hc-) (a“+J'2 + 3--‘) (ax~\-by-\-cz) 
•* A = {^*+b‘^‘-^c-)(x'-+y--^s*){ax+by+cz) . 

Exatnples II. d. 

Evaluate the followiug determinants: 


1 

1 

1 2. 

2 

3 

4 3. 

3 

9 

w 

1 4. 1 

1 

7 

13 

1 

2 

3 

2 

6 

12 

2 

r> 

3 

1 

2 

3 

1 

4 

9 ; 

1 

r* 

4 

> 3 

9 : 

J 

5 

13 

9 ; 1 

o 

• 

« 

12 . 


.-T* 

» 


H \ 
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A. ^ 


„ A 
P 


r>. 

1 

i H 

1 

0 

G. 

' 5 0 

j 

6 

4 

' 7. 

2 . y 

25, 55 


a 

0 

5 


1 

|2 y 

«» 

0 

2 


2.7 

1 : 1 , So 


14 

4 

i;j 

1 ; 


1 1 

2 

1 


j 1 

9 r. 

-1. 

3Mt./i4 







1 

1 

1 

1 , 

t 

' 1 

2 ^ 

^‘4 ''5 

8. 1 

1 

0 

8 

4 

!) 

1 

# 

-1 

0 


1 2 

» 

1 

10 . 

, 1 1 ( 


;{ 

4 

5 

G 1 

1 


-1 

-1 

0 2 

1 

1 


1 2 : 


r> 

G 

7 

8 1 



-1 


2 

2 0 


1 8 ^ 


7 

8 

9 10 

# 

1 


-1 

-8 

—0 -5 

• 

1 4 ( 

11. 

a 

h 


c 




I 1 

1 

0 

ai-rli 

rti 

ai-hf/i 


a 

a+h 

a + h~y 

r 

1 

( 


rt2“'7 

) 


ai + tl'i 


a 

2a + h 

^a + ' 2 J)-\-r j 

1 

» 

t 



<?:{ 

« % 

< 7 J+ 


u 

0 

1 

4 


%f . ic/^41 i 


s O 


Y c ^ 

(^»r 2.^-1 

. . ^H. 


Prove tlmt 


t, ->• 1-^' 


1*0 !*• .H' -«l*, 

•>>■ 5-A*«-5*^ -<»&*• 


t-y / ' ® • z r 

I -1 - 


I O P P 

•I 

-k* O- 11,4 

-to 


1 

5 

20 

75 

.') 

20 

75 

275 

20 

75 

275 

1001 

75 

275 

1001 

8G40 


= y 


14 


[ 1 

1 

5 

20 

75 

275 


1 -'j 

20 

75 

275 

1001 


20 

75 

275 

100] 

8G40 

1 

= ] 

^ 75 

275 

1001 

8G40 

1.8250 

1 

1 

275 

1001 

8G40 

132G0 

48450 

■ 

examples 

18,14 

ai’e 

extracted from a pa])«T 


1 5 > 


Bhimasona Rao and M. Veiikatarnina Ayyar puMishrd in I. M. 8. 
Journal, voi. XVI no. 11. 

f J'^'o I 

:tC.i sC's aCu 


»« 


fCj 3C3 hCo 3C1 
sO) aGi :tC‘> 
eosv f*os2^^s3;ir 


IG. 

• i Y 

1 

0 

0 

a 


0 

1 

0 

b 

= 0; 

0 

0 

1 

r 


~a - 

-b 

~c 

1 


Ak%f0A* 


= l+rt' + />- + C-'; 


S.i.H 

<«s>. ««fc* ,„o| pqj, 4 ^ (‘osoa- eosG.r 


yn 


=-0 


«.J »• T »4 


19. 


eosR.v eosT.r eosSx* 
m>-¥»i:i 7Wi(1“W?2»?3) 

7H 1 + W?» WJ.3 (1-W? 1WJ2 ) 


18. I <*os(rti-j:) eosrti oosCrti + J") 
' ms{a>-x) (iostri cos(rt> + .v) 
eos(rt3”a*) eos<z3 eos(rt:j + .x*) 


= (l: 


1 •~nt 1 w#o 


= (mo-iHs) (>«3-»m) (w^lW<2W?3"Wi-WJ2-Wlj) ; 

c**. — »*.* 


wj vl •H*< . 
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21 . 


20. l-m2W/.T »») ( l-fh-.fir.i) 

nh>m:i-t-viotii 1 l-ti/ith-.i 
inp.nii-hm-smo l~tnituf 

= + + ; 
I 1 W?l“ WM'* ' 

1 W2“ 

1 «<3- «/;{'* 

'lb' 1 

6 1+^// /i-// 

rt: h'a l-ha'a —a'-\-a 



1 

0 

0 



= r/-'; 

1 

(r 

1 

o 



1 

O 

- o* 

1 

•-a' 

1 


‘^23. 

tV.M< . 


ti bos C c cos B 
b e, cos A a cos C 
c a \iosB bos A , ^ 

where a, b, c A, B, C are elements of a plane h iauj^le. 


= 0 : 


, ni 


•u 


24. ^;«iA^i-«].l/, «i^i-/iM- h.l/y m\Li 

/ yvilj^hiN'i hiyf'2rm>f^'i ~ 0 ; 

\f\\ /:i A^{ L\\ 

wliere L\^ M\, N\, L*,... , are ofactor.s of /i, m\yn\, I*, .. 

ffn . n\ 
by W2 Hz 

■ bz m-A n-A 

{lai-l-mbi-^-ficx) {l'A\-¥m'B\+n'C\) 

+ (/rt2 + Hib-i + m- ,) ( I'A^ + m'B-, + C ,) 

+ (/fl.3 + m63 + «e3) + /«/«' + „,/) A 

whereA-[«i^2r3] and Ai, Bx, O-.-are the cofactor.s of «i.^,.ri.... 

26 . 


-a 

b + c 

b-\-c ; 

® U-^c) 1 1 • ^ o 

e+a 

-b 

C + rt 


a~i-b 

a-\-b 

—c 



k 


Solve the^'uation 




xAa^ x+b x~l-c I 
X + C X + 6 1“ 0; 

. xAh A'+c x'-f-a \ 

■ if the verti^_^ A, B,C of a triangle are given by 

(^i/^i,yi/2i), i^ziz-ZtJ'd^-S), (^d^SyyAXA), 

the egnations to .gC CAy AB are 


( o 
0 ( 
o « 


<r' 

»C_' 


tc' 





0 




^ “ it -|jr _ 

3 V, - 

■ "DtrrERjijXAjrrs -4 


*»- 


•^1 Cf.Cc»..C*u. /440J.* 
uJCi— «.».** •f ^ 

2 tt 


[ i2'7 


.VA'l +.!■ Ki + - 2 'i = 0 , .rA '2 +>' K 2 + = 0 and x A 3 +>' K 3 + Z 3 = U 

where A'l, yij.-.aro oofaetors of a*i,j'i,... in [ xi y-> S 3 ]. 

29. In the notatioii of example 28, prove that vbe equation of 
the line joining ^ to Z> which divides in the ratio of I : m 






is given by / 

x^{lz-zX-^nz:\X-A) -\-y{lz> V-^-mz-AVs) + U^iZirnm^a) = 0 . 

•do. Pf&ve.fchat the vertices of a triangle whose sides a’ e 


7 

/ 


a:iven by/^rtr:r-i'/>iy+Cr = 0 {r=l,2, 3,) are 

/ {^iiCu BilCi), {AxlCz.B-iJCi), {AaIOm Ba\Ca) 




where^-^i, B\^ ... are eofactors of a\, h\^ ... in[ ai b-i r.i ]. 

31 y In the notation of e.vample 30, show that the line joining 
. /to D which divides BC in the ratio of / : m is given by 

+ y\lbiC->-mh:iC:^ + {lc->OirmCAC:\^ =0. 

Tliis^e^i^ipte sK?nld be attempted after reading §2'71, Example l.lc 

32 If .7, B, C D are given by {x.Jz,:yi!zr) where r = l,2, 3, 4 
then DB divides in the ratio of I : m where 


t-t 




lir 

*JU 



•V2 

y-2 

X2 ! 

XA 

y* 

ZA 1 

Ui 

3r3 



— mz:\ x\ 

y\ 

zi 


X4 

}'4 

ZA 

■V2 


Z2 


* 2 * 7 ! Multiplication of Determinants. Prove that 


V. I . 


ai bi Cl di e\ 


d'l b> C-> d'l ('■) ft 

rt3 bi Ci di P:\ f\\ 


N.c- tc- 


> ti.4 




d\ et fi 


^0 fo 



a\ 

hi 

Cl 


dA 

C4 

fA 


a* 

hi 

Cj 

X ! 

; tfe 

C.) 

h 


a.i 

b-i 

Ci 


I f/ii 

Cti 

k 


d,i cg f\ 


We shall denote the three determinants by A, Ai and A 2 
resqeetively. Then it is clear ’that the product o f a ter m P oi Ai 


a nd a term Q 01 A 2 is a terra of A; for P.Q is formed by taking 
one and only onej^wirfi’om each row and one and only one from 


T 

I Kj1|*4 •»»*. 

I 

*-r 


each cohimn of A . Further the num ber of invers ions in P.Q is 
equal to the Sum of the number of inversions in P and the number 
of those in Q. Hence P.Q is a term of A with its proper sign. 
Again any other way of forming a term of A involves the selection 
of a zero element ; hence all other terms of A are zero . 

.<,Z3 Ht_ I„ AixA). 

3**3 ■>>- ^‘*1 




*4- ^ 


^ 7 ?, 


=0 


2 


K. * 


S^2-71] 


»^Cs, C^^a r 7-* —) / 

S. ^ ^ __ 

» 3'tfctA>®,--A,%-<v^ 

•-x.riC^ *^A .. '*-c»C-*-i 

V A . « ^ t 
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T!ho result is obviously capable of extension. 

2*7 I. We are now in a position to prove, what is known ns, 

(lie Mul tiplication Theore m for fleterminants: 

Provf that [al^ 2 C^] X [pi ?2 r:{} 

a^Pl + aiii-ha^ri bi;J| + %i+A<M I -^^4. .. 

am+a>g-2+n:ir2 bipy + y^n-hoAr-, +C 272 +f:ir2 * ““2““^ 

aWA+a2^2-^aar-i 6iAt + i^2734-^;P'.l fiAi + <^J?:( + 0(r;{ ^ *<r'^r 

Consider the determinant 

A * 


rtl 

bi 

Tl 

-1 

0 

0 

ao 

d-j 

r-f 

0 

-1 

0 


b:t 


0 

0 

-1 

0 

0 

0 

Pi 


n 

0 

0 

0 

P2 

72 

^'2 

0 

0 

0 

p:i 

73 

#'3 


0 
0 
-] 
0 
0 
0 
n< 
It 


add them nil h. the fourth. Multiply the same ro^vs of'tlm tat 

o th"e fittf t‘ “"f «><■- add them 

to f*? ">">«Ply '>y «3. ®, >•:, and then add them 

to the last row. The determinant then reduces to 

*1 ei -1 0 

^2 Jo ^ 

0 •-I 

*3 Cii 0 

«i;>i+« 2 ?i+«:,rr Mi+ieyi+hsn <-,p, + r.,?,+e.u-, o 0 

aipe+aejs+oar., bifi.,+b-,g.,+hr., e,p,+e.,q;+c:,ro 0 n 

a.pH-03W + 03*> 61/3 +6.?:, +63,-a cm + c,q, + c,r, 0 0 0 1 

Now interchange the first and the fourth rows the sppai>^ J 

T T determinant 

of ?9 7 H same form as thl 

S-.7. Hence it is epial to the nroinct of 

-10 0 
0-10 
0 0-1 

«.Pi+«o?.+03r. hp,+6.,n+isr, c,p,+e;g, + c,,., 

«iP2 + c,f, + a,,:. b,/>, + 6,t,+i,r, c,p2+c.,q.,+^'r. 

«.P.3 + <t3?3 + 03r3 b,jbs + b2q2+hrs Cm + C2g2 + c:,n 


(- 1 ) 


3 


and 


r 

t * 




v*-/ > 
iT 


• \ 


vt 
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71 


10 0 
0-10 
0 0 1 


= (- 1 )^ 


LjC s-CCt^ 


the reguired result beeoines quite obvious. This theorem may la* 
extended to determinants of higher ordeis. We further observe 
that by interehanging rows and eoluinns of each of the determinants 
[ai 1)2 and [pi q* r.O and applying the above rule for multiplying 
determinants, we see that the product determinant may be exhibited 
in four distim^t^ways. Thus [a\ h*] X [pi g>\ ' -- 11'»- V*-( 


Bo.. Wifi' _ 




a\Pl^O\g\ 

a]p>-{-biqz ! 

a\pi+azqi 

<717^2 +a: 2?2 

<* 2 pl + 62 ^l 

^‘ZP'Z +62 72 1 

bipi-hbzq] 

bip-z~^b-zqz 

aipi+ 6 i />2 

jii?i + 6i7> I 

<ii7n+<i2P2 

4Zl7l + rt2<72 

a-zPl b-zp‘Z 

ozgi~^bzq2 1 

6 ipi + 62 P 2 

6171 + 6072 


K^P2L 


The following ‘Examples illustrate some important appli(mtii>!i ?4 
of the above theorem. 

Example. 1. Prove that \.A\ B* Cj] = [«i 

— ?>iA ; etc. 


(O 


Bz 

Cz 

= (ZlA; 

Az 

Cl 

Bz 

Ca 


Az 

Cz 


where A\, B\, C\, ... are cofactors of au l>h ... in [_a\ fa] or,A". 
('^ Now by §2'71, we have 

|- ]x[.aiB-2 a] 

aiAi + biBi + ciCi atA2-\-b\B2-\rCi02 ai^^hr^6i^s + riG 
rt2+ boBi + C2Cl a2A-2 + b’B-z+CiC^y^Az + h'Bz + /■>Cz | 
fl;i. 4 i+ 63 i 9 l + ^3Cl ^3.^2+63^2 4:^^^ a3^3 + 6:ti9:t+C3C3 ' 

which, in virtue of §§2'0,2*601, rediices to 

A 0 0 J 

A or A*"^ where A s [ai b-z ca] ; 


0 

0 


0 A 


(iO 

4*9 


and C'a] = [n<Mca]^. 

To prove the other part, we consider the product 


\ 1 

0 

0 


«i 

61 

Cl 1 

Az 

Bz 

Co 

X 

ffo 

bz 

Co 

Az 

Bz 

Cz 


ff3 

bz 

Cz . 


Applying the rule of §2*71 and using relations of §§2*G. 2*GGl, 
w(? reduce the product to 
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«ri 

0 

0 

rt2 

A 

0 or ujA^. 

«3 

0 

/ 

Now 1 

0 

0 _ B-i C-y 

A'l 

Bi 

0> Ba Ca 

Aa 

Ba 

Ca 1 


and hence B-y 0> —a\^. 

Jh C 3 

Other results may be similarly established. Similar results may 
be piMved for determinants of hijjher orders. A determinant wlio.se 
elements are the eofactors of another determinant, is cane<l a 
reciprocal deifrimnant, [ Read vol. II, page 41, of Burnside and 
j^antons’ Theory of B(jnntions. ] 

Bxampl^ 2. Give an alternative proof of Bx^niPle. 10, §2*04. 
In the notation of that example, the determinant 

A — eos%. eos-^.eos^rt <i- ( {1 + 11 )'^ 

i-r it-hyi (/ + /, )2 

Now it is easily seen that the latter determinant is e<pial to 



1 

t\ X 

0 

0 

tz^ 

1 

h X X 

(t2 

~-2t 


1 

tA X 

<2 

2t 


but these two determinants are respectively equal to 

. (^2-/3) (Isrh) and 4/^. 

and thus we get the required result 

Example 3. Prove Ejumpi 9, §2*64, by applying the multi¬ 
plication theorem* 

Now 1 -x -^-3 ^3 3^2 3^ 1 q(K-n/ 

«i 61 Cl di ^ 3^2 fia: 3 0 ilx-c.)** 

62 d-i G.r 6 0 0 L(k-i 0 » 

«3 ^3 <J3 rfa 1 0 0 0 

by §271, equal to 


0 

0 

0 

1 




hix) 

fx'M 

h"{x) 

a\ 

/iW 

fl'ix) 

fi"ix) 

h{x) 

h'{x) 

f/'ix) 

or - 
az 

f'lix) 

f/ix) 

/ 2 "(x) 

^ 3 ( 3 :) 

f-J{x) 

f3"(x) 

03 

fs{x) 


/3"(.r) 
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and 


= 18. 


.v‘ Sx^ Sx 1 I 
Sx^ Gx S o' 
Gx G 0 0 

10 0 0 

Thus the required result is obvious. 


4. Find the product of the two detenniDants 

lit I* I • * I • 1 

“ r /f —^ 'in r- 1 ^ i ^ _ ^*1. • » 


aAib cA i d ^ 

a\—ib\ 

c\-i d\ 

-c + td a-i b 

-c\-id\ 

ai + i hi 


^ » = V(-l). Hence prove E uler's Theore m that the product 

two^sums each of four squares can be expressed as the sum of 
b.19^*- four squaves. L U. 1924 hons. 1. ] 

r«. . N H SO* 

The two determinants are respectively equal to «-+A-+ r-4-r/- 
and and their pi*v>di!ct is e<inaJ to 

^ ^ U 

\ \ R S 

where Q, R, S are respectively the same as 

(ai-ibi) (c-t-zrfj (cNt/i), + + + /7;iX 

(-c + /(/) (ai-ibi) 4- (rt-i6)(ci-zVi),(^+ idi r^H'h) 4- (a~ib){ai + UJ. 
On inspection, we find that this^d^enninant is of the form 
A+iB C+iD which is e()u^to,^-^4-^-+C- + Z>-. 
-C4-iZ> A-iB 

It is evident from this example that the prodiic^of ^nny nui rber 
of factors each of which is a sum of four squares cmn be exhibited 
as the sum o f four squares. 

We give below some ge ometrical application s. 

Examples 5. D, E, E Are the vertices of a t riangle inscrlht nl 
in another ^ ABC. Show that 

4 .ff. A DEF = BD. CE. AF 4- DC. EA. FB. 

Let the coordinates of A, B, C referi'ed to a pair of rectangulai' 
axes be (a:i, j'l ), (x-it yi) and ( x^ , yi) and let D, E, F divide the 
sides BC, CA, AB, respectively in the ratios ot /i: »«i, l>: »e> and 
/;<: w ?3 . The coordinates of D, E, are then respectively given by 
(liXA + 7nix >) / ( /i , {l\y^ + m\y2 ) / ( ^i4-»m ) ; 

( hx\ + ftiiZ-A ) / (4- in *), {hy\ + yniys ) / (/-i + ni *) ; 

and (4-»W3A'i) / (4-w.T) , (/.a >'2 +)/ (/34-m3) ; 
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:.t\DEF^h 


{hxi + m-yx-A ) (^2 "H) (/jJ'i + )/{/2 + «/2) 1 

{/3A'2 + W'iU’v)/(/:< +w<2) (^:i.V2+w#;a’i)/(/:{ + >«:«) 1 ' 


2(/i + wi) (/2■+•«^2) (/:$ + 


( hhh-^ ) 



hxAAmiX’z 

l\yAAm\y2 

h + m] 


l-yxi-hmyx-A 

^•iy\ 4" mt-tyA 

l‘> 4“ tU'j 

i) 

/3-r2+ W/H-Vl 

h\y'> 


/;»4-»>/:{ 

* 

i 

J'l 1 


0 mi 

/i 1 


y-i 1 

X 

h (» 

nh> 

s) 

y.i 1 

1 

m -A h 

0 , 

C^ABC 





^ABC. 


{l\ + m\) (/2 + W 2 ) (/;t+ m:t) 

whieh, by subslitutinor/i/»?i = etc- reduces to 

(E/). CE. aF-\ -DC. FA.FB) 

BC. CA, AB 
Now BC. CA. AB^^B./^ABC, 

and thus we have the rcijuired result immediately. 

Example 6. Prove that if 

x-={d-cyi+ (6'-c'y\y^= (r-a)2+(c'-a')^^-= {a'-h')'^, 


4.1 1 


a a 


I d b' 

1 c c' 

Interpj-et the result geometrically . 
It is easily seen that 


-(^+y-hz){y+2-x){zAx-j)(x+y-2}, 


[ B. U. 1922 Hofta. 1 ] 


4. 


1 « a' 

1 h b' 
1 c 


= 4 


1 

0 

0 

0 

i 0 

0 

0 

1 

a~+a'-^ 

a 

a' 

1 

= “11 

*2rt 

-2a' 

a^Aa'-^ 

ft2 + i/2 

A 

b 

b^ 

1 

1 1 

~2b 

-2b' 

ft- 4-//^ 

c2 + r'2 

c 

c' 

1 

! 1 

-2c 

(M 

1 

c^4-c'2 


4 

1 a a' 

1 1 r/ 

2 

1 

0 

0 

0 


0 

0 

0 

1 


1 ft ft' 


a24-a'2 

a 

a' 

1 

X 

1 

-2a 

-2a' 

a-4'a'^ 


1 c c 


ftS + ft'^ 

ft 

b' 

1 


1 

-2b 

-2b' 

ft2 4-ft'^ 

® - 

1 A 1 


1 

c 


1 


1 

-2c 

-2c' 

c2+f'2 


1 0 ^2 
1 ^2 Q 

1 y2 ^2 


a:2 

0 


= {x-hy+z) (y+^.r)U+A-y)(;r+y-^). 


iUuati.atiyg Example 7. §2'64 } 
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If {a,a'){d,d'){c,t') c oordinates of the vertice s of a triangle 
i-cferred to rectangular axes, then .r, y, z denote lengths of sides and 

I 1 a rt' f 

1 b b' \ - 

I 1 r r' ! 

denotes t .vic^e the area of the triangle. Hence the geometrical mea¬ 
ning of the above result is that the a rea of a triangl e whose sides are 

X, y, z i s ^[{x-hy-\-z)i-x-\-y-^e)(x-i/-¥z'i{x-hy-z) 

Example 7. ABC is a spherical triangle and P, O, R are 
three points on a great circle. If cosines of arcs PB, PC\ie 
denoted by a\, b\, c\; those of QA, QB, OC, by a>, h>t €>; and 
thoseof PA, PB, PC, by < 73 , c■^, prove that 


a\ 

hi 

ri 

at 

bt 

ct = 0 

an 

b:i 

C3 


[ c. f. B. U. 1916 Problems ] 
Choose the radius of the sphere for the unit of length, and 
then refer the sphere to a set of I’ectangular axes passing thnnigh 

O, the centre of the sphere. If we denote the direction cosines of 
OA, OB, OC by Ir, rtir, 7ir [r ~ 1, 2, 3l and tnose of OP, OO, OH 
by //, mr, «/ [r=l,2, 3]; it is then clear that coordinates of 

P, Q, R are (^r, niy, ?7r) [ r = 1, 2, 3 ] . Since P, Q, P lie on a great 
circle, points P, Q, P lie on a plane through the origin*, and hence 

/i m-i 7t\ 

I* ni'i ft > —0 . 

Now remembering that l\l\ ‘\-m\m\'•\-n\7i\ —a\, etc. we have 


h 

fn\ 

111 

\ w 

m\' 

W ax 

61 

Ci 

12 

m 2 

112 

' X it' 

' Ml 

lit' = <72 


C2 

1 

h 

m 3 

113 

y 

m 3 

«:/ 1 <13 

Iri 

C3 i 


The rcfiuired result is now quite jibvions. 

Examples II. e. 

Throve that; 

H-irP- 
1 . <71 

lai-\-b\ la2-\-b-) la.\+b-i 



<71 

hi 

Cl 

s 

<72 

h2 . 

C2 


<73 

hi 

C3 • 
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^ I {/i + ?»i)“ (/i4w(2)“ (/i + »«:0" 


r>5 


Ct.*- 




Multiply 



.T-*^ 


lt% <l£;t 

3. 


mwtf 




') 


»Hr 

WM 

1 

and 

1 

2/1 

/r 

»I2‘^ 

W2 

1 


1 

2/2 



W3 

1 


1 

2/3 

6- 



ill 




o5^ R. i i 


-^ 




(a*+p)^ (y+p)^ iz-^p)^ (ip + p)'* 

iw^qY^ 


{x + q)^ {y + qY- {z-^qY' 

x+r y-hr 2 + > 

111 


tr + r 
1 


^ s= (y-y) {x~z) (x-rr) (y~z){y-7v){2-w). 



0 


*• |^4.1|^vvC« 

« «|i» 


.r^-p* 

y*~p* 



m 

f 1 0 0 0 ■ 


^,3_p3 

^3-pS 



0 \ 0 0 

0 0 t 6 

X p 

«> •) 
y-p- 

z'*-p~ 


1 

Cool 
(> 0 0 d 

x-p 

y-p 

z-p 







4 

I 



X’' e*(‘ 

•> 

% A 


X'- 

H 

f 


V L 


t 

2^ 

a.*- 


1 1 


s 


I 1 


h* r 

h 

1 1 


~ (ic-p)(y-p) (2-7>)(»p-p)(^') C^r-^) (ic-jp)(e- v 
5. Zi S9 \ ^ ^ * /w«- 


) 

). 


♦'^4 So 

S3 S'i Si 
Si So 

where .‘C^= 2 :** 4 y 4 . 


- {x^>YHx-z)H3^2Y^ - ^ ^ tIIt^ " 


Rfiferfijtces, ^ . 

Burnside and Panton. Theory of Equations, Vol. II, Chap. XlII. • 

Note A, Pp. 287-288, gives a brief historical account of the subject?, - 

Scott and Mathews- Theory of Determinants. Chapters I, ' 

II, III, IV, V. In this book the theory is based on that of Alter-, 
nate Numbei’s. The method is more powerful and at the same* ' 
time, more natural than the one adopted iu the book. Any student 
who has grasped the Fundamental Laws of Algebra should easily 
follow it. 

Miller. Historical Introduction to Mathematical Literature. 
Chapter VI, §39, contains historical information. 

Exampltz, n. f. 

1. In the determinant [aiA2C.3...«-r...fn-i»tn] find the signs of 
terms (1) i.../^2«r4-i (2) a^h^c^,.,Uhm^, and 


determinants 

Prove the following results: 

2. f>*kc*4v«- «».* 10 0 

0 10 
0 0 1 

■•a —^ —e 

a\ b\ Cl d] I _ 

la I />2 05 dij = + 

a:i 03 C3 ---I 
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— a'hd + c-hd. 


Ci di 


■ 0 bj t'l di 

ao h'l C'l d-i 

C3 (/y 

^4 '^4 di 




-Vl 


2’1 

1 

1 = “ 
j 1 

A 2" 

--V1 

1 


■V2 

J'2 

2'2 

1 


^;r 

-Vi 

y-j-yi 

-V3 

:>'3 

2’3 



1 

-I'i- 

1 

yi-yi 


>'* 

^4 

^1 I 





aii 


hi 

rtK2 

“rt:2Ci , 

(tid2 

-a^di 1 


^>2 Cj di] = rtl^3-<73?>l rtjCy-flyCi a\dA-ayl\ ■ 

a\bi'aih\ air4-rt4Ci a\di-aid\ 

(i. [a^hr-ji di]=\ ^ I 




A 


its. 


Itr-io 

i‘n P 


0 

hi 

» 

Cl 

di + ai 

bo Co 

do 

a-i 

h'l 

Cl 

di 

ba Ca 

da 

aa 

ha 

ca 

da 

hi <‘4 

fl4 • 

04 

hi 

Ci 

di 



1 0 

-Vl 

y\ 




) 1 

-V 2 

ri 

_ ^"Xi 

ya~y\ 


l> 0 

xa 

yn 

Xi-X2 

yi-y-i 

• 

) ^ 

Xi 

y* 





■» ^ / 






QOS A 

cos/? 

<?osC 

= 0 , 

sin A 

sin^ 

sinC 

1 


see.<4 sec// seeC' 
cose(?/^ cosec^ coseCiC 
eos.4 eos^ co.sC* 


c 


whei 

;e a, 

hy C, 

A, 

By 

C ni 

e elements of a 

9. 

1 ai 

hi 

0 

0 

0 

0 

t 


ao 

hi 

0 

0 

0 

0 



aa 

ha 

ca 

da 

0 

0 

^ hi 


ai 

hi 

Ci 

di 

0 

0 

ao ho 


ar, 

ha 

Ca 

da 

ea 

fa 



ao 

ho 

CO 

do 

c-o 

fo 


10 . 

b + e+//a 


(«- 

■l)a 

(n-l)a 



{fl¬ 

\)b 

c-ha-hnh 

(ti-l)b 


1 

irt- 

■l)c 


(fi- 

l)c 

a-\-b-l-nc 


C3 dli 
Ci di 


er. /'. 

A; A; . 
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11 . 


C'-hdc b“-\-bc 
c~ + ac -ac a- + i7C 
b~ + ah d’ + ah 


— ahc{a-¥h+c)^. 


-ab ! 


c*- 






12 . 


(rt + ^) {a-\-c) 

y- 


o 

a- 


_ 4,^ 

Iz*, o 

l2.«-® 

^ . 1.1 —.<.0 *•*' ^ 

-Y 


a 


(h + c){b + a) b- 

(c+ <7 ) (c +6) 


c- 


= ihc + ca-\-(th)-\d*’^y + c'•\'bc-\-ca-\-ah). 




~4,<. «• j , 

© 


I V , 


-6 




4.-^ C. 
<r ^ 


f 


4^ O 


I 


13. 


—be. 

y-^hc 

y+ch 1 

= (bc + ra + ah)'^. 

A j .. ^ ^ 

rt^ + flc 

-at 

y + ra 

1 C- «-K.^ 1 


tZ" + 

y->fab 

-ab ^ 

[«.-«<» «.-« 0- 1 



^•*0 


14. Solve the equation 

A 

1 

1 

• Uo 

6 A-1 « 1 

1 

X 

1 

0 • 1 

1 

1 

X 






4 ^ 


$ 


15. 1 lOve tli}‘t oaeii of the four determinants 


0 

dH^ 


chi' 


0 

•> 

y 

C2 


0 

1 

1 


a2 

0 

71^ 

771- 


1 

0 

1 


<5*2 

71- 

0 


9 9 

CVl^ 

1 i 

t %L. ft 

0 

t 

f2 

771- 

/2 

0 


0 

1 

1 

1 


0 

/2 

m2 

7 t- 

1 

0 

c'«2 

i ;«2 

1 

1 


0 

c2 

y- 

1 

chl^ 

0 

a2/2 


m2 

c2 

0 

a- 

1 

hV 

dU^ 

0 

9 

?/2 

^2 

a- 

0 


IS equal to 

~{al-\-hm'^-c 7 t) {-al-^- bm+en) (aZ-6/«+c«) {al+bm-C7i). 

16. Prove that 


111 
a X a 
h X 
c c 


b 

c 


1 

a 

h 

X 


— {x-a){x-h){x-c), 


17. Prove that 


1 1 

ct l-\-a 

h 

G 


1 

«3 


1 


b 

c 


m+d ^4 
G 7l-^C 


— m. «. 


I o o o 

<.00 ^ 

e#‘i» “♦ 

8 


• A 




^ 4L ^ 




Determinants 


li^. Prove that 


2A'casiz X- 
1 2Aeoi5a 


[§2-71 

= l + 2.r^l‘;>9^fl+A'^.. 


19. Prove that 


2A:COSrt 

{al~}m)- 

{bl-qfn)- 

{cl-rm)"^ 


b'^ + q^ 
c^ + r'-i 


(a»/-t-p/)~ 

(bw + qf)2 


= 0. 


20. If j9u Cl, etc. are cofactore of ai, 6,, p,,..,in [a, 6-, r.,] 

prove thal *■' 

• " * c~^ 




H- Cl Cl + Wi .// 

^:i4-C2 Co-hA-j A>-\-B* 

* C 3 +Az Az + Bz 


^ j ^ t 

= 2 fai ^2 Cs]-* 


I f t I 
a (-><-! 


21 . Solve the simultaneous'equations 

t <»>«-• i.1.1 

I i ' ' \ x-\-y-\-s-\-w\-\ = 0. 

Lr—Llilid.. _Li:->Ui,Lr + 2i/ + 3^ 


'>/ + 32'-f-47.i' = 0. 


I’ ' ' ' I » • o o I it o « I 

.V:-;’-/ i , { ,“.1 1^a + 2V + 3^>^ + 4-V = 0, 

"“'I *.«■'■'•'•' l^^+23y+3''£ + 4:*K. = 0. 

22. Solve the simultaneous equations 

, x-hy-ts-t-ziz — O. 
ax+ (a + l)f/ + ({z + 2)s+(a + 3)tc = 0, 
a~x-^ frt4"l)^y+(a + 2)-0+(ff + 3)“W = O, 
a^x'+ (a + 1)^//+ (a + 2)^^+ (a-h3)^t(’ = 0. 
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COMPLEX NUMBERS 

TT" />■? I 

€/.K<rt ff. r^i , 

2 . 1 -t 3 W 1. Obviously no positive number eari s atisfy an equatio n 
of the form x +1 =0. Similarly, if we admit only positive inters, 
the equation 2;r-l = 0, is meaningless. Thus, in order that the 
equation ax + 6 = 0 where a and 6 are integers, may be always 
solvable, it is neeessary to reeognise new types of nnmh f.rfi-fi... 
so-ealled rational or eo mmensurabl o, and ni^gatiye numbers. A-ain 
It IS seen without much difficulty that the equation .ir^-2 = 0, cannot 
be satisfied by any rational number either positive or negative. In 

order to overcome this diffieulty the so-ealled irrational nnmber.s 
are introduced into mathematics. A further extention of the 
concept of number is found necessary: for, since the squares of real 
numbers are always positive, no number either positive or negative 
rational or irrational, can satisfy an equation of the form a;'-^ + l = 0 
Numbers which satisfy equations of this type are called complex or 
imaginary numbers. It is thus seen how in order to ^^O^tbe 
range of application of mathematical results, it is necessary to 
generahse the idea of number. In this chapter an attempt is made 
to buil^ up the algebra of complex numbers. 

31. Definition of a Complex Number. An or,lere,l'^„f 

real Mrs symbolically repres^ted'■ ^ 

nnnibe,. thus (- 1 , 2). ( 1 . 0). ( V2. <3), denote complex numbers It ‘- 

should be noticed that th^er in which the two real numbers are V «'«! 
written m the symbol, is sjg. Difican t. Thus (2, 3) and (3, 2) are 
two distinct complex numbers. The first number w is called the 

- ‘•-e 


T TT • A yew Algebra^ by Barnard a nd Child 

tteirenT; 
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[§§ 3'2-3’32 

♦f- 3 ,3 

3‘2. Equality~6t Complex numbers. If the parts anti 
i maginar y parts of two complex numbers are r eparaleb’ eqna l, then 
they are said to be equal. Thus, (1, 2) and (2-1, 1 + 1) "are two 
eqnal complex numbers. This relation between them is sh >rl]y 
written thus 

( 1 , 2 ) = ( 2 - 1 , 1 + 1 ). 

Addition of Complex Numbers. From any two com¬ 
plex numbers zi = {x\, y\) and {x-i, y^), we derive a third com¬ 
plex number (ai+a-^, yi + f/a) of which the real part is obtained by 
adding the real part of the complex number z> to the real part of z\\ 
the imaginary part is similarly derived. The complex number thus 
obtained i^aid to be-the r esult of ad ding zi to z\. The relation 
connecting them is expressed thus; ^ 

2i+^2^(a*i, yi) + (a 2,ya) — (ai+.to, y\-\-rj2)'T 


>fK • u-/ Denoting any three complex numbers by single letters si, z-i, 

their sum is defined by the equation 

Sj +22 + ^3= (21 + 5’i) +S:}. 


In this way, we define the sum of four, five.complex numbers 

successively. 

' 3’31. Complex nnmhers obey the Commutativ e Law for 
Addition . 

Let (ai. }’}) and (^ 2 ,^ 2 ) beany two complex numbers; then 
by definition ( § 3'3) 

(^1. y\) + (a 2, ^2) = (^i+Ar2, yi+Vz), 

and (a2, j/2) + (ai, J/i) =(a2+ai, y2+yi)- 

Now AL y], X 2 , y‘> are all real; 

Ai+A 2 =A 2 +;ri and yi+y 2 = !/ 2 +yi: 
by § 3*2, (a-i+a- 2 , J/i+y 2 ) = (^ 2 +^ 1 . y-i+l/i). 

Thus if the two complex numbers are denoted by si, S 2 we have 

3l + 2'2 = 22 + 2’l. 

3*32. Complex numbers obey the Associative Law /or Addi~ 

Hm. 

If zu sa, ^3 denote any three complex numbers, we have to 

prove that . , \ 

(si+^2) + 23 =^ 1 + \Z2-rZ3)’ 


• » 




§§;^* 32 - 3 ' 4 ] 


NORMAL FORM OF A COMPLEX NUMBER 


Let the c^mpl.'x numbers denoted by 31,22,33 be (n ,i/i).{a-2,2/2). 
(.V3, ys) ; tlien, by § 3 ’ 3 , 

2i+22=(a- 1, »/l)-b C;r2,y2) = {^1+^2. 2/1+ 1 / 2 ); 

/. {z\-\-22)+2.l—i^'l'^X2 l'l+y2) + (xi, 2/3) 

= {{x\-\-X2) ‘^X.u ( 2 /l-bj' 2 )+>' 3 ]- 

Siinilarly c + (32+2.1) = [3:1 4 -(A-i + A'a), 2/i+(i/2++3)] • 

Now ;»:i, y\\ xz, y>-, xsy 2/3 are all real ; and hence 

U‘i+A'2) +A' 3 =,ri+ (.r 2 +A* 3 ) and (yi + 2/2) +J '3 = 2 /i+ (^2 + 2/3); 

/. by § 3 ' 2 , L ( 3 :i+X 2 )+X 3 , (2/i+2/2) + y;i] 

- [;<^i + (-r 2 +a::i), 2/1 +(l/i + l/a)! ‘ 
Thus, (»! +Z2) + 23=’Si + (32 + 33) . 


“'*''**■'a 3 ’ 33 . Given tivo complex numbers 21, S2, il is always possible 


io dfUrmine uni^ne.h j a complex fimiber^such that 22 + 2 = 31. 


Assume t he e xistence of such a number 2 and suppose 2, 21, Z2 
deuote (a-, y), (ai, yi), (A-2,y2), then 


32+2= (jTi, y2/+ (a. !/) - (.r2+:r, i/i+i/)* 

Now 22+2=2., /. (A-2+A-. j 2 +>') = (^i, yi). 

Hence, by § 3 * 2 , x-)+x=x\ and yi-k-y—y\x 

x—x\-X2 and y—y\-yz. 

Since all t he above stens are reversible , we st^e that (ai-a*2, yi-yi) 
is |he required number 2. 

This uniquely determined complex number (ai-A 2, 2/1-2/2) is c«r. 
defined to be the result of §ubt:acting thi? complex number (a 2, 2/2) 
from (Ai,yi). The relation (onnecting them is expressed in the form 

(^1. 2/i)-(a 2, 2/2) = (Ari-A2, yi-yz). 

Now it is easy to see that 

ix\^ ij\) + (-^ 2 ,-^ 2 ) = ( ai - a - 2 , yi-yz) ■ 

Hence the effect of subtracting (a*, 2/2) is the same as that of 
adding (“iC2i"'y2)* Thus the operation of subtraction d oes not esso7i ~ 

from that of addition. 

3*4 . Any complex number 2 = (a, y) can be put into the form 
(r cos p, r sin p) where r is a positive number^ 

Assuming that the transformation is possible, we have 

« — (■*» y) ={r cosp, r sinp), 

A=srcosp and y=rsinp. 


(1) 
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f-T. 

X A 


Squaring an<3 then adding these equations, we get 
a--^ + yi = ^L^(eosV + sin-p) = r-, /. r= =*= V(,r-+y^). (2) 

Choo^^ the upper aij?n for the value of r and substituting this 
value in (1), we have 

eosp = .r;\(y-+_r-), sinp=yH(x-+y~). (S) 

Now, V(A--+y-) is nninei-ieally not less than either of theqnan- 

*** a unique angle lying between -IC and x, 

whose cosin^nd sine are respectively AVV(x--+y-y 

DehT^tiug this angle by_^we have eosp = eos^; and siny = sinf; 

.■.p = / + 2«x wh^e « is an integer positive or negative, r i/called 


f»'A 


the modulus 

&«‘h. AC. ns 

value of the 


>• of 5 ahd^.^denoted by Ul. t is called the pHucipal 

ZL^l .. or simply f 7^e an/iMitu <M of z. ^he toy ms 

i.Tkft' *■*'* (r cosf, rsin/) of a complex number will behereaftei- referred to a 

form 

When;v = -l,y = 0, cos^=-l, siii^=0.*.f=x, or-x: we agree^ 




to choose X in this case. 


Example 1. Put ( 1,0) into the normal form. 

I(1,0)I=* Vtl- + 0) “1: the amplitude is determined by cosf = 1 

and sinf = 0 and so the value of i that lies between ~x and x is 0. 
Hence ( + 1,0) = (cos 0, sin 0). 

Example 2 Put (-1, 0) into the normal form. 

Here /(0,T)( = 1, and the amplitude is determined by equations 
cosf = -l, sin/ = 0: .•./ = X; (-1; 0) = (cos X, sin x). 

—T\ 

Example 3. Put (0,1) into the normal form. 

Here |(0,1)1 —1. cos ^ = 0, sinf = l; .*. the angle which 
satisfies these and lies between-x and x is x'2. 

(0,1) = [cos(x/2), sin (x/2)]. 

Example. 4. Put (1, V3) i nto the normal form. 

Here I (1, V8)l= V(1+3) =2. the amplitude is determined 
bv the equations cos /=l/2 and sin /= V3/2: f=x/3; 

tl, V3) = (2 cos x/3, 2 sin X/3,). 


—r 


^ 2 . I ^ 

§§ S o, S'o 2 ] ml^ltiplication op complkx numbers 

Examples. III. a. 

Pat eat'h of the following into the normal form; 


03 


1. 

( 1 ,1). 

2. 

(1,-1). 

3. 

(-1, 1). 

5. 

(1,-V3). 

6. 

(-1, V3). 

7. 

(0, -1). 

8. 

(-i.-va). 

9. 

(V3, 1). 

10. 

(-A/3-1). 

11. 

(-V3, 1). 

12. 

(V3-1). 

13. 

(3,n'3). 


4. (-1,-1). 


3*5. Muiuplication of Complex Numbers. 






The r esult of nmltinlvimy s^ixi, j'l,) b^- 2 >^{x 2 ,y-i) is ^*3 


P**Cw.U«r... 3 9-* *.,4. 


•.e.-c 


I 


« 




qenued to^Be* nTe^unplux number (x^ty-v\y■>, x\y>-\~y\x>). We '’’f 

express the relation thus, ^ U* v ? ^ 

* NO O f ^ * 

2’iX^>s (a*i. //i)X(jr2. > 2 ) = (.ri.r2“j'U'2i -a j?/24-J'ia'2) . 

The product of three complex numbers zi, z>, 23 is defined by 

X^2Xr;t= (si X 22 ) X2;i. ^ 

In this way we can sticcessively define the product of three, 

four, fi\-e, .complex numbers. The above fornrof the product 

of two complex numbers is rather c implicated . ^It howover, siinoli. 

fies_considerably if_^the nonr.al form of complex nnmViers is used. 

Thus if 

2 i = (?'ico.spi, risinpi), 22 = (j' 2 C 0 s^ 2 , r 2 Sin/^ 2 ) 

2i 2 -> is equal to 

inr-icospicosPi-rirysinpisixipi, nroCospisiuPi-^nrosiupi COSP 2 ) 
or [ rir 2 (cos;Jioosp 2 -sin;^isin;> 2 ), ?'i?'2(eospisin;524-9inpicosp2) ] 

^oAv, cosp]eosp2-sin^isinp2=eos(pi+p2), 

eos^isinp 2 + sinpicos ;)2 — sin ip\ 'hp>), 
si. ^2 = [nr 2 Cos(;Ji+Pi), rir2sin(7)i+;>2) ]■ 

3 5 1 . Complex mwiders obey I lie Commulaiive Laic for Mnlii- N.<r 4 .. 
plication. — 

For, in the notation of § 3 ' 5 : 

SI 22 = r M r> cos{ 6 i+p.i). n r-i sinCpi+p,) ] 

22 2i = [ 2-2 n eos(p 2 +pi), j -2 n Sin(p 2 +<> 1 ) ]. 


and 


Now n, r 2 , pi, p 2 , are real; 

n r2~n n and pi+^2=P2 + Ai; 

81 82=^2 01 . 


and hence 


/Lf numbers obey the Assoe.iative r 


aw /or 
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For, in the nottition of § 3 5, 

22 = [n ri cos r\ r> sin(/)i+;^2) j; 

(^1 Si). S3=[ n/'i cos {P\+P->),r\r2 siu (/^i+Z^i) ] 

X (ra cos/'a, >'3 sin/'a) 

= [ (n ?-2)''3COS {Pi+P->-^P.i), (nri) r;,5iij(;'i + ;^2+/>a) J. 

Similarly 2]. (^2, ^a) 

= fri(r2ra) cos (/'i+Z^a + pav, ri(r2r3)sin (Pi -fp., +^) ]. 
Since ri, ^2,ra.f^i./’j - are real, we have 

(?'i ri)ra = ri(ri ra) and (Pi+P>)+P- a^Pi-\’( p-t-^Ps); 

( 3 { 2 i)Z 3 = 2 \ {zjZs). 

S'SS- Complex mimhers obey t he Distributive Lai o of MttUi- 
piicatioH 

If «i, 2-2, 3j are any three complex numbers, we ha^^e to prove 
that si(s:i + sa) —s’lSi+si^a. 

Let 31,22, Sj stand for (jr,., yr) where r = 1, 2,3; then, 

22 -T Zi = {x->,y >) [x3, r.\) = [{X2+ X3) j (^2 +^3) J 

2 i( 32 +^.i) = (a'i, y\)ix»'TX 3 , yi-^vz) 

— [.x\ {x2.-hXA)-yi (y2 + y3).a;i(y2+y3) H-j'i(^2+.*a) I (§3-5) 

= [(x]X2-ym) + (^i^s-yirs) . (:r)y2+yi^2) + {x]y:i-\-y\x:t)]. ( 1 ) 
Now Si 22= (;ri yi){x2, y2)-{^iX2-y\y2 
and 21 23=(;ri, yi)(:«r3 ya) = (^'i^ra-l/ij's, xiys+yixa). 

Hence si 22+2123 

= [ (^i.'r2-yiy2) + i-xurs-yiys), (xiy2+yix2) + (.ru'a+'/i-^'s)]; (2) 

and so from (1), and (2) we have 

21(32 + ^3) =2’122 + 3133. 

WLsj T he real number 0, possesses properties symbolised 

by the e^juations 

( 1 ) iz ± 0 =.fl, 

( 2 ) izXO = 0 Xa = O, 

f*crp,r cu^. (3) Further, if ffX6 = 0 then at *east one of the factors a, b 
must be 0. 

' ^ The complex nnmber (0. 0) is characterised by similar proper 

^ .ties ; for, 

\ (!') U, 2 /)-( 0, 0) = U±0, !/=^0J = (.r, y): 

■ f2') {x,y),{0,0)=^[{x,0~y.0),ix.0+j/.0)]=-{0,0). 

(3') Again, ifthe product(ricospi,risiD/'i),X(/'2Cos?^2,^2sinP2) 


§§ 3’.331-3 G ] 


niVISION OP OOMPLKX NU.MBEKS 


i.< e«i«al to (0, 0), tlu'n one of tliejn, at Iv-asl, nnist to (0, ()). 

For 

and [/’U'JO ]=Co, o;; 

and heuo3 )s(/'i+/^) —0, ri;'-.sin(/^ 4-/^2) =*0. 

Now (5 ob{/^i+/^j) and siu(/^i 4-/^2), camiot. he* simnltain* msly z'*r<> : 

n r 2 = 0; at least one of tlie n«inih<*i*s n, ^ > iimsl, la* (i. Hmh,..* 

at least one of tin* given eoiiiplex nnmhe.'s must mha^e lo (0, 0). 

For thex!-' r,'asoii!i in'shall hrrpaftrr d-'noic t lu' r.omjih y- number 
( 0, 0) htj the same xijVihol ^ 

3*54. Givpn Uro (‘ompler numlnrs z\ an I zi, U is poxxlhlc io 

'Pennine niiioiir lv a e.omfil'x numhpr jjm'-h that z. z> = :\ t'r'-ris/rd 

3 ^A -""- 


Assume tlmt z exists anl let 5 -, 2 - 1 , represent (re >s",rsin/0 
(/'ie>s/h, risin/^i), {rtr,i^'>, r 2 sin/' 2 ) I’espoetivelv; s > that 
(rosp, r.;inp) {r>it >spi, rjsino*) = friarsyi. risin/M) 

or br-sfiMp+/)>), rr-ifAnip-^'p^) ] = {n.Msni, nsin/o): 

"'i = ri. (1) ani P + P 2 = 2//X-hpi. (2) 

wherowisan integer. From (1), if r.^0/. e. (§:r531j we 

get r = n/rj; and from (2), 2n X+/5|-/J2, anl henre 




This numb.M’s is d'fill'll t.) he ch* reudt of dividing n hv'^l 
and the relation is expressed as nsnal by 

S — Z\lz->^Zl-i-Z>. 


Now 




0 




U'ince the effeet of dividing z\ by z-* is vhe same as tlmt of multiply ng 

It is thus seen that thp operation 

f'f 4m^t0^ is not exHCntially different from that of mtililPlicafion. 

numbers like {x, 0), {y, 0), (s, 0) whose jma- 

‘ 9 





COMPI.KX NPMHERS. 


[ 5 § 3'C>~H-VyH 






^Miinry pai js arp cai-h e(|unl to zero, behavp liko tho p) rre=!pi>mliiu' 

ip.ll iiniiiliors , V,.Tlii-S is sp_‘n from the folliwintj puliationi: 

(a', 0 ) + (y, 0 ) = (A-f-»/. 0 ^, 

( v, 0) -(y, 0) = (.v-y, 0), 

(.V, 0 )X(v, (tj={.ry, 0), 

(^v, 0)=(.r-H;/, 0). 

For thpsp reasms, wp a,'ivvU> d'a>te th‘.n hy the simpler 


SVillh )ls -V, ij, 2 . 

3'6 I. Complex number (0. I ) . 

By § 3-.^ (0, 1)X(0, l) = (-l, 0)=-!. (§ H'G). 

If iVLMlefiip^ powers of a P implex nniiiber as in the nly^ebra 
(jf r**;il'nnMibors. it follows that (0, 1) is a root of the p |uatioii 
-■■hl = (). It is nsna! to denote this number by /. We see easily 
that iJip normal form of / is 


(ejsi 7 t,sin^Xi. 


3’62. It is easy lo prove that (0,y) ”(0, 1) X(y,0)- Now. 
by§3'Gl, (0,1)=/, and by $3.(;, (y, 0) =y; (1), yj = ?>- A<?{>iTL 

( f; y) = (-y> 0) + (b> !/)• Now by § 3'Oj (.V, 0) =A': and we havp 
jusL shiwu rh.it (0, y) =/:/. Tnerefore 

{.V, y)=.v + /y. 




3 63. S), the wh n? if the foregoin.? thp-^ry redmvs to lliis:- 

V(\) complex nnmher [x, y) /.s the same as x+iy v'here / is sntjert 
to i hf same uuukimental laws of alf/ehm as real iiinnhers, a-ith this 
ad'if'oaal properly that iX i f-=-J: farther if x + iy=^x’ 

th^n x-=x' an l y = lf. c. ij. 

{x.^i>jr- = x:->r 2 ixy + f^y^ = .r ’-y - + i'lxy ; 

{a + ih)(r-\-it) -a'-i -«/>/+ the + f-hd = ar + ia'l + ihc-od 

=a( — h(i-h i(ail-h he) • 


ExamhUs. III. b.«i M 


Kdablish the followin'; idtmtities 
at overv staj;p of the transt'irinatijn; 


referrinif to the law apidie 1 
the symb d- repre-sent e.im¬ 


plex numbers: 

1. (a-^h){c+d)=ac-\-h’-T-al-k-hd. i, 

2 . {i'-h-) = {<i^-h){a-i^. ^ L 1 / 

:t. [j- + a){xyh){x + c)=x^ + {n^b^c)x‘'-^{ah^hc^ca)x^aOc. 



AR^AND’S DfA^iRAM 




§§37,371 ] 


C7 


4. If iz-fi)(z~b) = 0, llic-ii s mu'.t 1)0 to ono of tlio 
a, b at loast. 

5. If az — prow Ih.'^t z— ^{h--ar)V^' 


3*7. Ar^nd'5 Diagram and the Geometrical Re.'jrc^cn^ 


tation of Complex Numbers. 


Tako any tworeotant^nlar axes X'OX ami V'O Kas inooordii:))!*- 


nnetry, ami pi >t the pt (r, ?/). Call thi.s points/*. Tlioii tli. 



directed line or veotor t?/* or the point/* is .said to repivscnt th,. 

complex number ^=.v + /,v. It is thus seen tlmt, oon espondin"- to 

every complex number, there is a definite point in (be p’nno A’oy 

and vice versa. This fitjure is known as Ar^atui's Diagram, If A"P 

is drawn perpendicular to X' 0 A it is eisy to see from the ri-dit 
angled triangle ONP that 

ON^x, NP =j-. OP = = |,(. (§3-4^ 

Again L XOP \% such that its cosine and sine are re.spirti- 

vely eqxial to A-/’+//■-), j*/Vl.v-l-f/-)jnd hence it is e.|nnl to/or 

differs from it by a multiple of LU, where t is the amplitmie of 
(§ 3 -t). 



3'7 I. The Geometrical ivteroretation of t he sum zi + s-.^zi 
tchere zu z-x, Z 3 are ang complex numbers, L-t Pi, p.,, p^ repre.^x-nt 
SI, ca, ill the Argand's diagram. Draw PiQ e-inaland parallel 
and m the same .souse as, OP-,. Draw equal andi arall.-] 
to^and m the same sense as, OP^. Then the point H or il»e v^^dor 
OR veprc.sents the sum si +S2+5a, 


...c* r 
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[§§‘V 7 i, ;r 7 ii 



L?t ^i, s_>, ^;{stan(lfor A-j+/n; .vj-Fo'o, .v:{4-;j-;r, so that tljc* 
(-•oordinated of J\, P>, Pa are {x\,y\), {x>,y>), Nt>\v the 

abseissa of P is equal to the projection of OP on OX. it is 
equal b) the sum of projections oX OPi, P\Q, QR i. e. ol OPu 
OP- 2 i OP.i, oil OX. Xovv the projections of OP\, 0/ >,0P:i, art* 


respwtivoly x\, x>, xj. 

Hence the obseissa of P=x\’\-Xi+X:\. 


Similarly the ordinate of P — ii\+y 2 +y'.i. 

and so the point P repi'escnts the complex number 

xi-i-Xi+XA ' 2/i'hy2 + y:<- 
This complex number is clearly eejual to 

(A:i + 0 'i)+ (.t '2 + />:;)+(.r.'i + ?>3) ov 3}-\’Z’-hzA. 

In the same way it is possible to eonstnict the sum of any 
number of complex numbers; and in view of remarks made af tin* 
end of § it is se *n that it is possible to eonstrnet geometrically 

an expression like 

2l + Z2~3[t-Zi + 2'i • 


3*7 11. In fig. 2, sinee PiQ is equal and parallel to OP>, 
OP\ QPi is a paralleliigram. PiQ is e pial and parallel to and 
is drawn in the same sen.se as OP\. Thus the point O is reached 
by drawing A<2 o ina\ and parallel to and in 1 he same sense as 
OP\. Thus, we have the yeometvif'al vei’i^i'ftfion of thp con'inutaiive 

/mu- for AildHion 




§§3‘712, 3 7i:-i] l3il+!2il + ;2:i < -’i + c-j + s/ Hlf 

3’7I2. Ill tlu* snine fi^. 2, if the* pftrnll<*l<»”:iaiii y*uC/A\V is 
completed, then Pi S is i*(|iial and parnllel to and is drawn in Ihi* 
same sense as QR, and OR is equal and parallel to and is drawn in 
the same sense as OP:„ Hence .S' represents S 2 +";<• Furlher it is 
easily pioved that OP\RS is a i)aralIelo,i;rain. Hence R represents 
si-+*sj + ^.} also. Tims we have the ver'/irafiau of fjif 
An.wciativf *L( iw for Adiliiio)i. 

3'7I3. In the same fi ;nre 2 . it is evident fr,)in •reonietri<*al H.*'9 
considerations, that the sum of ien^'lhs OPi^ PiQ, OR is not le;s 
than the length OR. Nt>w, OPiy PzQ, QR, OH are i*i*speelively 
erpial to OPi, OP\, OP\\ and OR wliieli repre-^ent the moduli of 
£iy 21, and + za Thus we have 

or V(.vr^+. 1 - 1 ^) + V(.r 2 ’-+.> 2 ') + ^ f.r:,- + r.r) 

This theorem can be obviously j^eneralised. It is a re.sull of trrea t 
importance . Since -r = ir+/o where x is real, we have 
(A'l = l.t'+?el = + V(a*-) = the absolute value of x; 

We thus get the important particular ease :— 

/f X, y,e,...are any real unwher .^ then ihe sunt of their a/>so/)>/e 
vahipft if! never less than ihe absolute ralne of their sum 

g. Noneof the quantities :-2 + 3l, 1-2-3/ ,l2-3| , is greater than 

l=t2H-|=t3(. 

, Rxamplc 1, If z]y z> represent points, A and R in the Arga- 

diagrnni, prove that Af, the middle point of AR is repre.sented 

(^}+z2)I2. 

^y §3*71, OR=^OA-\-~^,.\AR=^~aR o7l = s-2-S], 

’• AAf=Ui-z\)l2. 

•• by §3 71, O.I/=OW + .^.J/= 2 :i + (^i“^i)/2. = (2ri-|-32)/2. 

Example 2, Prove that lines connecting middle points of 
Qp . posite pairs of sides o f a nuadrnn^ e*biseet one another. 

Let Ay Cy Z? be the verti‘?e3 and let them represent si, S2. 
m the Argand’s diagram. Let L,AfhQ the middle points of AB, CD-y 
en by Example ly above, L hnd Af represent (^i+^ 2)/2 and 
®3+54j/2. Therefore the middle point of EAf represents 
[ (sl + ^2)/2+(S3 + 2'4)/2j/2 or (si-h52+23+^4)/4. 
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[ § 8*72 


The sy mmetry of this result sh >iys tTmt roint of fho 

lino j lining the mi 111 * p >iut^ o: BC, OB, aihl the mi(M e point of 

the line .pining the mi;Mle points of AC, BO must each of them be 

ropresente.l h} Toe require:] result is n >w cjuite 

obvious, 


C(. 





BxawMes. III. e. 

1. li zu zx, z.\ represent vertiees of a Ain the Ar^'and’s 
diaofrain, pi%>yethat (^'i 4-5'2+^a)/8 represmts its o-mtroid. 


- 7 4 - ------ \ — t • ^ ^ f • I » 4 V*** '/• 

2. In a^(inadrmi/le ABCO, lines .ioininjj A, B, C, 0,\l} ihe 
oeiitroid) ot A /^CO, /SCOA, £\OAB, ^ABC, meet in a pomt*' ^ 


V.B. 


and dieide one another in the ratio, 3:1. 

3. If z\, 27 represent B, C then th-.* point O -whieh divide; 


BC in the ratio mm is by {nz\+mzx)i{m + 7t). 

4. If d- w/s-j ■l-;/ 2 '.i = 0, where /, ta, 7i, are real numbers .snob * 
that /+;« + ;/ = (), then points representinjf z\, zx, in the Artaud’s 
diaijram are c iliiieir. t*'’ * - -r^_—v. 


T-.v;vi 5. Prow that z-\-z>. z-\-z:i, z+zi where 5’i, 2 'x, z\ 

ar'Woniplex n imbrs with th«* sam^ moduln- . ivpres nt e >ne.velie 
points in the Artrand^s diasfram. 

tb The fitirn re whose vertieos represent r , sj, S 4 ...is equal, 
ill all respects, to the figure whose vertices represent ^+:i, 

..in the ArgaiuPs diagram. 

7, The side s of a A ABC are divided in the same ralio at 
/., J/, iV. Prove lhat tlie e.mtr. id s of triangles ABC, l.M/< 
e oineidci. 

/ The oriifin of the A’-gand’s diagram is transferiTKl to a pt. 

i-(mi'esenting the complex number <i, ih - dir -etious of ax- s reoiaiii- 
injT the same, liv., Z, ivpr Mmttbe s:iine pt. in the old and new 

Argand’s diagrams, prove that 

z = Z'\~ 


p* 


«. H A 




H .10 


»o 


9. 



If ri, 3-7, z:t are the vertices of a A, Avhose sid(*.s are of 


-T- c) 


Ocomc’frir'd o/ (hr t7tii/^nliait'ioii of 
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L'3t Pi, /•» represent rjospi +/rjsin/^i, nnd r:>ec)s^j4-/r:isin/j 
in the Argand’s diagram ; so that OP\, OPz an* re^peetivfly ctjiiMl 
to ; i, r:i and Z. X O P\, Z XOP>, niiial to P\ and pj. Cut off a 
unit distance along OX. Join 7/Pj- Cuislnict similar 



to aiid deSiribed in the same sense as, A OUP\. Then the point 

P or the vector O R represents the pn)duet. For, since A Ol'P\ 
and A OP-iR are similar; 

ORjOPs^OPtiOU', OP^OFi.OP>^ri r,, 

Again Z XOR^ Z XOP>-i- Z P -OP = pi+i)>. 

Hence, by §‘T7, P roprosf-nts 

rir nt >s(pi +/>») -H)V}r 2 sin(;>i H-pi) 
nr [/Tco '.pi+irisin/i] X [ ri0os7J:>+i r^sinpj.]. (§3*5/ 

The noint P can also be onstrncted in the following manner: 
Cutoff OA along OP\, so that OP — ro OP\ and then rotate Ol. 
thro.ugli Ply the sense of rotation bung do^erminevl by the sign of p -i. 
Thus we se^ that “77*<> onnltiplic.ifioft of two complex 7ininbei !< con- 
s:sU of a ^lYeichhin atui a ininindP {B. U. 1924 //<w/.v, //). 

3 721. In the same Fig. 3. join UP> ui\y\ P\P’. then, it 
is easy to show that A(7f*i P is similar to and is described in the 
same sense, as fXOUPi. We thus verify the Commutative Law 
of Multiplicati *m. 

3 722. G^oynUp-'ical veri^catfon of the dlatrlbuiive law. 

Het P\, P>, P.iy represent any three complex numbers, 

— ricospi+tVisinpi, z: = r2Cos^id-ir2sinp2 s.'{ = ^yeosp.i-K^’Hsinpu * 

in the ArgamVs diagram. Cut off a unit distance OU along OX. 
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Draw Pi Q e«iual and parallel to, and in the same sense as, OP^,. 
Join UP\, UQ, Describe A OPaS and A" similar t) and 

in the same sense as, AOUPi and C^OUO respec^tively. Jain SR. 







T» f 

RiMOttf, , 


^ Fi^^. 4. 

Now Ir? § 3'71, O represents and Uierefore, by §3’72. 

P represents (gi+ g^)g:t^/ ^gain by eons'rnetian, AD/’.tNis similar 

to and is described in the same sense as, OUP\. Hence, by §3'72, N 

represents z\z.\. Further, it is easy to prove that /^OP\Qb\\\ 

^OSR are similar; therefore SR!P\Q = OS OPv. but from similar 

isOUP\ and tsOP>. S, Ave have 

OSIOP\ = OP:kOU, 

SR,P\Q=^OPaiOU or SR~OP.\.P\Q = r‘ir\\. 

From the j^eometry of the figure it is ea^ to see that NA' 
makes anglepu+p;{ with the positive direction of OX, Hence SR is 
e.,ual anrt parallel to and is drawn in the same sense as, the veetor 

representing is-. Therefoi^by 5 S’?!, O.? or the point /i re¬ 
presents Thns we have Ihe gromelideal verifieatiou ot 

the theorem 

\z\ +S 2 )z.i^ziz:{ + s-zz:s‘ 

*?*« ^ 2 - 


^ r. 
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t '■ > 


Example 1. If P, O, P, S r<-pr<*:;(*iit z\, z-j, z.t, Zi 
luVs diao:rain and if = Z 22 :i, pi-ovo that ^P(?(.) W, siimlai; to 
AROS and that A POP is similar ;o A QOS. 

Lot 5'], S-J, S:i, r.t stand for rioospi +//-isin/^i, <‘fc. then llic^-mdi- 
tion S]Si = z_ 2 .\ reduce.? to 

nri[<vis(;;i+;f).i) +isin(pi+7-4)] =r-ir:j[ci)s(;ij + p:i)+ /sin(p;. + p;,) ]. 

-- ^i''t = r 2 ;;t and Pi+ 7M=j(>i + ?>:t+2y/'n:,« lndii|j an inteiji'r. 

•• >‘\.r -2 = nijr^, am} p>-pi=pi-p:i~'2>nz 

Hence in the two POQ and POS, C POO = z liOS, ami * 

the sides about these ana-los are n roport ional : FOO, ^ 

POS are similar. The remaining part follows from the symmetry '**' ' 

of the given condition. 

Example 2. If E, .1/ represent zu z-> where s|-+c2- = 0, prove 
that A EO,}/ is isosceles and right-angled at O. 

L-tsi and ^2 stand for neo.s;^i + /Vtsin;>i and rieosp^ + zV-sinn.. 

Xow Si- + 32^s {si-\- iz>)( 2 i-iZ 2 ) =0; /.zi =/3j or- 

f. e. r;eospi + ?Visin;)i == (cosA'jr:i= zsini'7c)(ro(.osp2 +7V2sin/>2),f f S'Gl.) 
oi^'^-^p^ + l■.m:7^)=r2[eMi'K=Fp■2) + is\n{.^^ ] 

n=y 2 , and pi = iu^P2 + 2^/7C 

where« is an integer; from these, the r.qnired resnlt is easily 
dednct'd. 

Examples. III. d. 

1. Interpret ggoinetriealj^^ tlie division of two complex nnm- rt So *«>(*■, 

hers. 

4 

2. Verify geometrieally the Associative Law for Mnitiplieation 

of complex nnmbora ' ^ 

3. AOPQ and A OPS are similar and are described in the 

snme sense. If A. and d/divide /%, qs inthe same ratio, prove 
that ^ OE T/ IS similar to AOPQ or AO PS. / A) 

L « Q, P, S represent ^4. then we have = 

aZHr 7'- = ('-> + "-')/e.. + ,«.;),whc.;e/ 

and m are any rr-al numbers.] 

If C% ^ i“ Ae ArgamVs diagram. 

A'(^..-^4)^' = 0 where /Tis a..y 

Positi\ e real number. ^ <n ^ 
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a. In the notation of F.xamMe fC, prove that tlie .jnad. PQ PS 


IS a Pflralldograui if .f ti^c, 


[ (2'l-Si)“-(^3-^4)-] [ (^,-^3)2-(2^_2.^)2] [ (2 i-5-4)-''{22-^;j)-’] =0. 

V.^Vij.*’; A.-/i9C ami /\POR are . siinilai -. where A, B, C Q, P 

*'■ ivjilresent complex hamhers si, s->, r.t; ^sj, Z3>, zzs; ^ 

7. A.4>9C whose vertices represent 2 - 1 , 20 , s-.j. is right-airrli d 

; nul isosceles ; prove that 

[ (^1-22)" + ] [ (22-21)- + (2-i-2';i)-] [(5^1-2! )- + (2-;i-2o)^ ] =0. 


At. 


3'8. The moJ.ubis of the pro:lucf ot a7iy nnuthcr of comjtU'x 
/iinnheys is equal to the \iro Uiet of their modali. 

The aiuitliiude of the product of any number of complex numbers 
• lijfers from the sum of their ampliiiules by a jnultiple of dyc- 

Let the complex numbers be ^i = yi(cospi + /co^i), 

22 — ri {{2.)sp> + isin/^2) • •»2n = c„{co.spii + /sinp,,) - 

Now 2^122 = ''! 1’2 (cos/l+Isinpi))(^(cO.S^2 + 'Sinp2) 

= rir‘> [ (cos/nco.sp2“sin/Jisinp>) X/(sin/>ico.sp2 + eos/iisina2) ] 

“ ci ;'2 [ cos(/i +/> 2 ) + ^ain(^i+P 2 ) ] • 

21222;! = (2122)22= rj; 223 [cos (pi +p 2 ) + ^sin(yn +P 2 )](coSp;{ + fsinp;<) 

— ri7-zr:t[ cos(pi+;> 2 +Ai) +'sin(pi+y^+p;[) ] 

Simila rly 

Zi22S:t24 = 2ir-22';ir4[c>s(;^i +y>2 +P;i + yi4) +Lsin(/;i +/2+P;i + P4) J 


Repeating this nroeess . we have 

2l2-2..--2n = '^12'2'“^'n[eOs(p| +p2+ ... +y>ii ) +/sin(pi+P2 + •• •+Pn) ]. 

This result shows th«at the modulus of zi2>Z3-‘-zn is nr 2 .'-i 

which is the proilmd of the moduli of 2 j, 22 ,••• 2 «. and that its ampli¬ 
tude is equal to /i+p 2 + -*-+/>ri to a multiple of 2'IC. By puttinjr 

= /-„ = l anl pi~P '2 = ---=pn=p, \ve tret the important 
ease 

((M)s ^ + /si n ^) •' = cos;/p + isi n« b. 


3 '9. Two complex numbers which differ only in the sign oi 
heir imaginary parts are sai l to be conjugate comblex itnmhers. 
L’hns l + -/t 1-2/ are a pair of oajugate complex numbers. Points 
■epreseiiting such a pair of nu nbers in the ArgamVs diagram are 
'nirlv imagisof each other in the axis of.r. Following facts are 
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■■asily dcaucecl f rom tlie definition of a ])air of ronju^jafo t-oinph-x 
ihnnliers 

1. Their mof/i tfi are egual; (s) fhetr a utAlittK/ es are eqaa/ in 
viagyniude hat optyoaif e in aign,- (.?) their .saw/ and fheir 6roJnr/ 
are real; (/) eonversehj, if two numherH are such ihai iheirnum and 
hroduet are hath real, then fhp' are either real or they are a hair of 

eonjagatc complex numbers. I 3t*t. 

3■ 9 1 . y lrational fnnctii^ Fr^r^ere 3~x + i,j ran be r vdneej fi 

loathe from where Xan lY arc rational fnnrtivns of x and // 

realcoeffteien ta. 

By tbe Biiiomia! Theorem, wo have 
Obseiving that T= -1. r'> = -/,/4 = i, /- = /..., we-rt 

= + .+ /(..Cl.v"-'l'-nC|V“-V+.) 

which is of the form ^ + where W andare polynomials in 
}■ with real coefficients. If tl.en it is obvious that 

(Til* le aces to the same form. Again a polynomial in .? ci>nsi.st.< 

^ hence it also reduces to the form 

+ ?_ . Finally f(z) is the quotient of two pnlvimniin)^, and 
hence it can be pnt into the form (/’+/^);( A*+/A). 

Xdiv ^ ( ^/g)(/?-/6-) _(/>//+ 6-5) +, ( QJi-P.S j 

^+>i> + - 

Kare .-ational functions of .Vaud Kwithreal 


of a ^ »v«-/ /•> « raiwnai^Tunetun , 

«Uo„al fu„ct,o,is of x.andy uUh real coeJirhnU *'*• 

and ^ Hence If U-+7>)>‘^ then 

It follows that the theori the ease of ptomiah 
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in 5- with real eooffieicnts- 

/(V + ;>■) = (yD+/^) 4, (th'?n f{x-h') = (P-/Q) ( /^-/S). 

Now f /> + r (2) /( /? + zS) = (/5+ iO) ( /?~}S) H- C 7?- + 5-^) 

= [(/’y?+(?N)+ff(27?-/>N)]-(7?- + N^); (1) 

= [iPP-hQS)~/(OP-PS)'\l{/i‘--hSn. (2) 

(’>:noavi? (l),(- 2) n'a tr.ith of tha th^->ra:n. 

kx.imn^p 1. Provathat (1+5-4-^‘^)/{ W + y’) = (!)4-/oV3);7 
M'h n e ^ = l-/v 8. 

l + ?+2-- = l + (l-/V8) + (l-/V3)- = 2'/V8f l-2/V3-3 = -3?V3: 
nn3 ^iinilarly +^' =-2-? V3 
. 1+ s + s - -37 V3 _ 3 } V3 ^ 2-7 V3) 94- 76 V3. 

+ “-2-/V3 (24-7V3)(2-iV3)" 7 

kxantplp 2. If rt;>, rt-i, <7»,...<7-2n are the eoefil n'-nts in tha ex- 
Rnn^ioTi of (14-.r)'-^^ in as'^'^n^in? powers of x prove that 

ao4-a]—3(^24-/z:0 4- 9(<714-^•>) t- 
has the values 0, 2-'*,-2-", aec.irdino: as th' 7i i; o‘ th ' ft)riii' 

3w?4-], 3in. [B. r I9l7 hnns /.] 

By hypotlie^s 

(1 4-.r)-'* — ao + aix-^a^x’*-{-aAp-ha-i'.x*". 

Putting X — i \'3 i n this identity, we have 

(14" 7 V3l = ai( 4"i7i7 ■>/34“a2( 7 V3)" 4"rt;t(7'>/3)*^4". 

=<7.»-3rt2 4-3'W4-. •. 

4" 7 V3 (rt i—3it:j 4* 3 -(Z.-j—. • •). 

N >.v I4-7-v3 = 2((*»s^ + 7sin^JC) [Bx.tmpfp 4, § 3 4]. 

(14-7V3)-^ = 2’'Ue,)S:VTC-l-7smiiu)'" = 2--(ej^ii«r + 7sinH«-n:h^ 

Henea 2- ’(* >sif 7X'f 72 -''sinHK'n: (§3 8) 

= (a<,-3rt2 4"3-rti—.) + 7 V3 ((Zi“3f7,i + .). 

K'jiiaung the real and imaginary parts, we get 
2’ c ).swtf 7C = ao~Sa2-\- 3'<14—. 

and 2‘''sin}|vx= >/l(rti-3.z.{ + 3’<zj-.) 

Dividing (2) by \3 and then adding it to (1), we have 

2- (e a.jj /X + V:V-jinif«x) =rt ►4-^7|-3(rt24-fi;i) 4-3'(<7| + f7:,)--- 
From this, the roipiired results follow immediately. 


0) 
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/^‘‘f '/ f'tirc:'. 

A. N. WhitvOioad. ‘An InnKltnition lo .Matli<Mna1i«’s’, (■liapl«*rs, 

VI, VII, VIII. 

■T. W. Yomi Jr. ‘L ‘•luiN*'. on P.indiiin-ntal O ni MOts of Al'^-.-ln-a 
and (T-Mm'^try’, l-r-tan*s X, XI, XII. 

(t. H. Hardy ‘Putv* Mallioniatics', Cliajdcr HI, 

J. \V. Yomvr. ‘Monoirraidnson Mod<*rn Mnili-inaf 4tli inono- 
srraph. Only students of exfoptional poW(M*s of idnifraetion slionl.I ( 
read th“ last br> •)>. I 

Examples. Ill c. 

1. Pnt the follou-iii^ into the form 

(] + ()/(i-H ; + . (n-/):i. (]-;)•*: {(i +/)4, 

(l+0V(l-04, (l + /H + (W)*. |LTsel + /=V2 (o.s.iTr + /sini7r).] ’ 

2. If ir- (-1 + /V3)/2, prove the foUowinjj 

a'- = w-i = (-i.tvM)/2; = l-f+„.-i = y 

3. Find til.* iiiodnlus of 

(l-H/)(2 + /)(H-/2) and ot (1-/) (2-i’J 
and verify that they are etmal. 

4. Find the modulns of 

(1±20 0^/) (2+^')_ 

(l + /4)(H-a;)(i + 0. 

5. Prove that U- + ij'\ = ;r-/jd = +/>) (a-0'[ - 

e. S3lve the (jnadratie equations: 

U). .^TlW+/ = 0.,i).v.+ ,v+3-/=„, 

U). 2x 4/a-1-2V3 = 0, (</J 2a-^+/4a--3-2v;^=0. 

an! / / = 0 = «, where 31, z-. aretwo eomplex 

«nd I and w are two real, numbers. ^ ' 

.c?: “ 

rfapwKve^ let OA O^, O/-., OB r.iii-canf veute.rs zi, 3 ei, 

" ■■ if4 
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Similarly 

OF^ 0. t+ .4F=Si,+ ,j{-2z-,-3z,) ■. +x(r,- 2 , )=3z, + ,A2zi^;hf). 

K(|iiating the (wmeients of ands. (see A'tflwi/j/f 7 above), we have 

l-.r = .3-.Sr. v = 2 r. ete.] 

n. 5 = where = beiuj; all veal. 

^ 1 love that z represents a point on thf* line eonneetin? points 

' P representing Z)!a , 7; in the Argand’s diagram 

Am/ - t- • t> ^ ^ ^ 

' irT^ yn/-' t- . V-C XI3c** • pGA ri'i r 

-^ 5 —^ ^ ODhF IS a parallelogram. Points .1/, A'are taken in 

PH so that ^fN is of eonstant length. Prove that OM, /^AMiiter- 
^seot on a st. line; so also ON, /?/!/interseet on another. 

11. At7/?A IS of tixetlshape. Thept.fl i.s^xed;^hile/? mores 
along a fixed st. line. Prove that /Tmovts along a fi.ved st. line. 

^ 12. G is the e<*ntroid of a A XYZ. Slarting from any point 

Py PQy QP are drawn snecessively egual and parallel to ('iX. G\ . 
^Pri>\^^ tliat e(jn^l and^^m-aHe l to GZ^^^ | % 7 -» ^ 

1'/. From "^any pt. O, OP, OQ, OR, are drawn eipial and 
parallel tojhe sides d/A^ NL, A.I/of a A L MN^. P i’ove that O is 
the eentroid of A POR. ^ 

14. G is the eentroid and O ai^’ pt. in the plane of n AXrZ. 
Starting from any pt. P, PQ, q'R, RS 

eijrial and parallel to OX, OV, OZ. Prove that A’S'is parallel and -• 

j ^ *5* *j ) 

x> ofinal to, three tirue.s OG. ^ 

15. As/i/iP, and D'p'p^have the same eentroid G. 

Starting from any pt. P, PQ, OR, 7?5 are sticeessively 
drawn equal and parallel to P>D', PPJ, FP*\ prove that P and 





-e 3 » Z* a- 

-* 


eoincide. 

TI. From any pt. O, OP, OA/, OA" are drawn equal and para¬ 
llel to DP>'. PP', PP' re.speetively. Prove that O i.s the eenti-oid 
of A PAIN. 


‘ o. 
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CHAPTER IV. 
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DI'^MOIVRK’S THEORKM 

AND 

IT8 CONSEQUENCES 

4-01. This Cliaptor is cW.)t.nl to Dc-MorviVs Tin-ornn «.hI 

Its immediate applientions. It ia a theorem of great importan.. 

the reader will realise in theoonr.se of the ohapter. Itprovides 
Mof^e eonnecting the tvro important branehe.s of Ma,),.', 
...at, O.S. Algebra and Tr,gonomet,-.v. B.v means of it, .nanv algeb. aie ,| 
.<le.,t.t,e.s are ,.,nm,sJia(el.v oonvorted into i.npo.-tant ..esni; b, T.'l 
sono.uetr.v The passage from the .jeal, ts^the o. nnple.x. va.m.i,,.. 

.s also .nade eaa.v by the sa.ne theorem. For thi-sTi;;;;;;! Ch.,rstal J 
(lesffi ibe.-^ it as powerful analytical engine.” 


4 1. Prove that 

(cosWi + Wx+... + Wn) 4-zsin(.‘/i + w.,+ * 

Since i-= -1, we have 
(eos + isinA i) + zsiu A *) 

= (eosW.^os d,-.sin.^.sin.-/,) +f (sin.d,eo.s.d, + ,,os.f,sin.f.,) 
Multiplyiu.? both sides of (X) bv (cos 4. + ; <=;« / ^ i 

(eo.s.d,4-,\,in.d,)(c,s.da+/sin.42)(eos.rf:,+,-sin.-/:'.) ' ' ’ 

~ + ^^2) +/sin( + .42)] (ex>,sef:, + ,ain.da) 

[cos(.r/i + A.i-\~A3)-\-isin{Ai-^A‘>-^ 

Thus (oos.4,+fsinW,) (cos^2 + /sinW2) (eos.4.,+min.4.,) 

=oos(.4i+rf2 + .43) + fsin(.4, + .,d,+ ^.,) ' 


• < 
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4'2. DeMoivre’s Theorem. Prorr fhai nt.^i n.-l-i-ia-n 
is ont’ of ihf values of {eosA-Vmn A)'' n-fierc n is a?iy real mnaher. 

('nsi- I. Let 11 he a p()sinve intt^e r. 

Vnniny A\ — A 2 = ... = A\,~A in tln> rt^nlt of §4'L liave 
iai im'.li;\tely 

(^'iaA + isinA)-' = o‘'iAuA A i'/wnA. ( 1 ) 

Case II. Suppose n is a positive )-atioiial numbe r via sav. wluaa- 
p aiul g are positive integers. It is clear from (1) that 

I = L*U»7 

<l (1 


( 


- +tsin' 

g Q 


) = oosg d. Aising d = QQ&AAisinA, 

<l (I 




we 


gc, 


.. ^ A)-"'-*. 


A A V * 

• is one of the values of (cosA + /sin.-/) '* 

■q q -— 

Now raising eos —4*isin “ and icosA A fshiA) to tlie^**' power 

Q V 

and observing that, p being a positive integer, 

=eos^./ + f sin;-/4, 

e eonclude .>.v^P^/ + isin^^ is one of the values of 

(oo.v/ + /sin.-/ ) 

Tlius the theorem is established for positive rational valni*s of ?/. 

(;use III. Suppose u is e-pia! to-a/ where m is a positive rational 
nuinbere, so that by Case II, eos;«--/-f-/sinw#W is one of the vhIums 
of (eo.s.-? + :.sin.-/)’"; (aysniAAisnuiiA)-^ or l/( -AiSiuAAisuwiA} 

is one of the values af (e >s.-/ + /sin-4)-‘“. 

_ c )s»/.7-/.sin/;^ . /__ 

>- rjo.oji A -t- P.inmA " {^smA + ishiiu A) {cosw A-tsUwtA) 

^ —r (»>s;;?/‘sinw/.-f 


-A , 

1 


• • 


os'inAAsm'inA; 

=: o.-)s{-uiA) Aisin{-uiA) 




e A A hiwu! A 

Uenc?e, 

.v)s(-»«./)+7sin(-7«.-V) is om-.,f the values of (eoa..| + isin.V)-'a. 

Thus we see that when n is a positive or nesative iiiteeer 
eos«. ; + /siu«.T is e pval to (e,.s..t+ isin,.t)while is a noiwu^ 

-i.( - >o^y 


§§ 4’2-4‘22 ] 


demoivre’s thkohkm 


lu^ •• 
i40*-* - 


int^^gral rational numl)or, c.nF.u.‘l-\-inuvi. l ib only otio of tlt<» vnhtfw of 


(«• + Tho extension of the proof-to irj'ational valin's of 

« i<: beyond the range of t]\U booV. Other'valiies of (■• )s.'/ + /sin.-/)'‘ 
will l>e eonsidered later on (§ 7‘4). 

4*21, Tt'ie resnlti^ o; thi«; artieh* ar-' Very important'. Di* 


-..^loivre’s theonnn operat/s throngli the mediniii of these results 
tt*t^(x{si 1. It = eos-*i + /sin.'f afu/ ii ?.s- an htt<‘mr , hruve that | •k’^ •**»*.« 


«,4«l 1.^ f'ill 


*f " A al*t Ia*»cI 

(rtj .v+.yi —2eosW, and j-v* —• 2/sin/-/. 


0b«..- 




i-nj 


•'4». 




and {b) x'^ + ^° = 2eos« 4 and .v“-.v-“ = 2/sin;/.'/. Ot 3.3 ^ 

.^ 11 . Farther, f7 jt = ejR^-H-/£inW, i/ = eos/y + /sin//rtwr////««</// 


are integers , ^>rov(; that 

= o^osifnA + = 27sin{«i W + w/y)" 


V"'/ 


.y*^ = (e>s^4-/sinW)-^=eos(-7J + /sin(-.-/) =e, >s-7-f:siu.7; 
hence -t+ -»•-* = {cosW + isiuW) + (cos,4-/sinW) =2c()sWi 

.r-x-* = (cos*7+isin.'^)-(«os.-/-isiu//) =2/siu.7. 
Farther by § 4*2, .r“ = (iosw. /+ *sin«. / and v * =c 
Hence ,v“ + .y” = ((josh .4 4- /siiiM W) + ((!OSH^-/sin.4) =2 (josh, 4, 
and (•:osH*4 + /sin//^)-(co,sH.4-rsiim.4) =2/sinHW. 

To prove II, ^ye observe that, by § 4*2, 

.r'" = cosw/.4 + isinm^ andy” = cos7i.5 + ?sinHi9; 
hems? by § 4*1, (c »sw.-/4-*sin»)i-4) (co.s7ii9 + /sinHj7)i-.,C:o 

= cos(m.44-7i^) d-tsinC^H.-Z + y/.^). = 

Similarly jr-'”j/-“= (eoR7H<4-/sinm.4)(cos7/5-isinHj9) 

= cos {inA-VnE) -isin {7nA-\- nB) 

4- xr^tr^ = 2cos (?nA-\~ nB) 

—2isin(»i^4-H.^). 

It ifi clear that the result, JH may be further generalized thus: 

If a:=(jos^4*isin-4, 7/ = cos.54-isiu^, s = cosC4-/sinC,., 

and fH, 77, ... are integers, then 

j:“!/“sP .. - 4-o;-'“y-»jr P „. = 2cos {mA-\-7iB-k'p C4-...) 

and x^'y^sv ... P... ^ 2f sill ( 7 ;/^/ 4- 77 5 4- ^ C 4-...). 

4*22. We shall consider now some of the important appliea- 

tjons of §§ 4'1, 4*2. • 








demoivrk’.^ tiieorf,.m ax>, its <-oxsequen-ces [ § i - 12 , 42.^ 






Provf that 

<*Os (/^1 + /:>2 +.+ /->„) 

= ms/>u*os/)2.e.)s/?„(l-.S'2 + ^4-,S-« + .... ) 

(<^) sin {Vx+D> + .+ /),j ’’'^***-J 

=ovs/:>i cos/;..«os/;.(5i-.s-;,+.9;i-.), 

and {€) tan (/;i + /? 2 H-.+ A,) *— ) 

^ >^i--y3±:g:L7 -g7 +. . 

l“*5'2 + 54-*S')i+. ’ 

•r/if^fe ^siand< for t!yj nom of Ijr pro l;tcts of th^ „ iitantitip.^ 

S4 1, we kave the identity 

cos(Z)i+z?2+-..+/;,.)+/^in(/;i + /;;+...+/;n) 

= {cos/;i + /sinZ;i) (cosZ;.-f/sin/)j)...(cos/;, + /-;in/>n) 

Now, t*os/)r+/sin/;r'==cos/;r(l + itan/;r), (r = l,2,...,//) 

arul liem^e, cos(/^i + /^i +... + Z;.^)+ ;sin(/^i + /Jj + ^ 

= eosZ>icos/;i...coiZ?n(H-/tanZ;i)(l + /tanZ;j)...(H-/tjm/>» ) 

= cos/;i(*os/;j...cosAi(H-/Si + z-52 + M:) + ... + 7*'‘5„), ( § r2). 

Now remembering that = — i^ = \, etc, we have 

<• >s(/;i + /?2+...+/?„)+isin(/;i+/;2+...+/;n) 

= C'is/^iCOS/;.-■-COS/^n [ ( 1—N-j 4'N4-N(;+J "t"N;i+N.')-*-. •) ] 
Krjnating the real and i maginary parts, we got {a) and (/>). 

Ihvidmg i h) by (a ), we have (c). 

The student should notice that (a). (6) and (c) are respectively 
ih'^* g eneralizations of the tiiree e lementary' formula e; 

ia') cos(Ai + Z 2) =eosZ^i cos/1.2(l^tanAi tanAj), 

=cosZ.i cosZ^-sin/li sinAj ; 

(f>') siu(/-I+ /,.) —C06Z.1 eos/,2(tnn4i + tnnA2) 

=sin/l.i oosAj + cos/li sinA2 ; 


on 


ami (/) tan (A,+ /..,)=. 


l^^tanAi tanZ.2 


4 ■ 2 3 . Provfi ihai if 2 i i^ a noaHiyp hiteger 

(Ill cos«/:’ = cos“£'—nC 2 COs”"-.^sm'^^+nOcos ‘^/isin*/:-...; 

(Iiy fZ** 6*. sim/^=nCicos”‘*^sin£‘-i»C3eos’'‘^Asiu'’/r 
, ,rTT\ r7 nCitany^-iiCatan^^+nCstan^y^^^ 

and (III) an?//;— -— -pr-. — >zr, 

l-,iC2tan-A+DC4tan* 

C^^B- C,. - 

‘e -4 w<-‘» e 4«ii-o 


H 










§4 2 a] KXPANSIOXS FOR 0 )S/^/,SlNV/. / IN TKKMs OF OOfi. /.SlN.*/ S.J 


These results are i iinnvdiatelv d»*rivecl from §4'22, by settiu}; 
/t\ —/t ‘2 = ••• = En=/i. It is however more eonvenieiit to derive 
tlum diree.tl y from DeMoivre’s tluH)reni. 

Since n is a positive i.ite;^er, wc? have, l)y..§4'2, 

eos?//i + /sin«/: = (uosA'+Zsin/i)'*. 

Now by the Binomial theorem for positive intejfral index, we liavf 
^eos/?+ / sinA')^* = eos’‘/f+( ri<rieos"-i/;sin/;-t-nC!/-eos’-“Asin-A‘... 

= e >!> V; -r fuCieos"'^A'sin A-u C^eos ’ - A'sin-A+_ 

Thus, cos«A+/ sin n/t = feos"A-nC:;c.)S'’^--A'sin-A-l- 
I.Cl(;.>s“ ■*Asin* A—...] + /[u CitMs''"'AsinA'-iiC3Cos*^‘*^Asin'*A + 

Now equating real and i ma;;inary parts, we (jet (II) an 1 (I). 
Dividing (II) by (I;, we have 

t„,, „/r= .nCie.os”-^A 'sinA -naieos"-=^AsinV: + nCi;cos»->A-fiM.-W.’- ... 

^ ^-nC^cos"--A'sin- A' + „C4Cos"-* Asin^ A-... 

Dividing the numerator and the denominator by cos V:, we get (III) 

The following examples will bwiig home to the student, the ? 

truth of the remarks made, at the begining of the ehapter, regui*. 
ding De.Moivre’s Theorem. 

Example. I. From the identity _ 

deduce *“*' •_ . . 

eos(A+W)shiTA-A)-cos(A+A)sm(A-^)=sin(.^-A)c >s‘>A 
sin (/-+ ^) sin (/> -^ )-sin (i°+.9) si 11 ( /'-^ ) = si u ( j si„.j ^ _ 

is. a. 1924 Ho,„ /}.] 

Fut£^ a, b, respectively eijual to 

cos2A+zsiu2A, cos2..i + ^s2A+;sin 2y? ; 

then by § 4‘2l, eos^^.4^-/sin(A»+ ^/) 

2/sin(A-.^) " • 


Similarly — = -y-ir (P+ B) 

x-^ 2Jsm(A>-i9J 


and 


^(ah ^-b^a ") 


(-») ix-i) 


(oo52A-tsin2A)2zsiD(^-A) 

2fsin(A-^)2zQin(A-A; 


S4 


dkmoivke’s theorem and its consequexoe^ 


[ ^ 4-2:j 

Hence, M e have v'?)-/sin( P-\- B) 

sin(/'-.^; sin(7^^7) 

sin(siiU/*-/?) 

iliiltiplyin^ this i<h*ntity hy sin iP-.^J) sin (P-P) ainl Ihen 
oqnahno: real an 1 ini-urinary parts, we jret lh ‘ re.,uir-*;l remits. 

Axatupif 2. If a, h, r deimte e,>;A + /sinA. ea.s.I/+win.I/. 
eosA'^+zsinA'’ respe.-iivt-Iv, express 

/^-e.)sC.l/-A^) +(*r>s{ A^-A) +eas(A-.I/) 
n. terms of b. e. Sh im’ that if P=-: \ i>. th-m ::?e>sA= :5sinA = 0 
and that one set of angle s sntisfyiin r >”=-3,'2 isjriven hy 
^f=L + 'hz and A^= A-iir 3. [ P. L\ i!)i2 Hou^ II. | 

Xowyr = e.)s(.I/-A0+/sin(.4/-A J: an(lr//. = (i;)SAM/-AO-/sin(.I/-A) 

Ar+r/^ = 2ei>s(.l/-A’') ; 

Similarly ''m+ «/> ='2eos( A^-A) and a /i + A,« = 2-odA-d/). 

Henee the relation, 7^=-3(2 transforms into 

a{h' + r-) +y(,.; + ,/!) ^r{ai-\-b-) +3 abc = 0 
>■ c. into {di‘~\-ca-\~ai>)— 0 

riien either — or br-\-rit-\-i 7 Jj = 0. 

rf^ + ^> + c=0,'e>sA-l-/sinA) + (ff>i l/+zsin I/)-l-Ce )sA^+/.sinA ) = () 

eosA + ejs.dy+ e.>sA^=0 = sinA + sin.J/+sinA'”:^ ' 

By eliminatitnf A^ hi^ween these, we have 

(easA+e)s I/J-+(.sinA + sin.I/r-= 1 or wsCA-.I/J =-i : 

A-.d/= 2/'X "*= JITC 

Similarly A-A’'=2z/x ilK and J/-A^=2w/x=*=ilX 

where r, tv, >i ar * integers. It is easy to see that 

/I/=A + iix, N=L-iiz 

is one set of values of aui^les satisfy in;' /’ = -3/2 . 

Plxaiuplr 3. Sum the series 
sin A + sin(A + .J/)+.sinfA4-2d/J + ...to n terms. 

Denote the sum of th * series hy -S’, and im;A + /sio>^- and 
eos /!/+/ sin.4/, hy^and h iv.sp'etively. Then hy ^4 21 , 

2/ A'= (rt-z7->) + (a (a //’-rt-Vi'D + ■•• 

*a(l + Z/ + //’ + ...to ;/ terms)-rt-Hl+?r'+^'- + ...to^/ terms) 

(/TiU-e) 


= a —r-r-=rt<^^*' — 


l-b 




NaC<..S 


So 





b 






• mo. « 


§ ] 


HATIVt-: kxami*i,ks 


sin.1/2 

^.‘‘•011:1 Ini^tli >1: Supp ».S'* flint r= .■ w /. + ■> .-if A+ 1/1 -t- ,, 

fh.-ri C+/\S'=7 + .7.'>-f-/7/i-+...4-/7/”'i=/i(l'A ) -7- ( 1 -A) 

- zAi!'=['>.fAf U>/- 1 ) f/) + ;sinrA4i(y/-n.I/)Isii,i/;.'I/ 
h^h'h sin. 3 . 1 / 

N<)xv oiinafintr v<*ni .-mil iiun^'innry part-, tiiu'c iiniiii*ilinri'Iy 
i In' siinif? of s»M'i** i C an 1 

Theshnlnnl i-; ml .'is-il to suidy hotli the nicflioas of /Cxtuuplr‘4 
Tn }^i-n M-»l . f-> snin a serins 

7MV>s/.+/7y.>'.(/,+ .I/)+^„.,VjCA + 2.I/) + ... 

wf choose ^i^in/.+r7jsiii(A + .I/)+rt;,shi(A + 2J/j + ... 

fh- eoinpani m s-ri and vie,, versa. TIi-‘n, in Hr* n >tafi.>n of 
fixiinple 8, above, w- have 

C+LS — ni di ... ). 

The latter is sninmcd bv the methods of algebra and the sum is 

exhibited in the form P + iO wh-re P and O are real. K.|uating 

tin real and imaginary parts, we have the sums of the two series 

C-PimaS^O. The student wiil find many instances of this 
m thod in later ehapters. 

/^j-amplc 4. PiM,-. that if „ U a p .hiiv,- int tav 
..„s„A = l +2„ sin o'sin't 

[p. r. 292i /inns //.] 

Denote the right hand s -ries by C, and by .9, the sm ies 

- „ si, 4 iny±^+2 =siu=Sin2< '+... 


Then 


C-\-iS~ 1 -f- 2?/sin^^eos—+ rsin - 


< 4 ^ ,2 V 
+ - sm . 


Xf 2(X 

a '-'"-I 


2(A'+X ' 2(A'+tc 


+isin 



1>KMOZVRE‘s theorem and it? CONSEQrEXCB? 




t U 


X'tw. if w** (It'uotr iMs—;^+fsin have, by § 4*2^ 


r'’ = eos 


r A’+u) A'+TC) 

-T— + ^Mn-^— 


Hence ( +/X = 1+ «*Jsin: 7 -^ +2‘-sin- 

M J. • M ^ 

= (l+2.in--|.-)“ 


[ 


= H-2siniA|.^s 


^ A+'JC_^., \+TZ\l 

^^cos-^ + ^sin J J 


r, . A- . A a] 

= |^l-2sin' 0 + -*smT,‘*«S7j 


X 


= ((*osA’+ /sin.V)"—eos/zA'+rVin^A'. 

Tiien f 're equating the real part.«, we have C=e)swX. 

/'^vauiph 5. By using the hlentit>' 

-H (^-1) = i+^+/i + ... + sn.^ pro.vthit 

tl^.^x|TL *'*•' (rt) --= rsin.-^ + r'sin2,-/ + r^sin3.-/ + ...4-r"'sin/«.-/ 

' l-2rc.>s-*^+ r^ 

_j_ r*’''*''sin f iH + T) .-/-r^^-s in/w.- / 

l-2rcos.-7 4*r- 

and (ft) ^ * /, •>=14-2r«!os.'J + 2rV>s2.-/ + ... + 2/-'’'c'S'?.-/ 

l-2rcos.-/ + r” 

2/'^^cos( #« + 1) A-2f ^'^'-cosniA 

l-2>eos.-^^-^^ 

;>=.reos.-/ + frsin^ i n the above identity; then we have 

yin+l [,v,s ( »i + 11 e/ + f sin { »> + 1) - 1 

” r(cos/4+isin-4)-l 

The right hand fraction of (1) is equal to 
f, r.Ms (m -f 1) --/ + ;^in^ 7; +1) .^1 -1) [r(.Ms.-f-isin _^-_l ] 

[r(.-os.-/ 4*zsin.-/)-l] [r(<*os.4'isin-'/)-]] 

-r^n^i(ms(m + l).d + isin(.n + l).4) + l]-[/^2reos.-/ + l] 

.*. 1 + rcos.-/ 4- - - ■ + r*“eos7H ,4 + ? (rsiu.-/ + »^sin2^ + - - - H-r^'sinM;^) 
l-re »i +1) .4 + r"^'*~-eosMi A 

~~ l-2reos.-/ +r- 


5 4‘23 ] 


KXAMl»LK-< IV. A. 


+ i > siTiW-;-'"+‘sin(?;/ + 1). / + r'» i--sinw.-/ 

l-2n-os./ + r- • 

Equrttinij ri'al an I iinn'^inary parts anrl fninsfonnin' tli • 
ro.^nltinj? ('ipiations we liavo (<?), (/>). 


S = 

Exnmph (». Sliow that ^ 


s = 7i t — m 

e >s(;•/’-!-.S'(y) is (‘jual to 


.s* = o r = o 

sin4(m4-1) /’sinHw+ l)^e ).see4/^eo.s'‘i‘.W^*os4 (//,/*-!-;/(;) 
Denote th ■ left haii«l serie.s by C an<l the series 

n=ur=w 

^ ^ sin (r/» + .v(;) 
x — 0 y = « 

hv .S'. It* then, J*= eos /’H-zsin/' and v = f >sfy + /sin(; we hav( 

.*{ = « r — m 

C+}S= S A-ry- 

s = o r = n *“ 

f ^ d"A'+Ar“ + ... + . 1 * ■*) (t ^ 

A'-l !/~l 

= [e >s^(m/>+zza) + ; sini (»«/>+«0] 1) O 

'■i-C 

Now erinaHnsr the i-eal parts, we have the re,,nu-e<l resnit. 

/txatnp/ps IV. a. 


1- Simplify K+/siu5 K)-Me os2 CJ, lyv Cj. 

(cos2K-fsin2K)8(cos3K+/sin3K)« ' 

2. Simplify _ ^j>s3 K+zsinS K) 7(cos K-rsi n K)i* • Ci, 7r=T7r 

(eos2 y + 2 sin 2 Kj (cos3 I'-T^n^Kp ‘ 

3. Prove that y ^ v 

(cos K+ /sin K) (cos2 K+/sin2 K) (cos2'^ K+ /sin2^ K.‘.. 

(eos2-i y+iai„ 2 n.. K) = 008 ( 2 - 1 ) > +,-8m(2-l) K 

Prove that 

(■'.ISK+,-sin K) (eos2 K+isin2 K» (oos3 Kh/.M„ 3 r)..(cos,.)'+ K) 

- coszn > + isiuw y where 2m=,/ („+j) 


toV 

i-JY 

7fc-i*> V 


P DKMOIVRK S THEOREM .A 

(^<«jTvz^r-'O 

^ Sn f.rre|r..'’Vmv.; tl,S?t" ■" 

iC- \-^ [T+siHA'+y(*!>s.V]“'+[l + sin.V-/(“os.\]^‘ 


demoivre’s theorem .and IT?5 CONSE^U'ENCES 


[§ 4-2:{ 


). 2. vrt ® ^ 


— OTl-t-l 




LW 




) 


a . Fi'oin the i(l(^ntit.v c--a^) + U-h '-) = 0, 

.l..Wthat (1) + 

ami (2) ^5sin(/y-n‘shi(2.-y + ^+r)=0,^^ . _-»-5..2*«or?c-^i 

7. I)e(ln<M* from tlu* identity ^ 5 ^ 

( li^ r*-^) + (“o* 

sill^/?-Osill^-^--/^) +siii(C-.-/).sin(j^-/^) + Mn(.^-/i)sin(C''/’J = 0 


/ c. 

4 1* 






*1 ^ 

i. "■ if'-'a){c-h) it-.->l)'^ {,ha){d-h){>hr)~^' 

^ <h>s2// 

rl.-ilu.v that ?3 ^ 7-l-r . 2 



-rcCiizA, S 


Sjn- 


•sin 


sin 


TT—V V V 

[/?. ^/. I9J6 hn/is. lf\ 

Froiri the irleiitity 

^7-'*{?/’-(■■-) r^{n--h'’) =-{U-v) {r-.t) (^j-h) [dr + ra+ali] 

(L'dmv that 

1. ?^<*(>s2/^sin(i^-/i?) 

.. iO-R) R-P . P-O 
— 4sni -=^—sin .. --^L^ae.>s(^4-ycjJ 

aiMl 2. :=?siii2/"sin(!2-A’) 

_ , . O-H . R-P . P-Or^ . /,) . A,^l 
— 4sin ——jjin [5-sin( j2+-aIJ 

[#'/ Hohson’s Ttiijonomviry, ^38,(1). S.iiith’s 
10. Prove the identity ►'» 


aiK 


, (H-.r)(H-.r)(l+A-- 0 -,. (H-.r-‘ ) = ( 1 '-^- 

1 dednee^hy partin''.r = eos2 >" 4-/sin2 K , that 
2’Vos re,)s2 Ke:)s2- Kcos2-^ Y .eos2"-^F=siii2" F/sinK 


. o> Sf<c ^ - - - , - 

lA Pi*^e the idrntitv 


ij "1 n .i 

(l-;;-'+.v*-^)=i±£:±£:, 

H-;r + ^^ 


u-^ 1 


(1 - r 4-.r-) (1-y-+-V*) (1 - 1 :^-f 





ni 


§ 4 -^ J 


EXAMPLES. IV. A. 


J-i) 


niul dedu(n> that 

(2cos2.t—1) (2(‘().s2’-V-l)... (2t*.'>s2^'-' v-1) 

= f + 1) (2c,)s V + I). 

12. Prow tl)at if n a positivi* intr'jer CJ, x 

^ ^ c*** ^ 

+ —7, sin’'--j'(ros(H-2).v.Rin'( v-j') +... + sin"(.v-j') =siir'm>sfffy. 


*3 



[i^. f/ /9’6 Hflvs. //.] 

'<'*'=■ 13. Prove that 

eos(W + /?+C)+rost-.44-^+ O +<ms(.^-/?4- D 

+ eos(,-/ + /y-0 ^4oos.-/c'>.Si^eor. 

' 14. Prove that 

-Riii(.^ + .^+ O +sinC-.7 + ^+ D 4-sin(y7-y?4- O 

+ sin( A + B- C) = 4sin.-/siny9sin C 

(«-<. 15. Dpcluce fiom^4'23, (!) that if ^ i.s ev,-n mf.,,/-. aan l„. 
pandwl into a polynomial of even powers oi that the 

coaffioient of cos” A is 2”-'. Provo also in the same case that cos«A ' 
can be expanded into a polynomial of even powers of sin r and that 

the coefficient of sin-A is (-1)*” o”-'. Dednoe a similar rosnlt 
when 11 is odd, e.g. 

c,os4A^2;'cos<A'-aco.sV: + 1 = 2:'sin< A-8.sin-A'd -1 . 
cos.<A=o4co.s5A-20cos'‘A-(-.5cosA'. 

(II) 'Dednce similiin^thaTif H is even, sim/AVsioA- . , 

expando^into a polynomiarin odd-po^^^Tr oflS^t "a" , 
eoeffleie^t of cos”-. A is 2”-.. A^ain sho^v that if „ ^ 0 ^ sin, a“ ' r 
ean expanded into a polynomial of even powers of 
coe^ieut of the highest power being as before 2 “-.. ’ " 

«• S'- s.“7A76inA=2«eos6A-80oos<A-f24cos2A-] 

sinG A/sinA =2'.eos5 A-32eos.'A-t- Gc^is A. 

m the^orm of a sjrm^ siusa and co^;s 

12 


and 


90 DKMOIVRE’S THEOREM AXD ITS CON'SEQUEN'CE-I [ §§ *-■ J 4 ;U 

tbo_^le^ Ty toUr^ arti.-lei shoy h.w th ‘ transfonnation 

ne effettted. - 

/trpress _^on^ A a s the sum of ro'iinps of multiples of A, u b^im 
a positive integer. 

Denoting cjS/^ + isin^ bv^. we have, by § 4-21, 

'2^cos^A = {a-\~a’l)n 

= a” + „Cifl“-l(a-i)> + nC2a"-2(a-l)2 + „c.w-'-’(a-l)-'4-... 

-a“ + i.Cia"-2 + nCaa”-* +... + nC,.-irt-'>+2 + ..Cua-'. ( I ) 

Now remembering that nC„ = „C,„ „Ci =„C„-i,„C, = „C „-2 etc, 
•we have 

By § 4*21, a"+ff-« = 2cos»zW. rt"---4-a-°^.^ = 2eos(«-2).*i... 

2’‘cos'*.4 = 2eos«^ + nCi 2e )i(«-2)^4-nCi 2<;o.sf;/-4).4-+-... (2) 

If ^ be even , (1) contains « + ! terras, the middle term of 
which is thei«'l-l th term. Hencejt is eqn?l to nOi«^'A^^A:iori,CA)i 

Thus if ?t is even, t he last term in (2) is 

nl -i- [(i«)! (i«)!]. 

If ?£^be odd , (1) contains uneven number of terms. S) that 
the series has two middle term s. theH?^ + l)th and i(« + 3)th. These 
terms are and nC^uTi^'h The su m of these two terms is 

nC^iCi 2cos^ which is, in this case, t he last term in T2 ). 

4 '3 1 • Tl/p corresponding expansion for sin"--4 is derived from 

u ■ ■ ■■ 

that of (ios^rl by substituting for A. Thus if n is even, 

we nave from§ 4'3, 

2 'cos"(ix + — 2cjs«(-ix+ 4) +uCi2eos7/-2(*X + W) +... ^(1) 

Now 2"cos"(ix + .^4) = (-l)“2".sin".(^, ^ 

2cos«(4x + -4) =2{-l)-"c(jii?/-^ 

2cos(?i-2) (•ix + =2(-1 )^"'-!cosT«- 2)W, etc. 

• ^ 

Hence if n_ is even , (D'reduees to 

2"sin".f4 = (-l)i"[2eos7i/4--,Ci2eos(?/—2).<4 + nC-i2cos(«-4)/f-... 

If ?xis qM, 2"cos"(Jx + -^) =-2-^sin"^ 

2cos 7/(*X + ^0 =2(-l)ii^^»sin7^ ) 


§ 4 ' 31 ] 


IIjT/J.STRATIVK exa \ipeks 


2()>s[(«-2)(i7C + w)] -t.*. 

an l hence in this ease (1) re liiees to 

2\sin“^=C-l)^"'’[2sinv ■/-„Oi2fiin(;/-2)./-|-n(Vion(v-4).‘^-...] 

An iiidepen'lent inv-'Stijjation of tlie abov** faiils is simple ‘-**'*7 ^ 
and quite similar to that of § 4'3. 

The followiiv:^ examples point out s un • ie *.v ■•inpli na tions of the 
above method. 

« 

Kmmplfi 1. Express ■sin^A'eos-'*.Y in ter ii; and? eosines of 

multiples of A . ^hVc'?! 

K.rc^^'Ti.ya^Lo'*-’'**' iu-A) (•cH U 

Suppose-r = cos.V+/sin.V; th *u by § 4’21, A,)-^t 

x-v't = 2isinA, v + .r‘^ = 2co.s.V anl r‘ + .v-'’ = 2e>s>cA’ 
where i* is an integer. in - a 

.*. {2isin X) ^ (2c os A') “ (.v - v >) ^ (v+.v' ‘)' = ( v - - v-) + (.v V x; * ’) 

== (4- 6-4;r'* 4- ) (-v 4- .v *) i 

= (a:9 4-;*:-9) 4- (4- ;c ) -4 (x^ + x '-*) -4 (.f ‘ 4- .v-"') 4- (i (-v 4-.v; i) 
==2oos9A'4-2eos7A -8c )s5.V-Hc > :3.\r4- I2c >sA' \ 

•’. sin^A!eos®Ar=2-*(cos9A4-co.s7.>?-4i>.soA'-4!)s'iA''4-(ic>s V) 

^^£xampU2, Express eos/?cosy9c ).sC as the sum of sines of 
of the form pA 4-7^ waere p, 7, r ^re^inte^*rs7*' 

Denote cos-44-i sui.4, c>s/?4-/sin^aud eosC4-i sinC by 
then by §4-21. «4-fl-* = 2cosW, etc. 

2-^cosWeos^c >sC= (rt + rt-') (64-^’*) (c4-c-l) 

=- [(rt6c4-a-*6-V*) + (<7‘'6fi4-ai‘V-') 4- (n?rV4-rt-i^c-*) 

4- (ndn-^-ha-Uj-^r)] 

Now by §4*21, aftr4'a-»^-V-' = 2eos(W4-/y4-0 ; 

a’i654-rt&'V'l =2c.)s (-^ 4- .ff 4- O .etc. 

Hence Scos-^Jcos^eosC is equal to 

2eos( ^ 4-^4-<:) 4-2cos (-^ 4-5 4-C) 4-2cos (4-O 

4-2cos(.74-i9-C). 

•*. cos^cosi9cosC- i[eos(W4- i94- C) 4-cos(-.4 4-^94- O 

4-j20s(^-54" C) 4-cos(,4 4- j9-C) ] 

Example 3. Show that whon m and « are po.sitive integers 
the sum of the series * 
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DKMO.VKK’s theorem AN-O its rON'SEQnEN-CF.S [ § 4-;! I 

+ v + 2 Tt'«) +„o.»(.v + 4 Tt -R) +.„s'.( v + 6 tc m) . 

is independent of r r ,r 

i -o ^ n. ] 

S 'NV haw th(* identity 

2°eas"^ = 2c*os;i.^ + ,,Ci2<*.>.s(«-2) + ,.Gy2c(>s(«-J) .-^ +... 

Piittino; su«*(*essivt*ly 

.■^=.v. .v-F2lcm, .r + 47r w.-v + CTT w...r-|- 2 (»(- 1 )'tc w 

we h^e 2n„os"A = 2eos,« + 2„C„.„(«-2 )a+„ 0.2,n.;« 4 :a +.... 

- eo= ix + 2TC,,») =2e->s,/(A+27C >«) -t-:.C,2e,>s(«-2)(.r + 27r m) + .... 

- eos (A + 4ir'»K) = 2u(is«(r + 4n:/«;) + „Ci2eos(;/-2 )(a + 4n: «) + • ■.. 

AMiir^ np thes3 e/jiritiim and ob-iprviu'j- t'lat 




r = 0 


ci)sA*(a'4*2/"Ic'w) =0 ' 

A 


H'here k is is an integer an i that th* last term in et-h of th^* soriin 
n n(.^a \ve have if^ is even 

■S*=/«nCj.n or A = w/2‘^ —-. 

! i;/! 

and if ^ is odd 2*^ .S=^th ' last term in this ease h.-inj? :i0.i„ri2'*>s.v. 

Kvamples. /I . h. 

Prove the following identities:^ 

1. 16sin>j- = sinoj:-5sin3v + l 0 sinv: ^ C. -'*t' 

2. 32 sin'*A' = ^0-1.5 ^ >s2i' +6e>s4x'"ejs(ij*; L*—tB a"? ^ 

'. S. 04 sin^A* = 3.>siai—21sin3v4-7sin5r-sin7.v; ** ••*»'***'•*■ 

4. 04 sin*rc>sV = e)s7^-m.s")e-3eH3v4‘3Msi'; 

*• * 

'5.1^ 64 eos*riin'’.r = 3sin i*4-3sin3i-sin ).v'-sin7 r, 


5^ 


^ JL 2*sin^{Ar4-i7C) = 2'i!.>s'*(i7r-v)[='i 

= oosS-v -SsinO v*-28<i >*4/ 4-o3.sin2.i 






^X C 


7. 2’siu.4sin/?siu(r = sin(-.^4-i94-C) 4-sin(.4-^P 6 , 

Psinl W + ^-fD-sinL^+j g + O , --—^-- 

= eos(2.4 + 2i9)Pcos(2^7-2/y)-2ejs2.4-2eos2/?P2. 

9. 8 coS'2AsinV = -(cosO.V'2eos4v+3eos2.tr-2). 



§44] EXPANMOXS POH <’OS//.V, SlNV/.i siXx IN TERMS OF r’os I sINV ‘K» 
f A ,* ^ «**"■* wiets. a ■» *. > ;s, A I * 

^ 10 . A\,A 2 ,tA\i —art* th«* \vrti(M*s of a n‘^ ula r ami 

P is a ny p,)int in the plan - .)r th‘ n >jv»>)n. Pr >v'.>*'tliat \ -t i\ 

CD PAi* -{- P As^-\-...-\~ P. I,n* = m(a^-\‘'2-n 'h'--\-h^) .. j ’ 

'4-+ / 0 ^n.'i=/«(«•’ ++ 


(ID PA:> 


j 

6 




biun? the radius of tli ‘ < Mr«^ im *irc l»^ of Up* poly;;oH ainl ^ t !i 


distance of P from its eentre. 

s^lCts 

11. Prove that if m and n are iiilrijcr.s. th • sum 


‘iin'-“54-sin'*(5 + ^7C'«0 +sin'''C^+34r /«) + ... 

“ % 

+ sin'’"(^ + »,-ix =wi . 2. 



i2u)l 




;/: v! 


I • 


If .4 1 , .4,1. Am rtr<' t]i» of a re,?iilai^polyt^oi i 

ins(Mdhsi in a oirel^ ^n 1 P is a ny juint on th“ eir.miiif eivn.-e of tin- 
(drele, .shew that 


i-.-il 2 ’'+ =„, p:„ 2 // ! 


^ b-^iU;j th*^ rad ius of the ni role, 


fi ! H ! 


.-y — • — «• «««*«« • 4 

Y«. V. 

!-• "i. Pn Pa .., /'in are points on {\n_elUj)jn with sciuiuxes 

a and b. If thi eeeeutrie angles of these are ^,^4-27 L^m, 0-¥4T\/iti. 


';0 + 2{m-X)Tclm, prove that ' o. + ex = e.CA^o) i. 



SP,* + SP,*+SP,*+...+SP J = S'pi* 4- • +..'.'+ .?Xe L. 50,..^. )*’ 

-(35/i*-:j0a-’i-' + 3.'/<)/8 Z (s'* ^ \jr) = o Tc*c )'-^' 

wlwre 5 and 5' are the foci of the ellipse. S. ^ 

4 ■ 4. We n >,e e .ns.der tl.^ ^fTe''^~).^l,. .n of e.-S|.,indin . 

C A 1 *ci n 19 ^ ^ ^ 1 _ > ■ OiM f ^ 


ani aia-^c as p)lyn>.nials in o)sir or siuv The several 


ie.snlts are im nediatdy d-rivel fr ).n the air.hraj,. identiti e. estal.- 
hshed in §§ 1-5, I d. —- 


To expand siner/siav into a s-ries of dese.ndino. powers of 
eosx, we pnt a = oosx- + ,-situ-. ft = ,.os.v-,„in.- i,J"(]) of § IT,. Xow 

= ^ amh.,- M 21 , a- 6 ' = 2 fsi..r,v 

wn«j;/simr = ( 2 <!osx )n-'-...jCi ( 2eosA-) n-:^ + „.;, 0 ,( 2eoso:) «- ^ , ■ep.-r^l, . 

-■'■tQ.(2eo3o;)n.-7+... + (- 1 ) r„,^ ,c^( 2 „ 

from (2), (3) of § IT,," we have-^iJJS^Id^irfor 
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[ § 4-4 


sin« r-siur in powers of eos.r. Thus even, 

--4-1 

—e )s ’.V- 


(- 1 )-'"' « eos:r- 

sinj l! v-r 


8 ! 


5! 


XC > 


•r»> 


... + (-l)‘--i,/(«2-2‘^)(,^2_4-2),,, („-:^2V-2') 0 , 

- --- -cos-*'’‘.r-l- 


= cos^.r+ _ 

y 9 j .V ...... 


and if ^is odd. 


(2r-l)! 


( 2 ) 


sin V 




From (1), (2), (8), of I'G, w e have expansions for costix in 
d • u'.-ndin" an l aseendiu? powers of eos.v. 

Tlius from (1) of § 1*6, we have 

e>s« t- = 2 ^-*(;)s''A:-:^ 2='-^e )s^-‘r-... 

1! 2: 

+ (-l)r + 

1 . *1 • Q.'X* • ^ ,. 

V«^ ^ «A f 

From (2) of § 1*6, we have, if^ is even, 

(-1)*^ eos«.v = l-~ C0S-.V4' ——^eos^v-... 

^1 


..V 

2o^ 


4! 


I n 


-f-{ \P~ - -^cos-r^. fo) 

and if w is odd, we have from (3) of § 1*6, 


UTt 


(- 1 ) 


ft 

e iTi/tx —— eos-f - 
1 ! 


81 


<?os-*.t: + 


ol 


>•1 


eos’JT 


(2 r+l)! >■**- 

. It is interesting to see how (4), (o)> (6) may be obtained from 
(IJ, (2), (8) respectively by first multiplying them h y siite and 
t hen i ntegrating t hem between Ax and x. The remark save s the 
student nearly half the trouble . 

Fr om the last six formulae, we derive eight more In’ subs¬ 
tituting £_in them. Thus, observing that sin?/(Ax'-v) is 

(-1) i'*''sin?/.r or (-1)-“ \;os«a' aee.jrding « is even or odd, wc 
liave from (1), if n is even. 





§4 4] EXPANSION’S FOK UuSv.r, SINO/ V IN'TERMS OF COsv Or SIN V IL) 


(fJSA* 1 


+ -(2sitiv)"-' + ... 


(7) 


and « is odd 
/ — 


’ (‘OS.V 11 

,-... ow.. .X 


' , (j/ H) («-4)- 

' d- - -( 2 siiu-)"-.... 


' Similarfy from (2) and (H) wo have if « is ovon 

eosT l: 3; ^ .-,! “ 

and if n is odd 

! cosw A-_ . .. . 

•-I -sin-xd- — - - 


(d) 


( 0 ) 


COSA" 


siirx 


( 10 ) 


In th(* same way, from (4). we Imve if n is oven, 

(-1)^ tfos«A = 2’‘-'sin-'A-- 2»-=*sin»-'-.vH- ”^”''^^ 2*'-^'’sin’‘-^A- 


( 11 ) 


and/if h is odd, 


y, .in i . , , w «(?/-8) 

Siirfilary from (5.) we have if n is evtm, 


(Kl) 


Vcs„ ^ =l-5.in., + 

^nd if 71 is odd, we have, from ( 6 ), 

"^-1] .(u) 

Ihese formulae are g oueralizations of the e lementary formnln e: 
sin2A^ 2sinAeosx,sino.r/'sinA = 3-4sin‘-.v = 4eos-A-l, 
cos2a = 2(.os^x-l == l-2sm^x,cos3A = 4eos'^A-3eos.r. ’ 

above formnlae by asin? the series of 
^amp e 5|§4 33 , Other methods ^^ill be sngtjested later on. 

Example 1 , Prove that 

(a) 2<-os5A = (2L-osA)S-5(2(w)3+5(2eos.r): 



9'; 


demoivre’s theorem and its consequences [ § 4' 


anil (d) sinr)v = siiu-(l-l‘i(vis-,v + 16(Ms'*.v), 

Using: fonnnla (4) abavt*. wr* Ijave 


O .-»s •? ■> - 


i*os5.v = + —2'’-'’i*os v 

1 ! 2 ! 

= 2-^C()s-’.v-5.2-(to.s‘^r + oios.r 

2i'os.xv= (2ifos,v)-'''-.»(2(ios.r + 5(2cMs.r). 

To o])taiii (b). we observe that 5is odj; hence usings (:i) above 
we have 

si.,;iWsinr = l-ii^ ,.:,s^v+ 

—• 4. 

sinor = sini( 1 -12 ^os*\r+ Ibc >sV). 

/ixamplt' 2. In any AABC, prove that 
^7"«*os;//:/>S7/.-7 = r’^wrt'/>7*'^*V)s( A-/^) 

where the )?fflinents in the two series are the same ^ thrxe in the 
e xpansion of 2c*>s>/v i n (V‘si*eirlin^ powers of 2e )s.r 

[B. U. 1925 Prohhm>^^ 

Denoting: the tw > series respectively l>y C and .V an*l 
eos-d + fsin.-I and eos/M^sinj9 by jr and j', we have 

C+ = + . 01 

^ • 

Now sinee rte')Si9+^cos.d =r and <7sin>9-^.si!i^ = (), we have 

r = (U‘ os B + />c<).s A -f-rt iAhiB-binixiA 
— >s B5- isinB) +bi cos A~zs\n ri ) =au5-bx'^. 

Hence (1) may be written in the form 

C'-l-ty= {,(iij-\-bx~^y^fi aj'dx^'^ {ay + 

Comparing (2) with the formula (1) of § I'ti, we have 

= rt"cos//i94 -iPitosnA + /(<z*'sin«y9-/>”sin« A). 

Equating the n*al and imaginary parts, we get the re-inired 
results. 


§ 4*4 ] 


EXAMPLES IV. C. 
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Examples IV. 


Prove the following identities 

1. sin7rt = 7sinrt-5fisin% + 112sin''rt-G4sin’rt; 

2. cos9a = 2*^cos®a-9.2®('os^rt + 27.2^(ios''a-30.2“eos‘''rt + ‘Jeosrt; 

3. siuG(z = sina[ (2eosfl)''-4(2o'>srt)'* + 3(2msrt) ]. 

If x = 2ftosj', then prove the following identities: 

4. 2eos7,.-2cos3y=,r(y-!-4i(£^-av-’ + 1 ); - 

5. 2eos7.v-2«)si/ = .tr(;<r'^-l)(.v--2)(,v-’-4); 

6 . 2cosGy-2(!.>s2!/=y-(y--2) r?^): “ ^ . ^ 




— K'--* I- 




7. 2«.>s8i/-2cos4i/=;r'i{x‘-*-l) (.v--3)>.t--'-4); ***" ^ 

8. ^^bs7j/-2c >s2j'= (.v-2) (;r-+j:-l) (a- + 1) {a-*-3x4- 1); 

n. 24* 2cos8j' = ( x*-4x^ 4- 2) . 

10. Show that 

L7: J.T “"‘2^ +'"i''(''-2) sin3* +...+sina sin« r 

»(K?r4. *■ I,*.) - sma ^n(« +1) A-sin(w4-1 )a sin.tr 

> ( *^'4 2(cosjr“COS/i) 

i » ».'< >%.J U'. 


LSt 

esj 


_ 3nee or otherwise sum the series 

«mnA4-(?(-l)sm2A4-(«-2)sm3A +.+2sm(«-l).r + siu« .r 

and «e>sj-|-(«-l)cos2A4-(«-2)c3.s3.r4-.+ 2cos(?i-l).r-t-oos«A' 

[ E. U. 1923 PfoUeim. ] 

11. Prove that if n is odd 

[ 2eos (h-1 )a 4- 2c')s( ?i-3)a 4* 2cos( 7/-5)rt 4-... 4- 2eo.s2rt 4-1 ] 

X [2eos (7i-l) fl-2eos( n-Z)a 4- 2eos ( n-^) a 4-.4- (-1) ] 

2eos2 (7^-l )»4-2eos2 («-3) a + 2cos2 (7^-5 )fl 4-... 4-2eos4rt +1 ]. 

12. Prove that in a 

a”.J0S7/ C =iceos^ + n Oi“'2c\«os2>4- 

13. Prove that, in a 

Ih^/y- 7 +„c.in-visi„( y-2w)-... 

e -V-7zC,-V being any angle. 


13 
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demoivre’s theorem and its consequences 


14. P, Q, P,...a,ve the vertices of a regular polygon in scrib^U 
in a circle of redius a; and O is any pt. in the plane of the circle, 
at a distance h from the centre. Prove that 

O P-^-\-00'^"-\-0P^^ + . 

= « [a'-i- + t „ Cl) + („ C2) 2«-’n-4A4 + („ C3)^a^-V +... ] 

15. Prove that 

2 "- icos Ams j9cos CcosZ)... = :^eoR(c4±5±C±A)...) 

where the sum includes all terms correspondint? to all possible varia 
tions of sign. 

[Put 2cos/4=a+rt‘^, 2cos5 = ^+^'i etc. and use § 4'21. 

e. (/. 2e:>^A(5:>sB — ii'iH{A-\-S)+Qos(A-B).] 


^ 16. 
••• • 


If (fli+*6i) (a 2 + ib 2 )...((z,i + /^n) =A^iB, whereni, gj,... 

,A, B are real, prove that ^ *^i ^ — 


-n ^ o.i H. - 

tan —+tan —' + tan J+... = taii — —^ 

a\ a-i a-A A • 





I* VI 




r*'e 

|OXt> ••• 
Itroo 

T«.(V|t>>'* 

ICOd 




^70O 


(t«o 


f<te« 




CIIAPTEH V 

ALGEBRAIC EQUATIONS (Part I) 

S Oy^. An expression of the form 

whieh is obtained by eavrying: out. a finite number of times, the 
algebruie operations of nflditjpn , s nlitrac-tion , and mnitiplie'ation 

integrra l funetioTTof .r, ov~a 
nioltnomial in at. It is saifl to be of the th degree, n being tlie 
exponent of the highest power of x. p.g. 1, x-4- V2, a: + # \'2 

are polynomials while ;t^ + l is not. V « . i/i -» 

SI. To find the quotient anrlYhc'reViam^^when a 
mini f{x) ie divided by x-a. 

Suppose do;<r->+6i.rn-.! + ... + 6„., the quotient and /?, the 
remainder, so that we have tlie identity 

fU) +,,2^v”-2+Ai.r-3 + ... +Pn-l.r+p„ 

= (x-a) (iiix’'-' + iLx’^--+l,iX’^-3+...+/,^.,) + 

Equating like powei-s of ur on both sides of this identftv we 
have the series of equations: 

7Ja=6o, bojpo. 

Pl=bi~ab,}, bi=pi+abj=pi + pQft. 

P -2 — b, jP 2 -\-ab\=p -2 -{-pia +poa-. 

P -2 = 6.1-062, 63 =/>;( +a62 =p:i + p 2 a +pia^+po^y. 

Pv^br-abr-x, 6r=Pr + a6r-i-pr+p,.ia+p,.,,a2_,_...^^^^r, 

andpn = i?-^„.i^ ... 

thus deduce the following scheme suggesting how 5„, 6, V' 

•• n-i can be calculated m wt expeditiously in practice. 

Pa Pi p., p,i.:....p^.i 

6o 6i 62 6.1 ^ 

* •» ... 

i ■ 

re. 


A«» «« 

BvPC I 



5p.,*rk jie, 


k 


• » 
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ALGEBRAIC EQUATIONS (PART 1) 


51 , 5*2 


by 

• / A V • • 


The ah‘>ve pi’oe‘?ss U kn-^wn as Synthetic Division. It is of 
ffveat use, parthmlarly, itie)anexi>n with Horner's methofl of 
ealeulatin? the real roots of nnmevieal equations (§ (5*9). 


Example 1. Divide \ by x-S. 

Here ^2 = 3. Writing down the coefficients, zeros being written 
for absent terms, we have 

1 0 -8 0 0 1 

0 3 9 3 9 27 


1 3 1 3 9 28. 

Thus the quotient and the remainder are 

A'^+3.r‘+;r-+3.v4-9 and 28. 


Example 2. Divide .r* + 7A*4*l by :f + 2. 

Here <2 =-2; hence writing down the coefficients, we get 

1 0 0 7 1 

0 -2 4 -^__2 

1-24-13. 

Therefore the quotient and the remainder are respectively 

.i'^-2Ar- + 4r-l and 3. 


Aj T' 

I a 0 


TT^ 

A, 




r. •>*> 


S..ccuvn 


Examples. V. a. 

Divide 

1. .v5-4v-4-a + 1 by 2. r>x*+3r‘--9 by or+l. 

3. A'-^-A + S by .r--v-2: (4) 

\ 5, Kxpress «■* + ! in tne'^i’m . A®-*" 

^0 +4-"1) "h'4 ;ih(«“ 1) (s. ‘ **.>»..p.ioz 

_fj. Express «*, 72-(«4'l)"; + (2«4'l) siinilail.v* 

(For Examples, 5, and 6 read r^rnark^on 

§ 1*33) *, . 

5-2. If for a polynomial f{x), f{a )=0 then x-a is a factor 

We have incidentally shewn above (§o*l} that if a polynomial 
/(a) is divided by A-n, the remainder is /(a)- Hence if/(a) - ^ 
the polynomial is exactly divisible by A-a. We can therefore write 

it in the form 

nx)^{x-a)E{x) 

where F{x) is a polynomial of the 72 -1th degree. 

^ .... ^ ^ f - -• ft > ^ 


i_TTo 
'M A 
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§§5*21,5*211] EQLTATIOX OF ?;TH OEGREE HAS ONLY ;/ROOTS. 101 
^ , 5 2 1. In the following tlu‘;)roin, wu assnine tin-tnitli of the 

x^y Ai3 X >-2.. a.&0 , n*^ v*r.) 

fnndamental tliporem of algehrn. that, for/every polynomial/C at) 

7"[ ~ ^ tjf A'-fA + t. 

it IS possible to find at least one^vahje^a of .r, sneh that/(a) =0. 

Siieh a value is ealle-l a root of the aquation f{x) =0. v<,., ^ . cf. 

An pqjilion of the nth tlfiffrer has n and only n roots 
Let the e juation be.^ ' 

f C-v) —/> )^" + />i-i'*"*+7J2.v^‘“+ * •• +yiii-iA:+;ji, =0, 

We kuowlhat at lea.st one value ai, of x exists, sneh that 
fia\) =0. Henee by §5*2, We have 

f{x) = (.r-ai)/i{.r) (1) 

where ti(.r) is a p >lynoaiial of degre** Applying the same 

argument t) /i(.r), a value a> of .v exists sneh that f\{<(z) —0. 

Henee by §.j‘2, we have 

fi{^) = {x-a'z)/>{x) (2) 

where fiC-v) is a polyn >iuial of degree ;/-2. F rom (1) and(2) we get 

f{x) = {x-a\){x-a 2 )h{-^). (3) 

Arguing repeatedly in this way, we have iiliimuiet?— 

f{x) =p^{x-a\){x-a‘>)...{x-au). (4) 

It is clear from the right hand produi^f (4), thatai, a2.-- an*Y 
are of the roots of /(jc)=(). Nj\^^u^f’in‘%*^nrth0 identity (4), ■ 
a being supposed to be different Tr^i^ai, We then have 

f{a)—pa{a-a\)Ka-at)\^-an) ( 5 ) 

It is evident that none of the factors (7—.vanishes ; 

na) ^ 0. 4^*^* 

Hence the equation f{x)=o has ?i and only n roots. 


5 211 . // fix.) =0 has niorr than n dlsUnr.i ronU . then each 

of co«^cienfs of the equation is zero. 

t.x rtn+i are the roots of the conation* 

then by § 5*21, we have 

=Po(x-ai) (Ar-rt2) •■•(AT-an-O (A-rt,,). (1) 

Since 3^+1 is also a root, we have from ( 1 ) 

fian+i) =po(a.,+ i-ai) (an+i-32)...(3n+i-an) ( 9 v 

Now none of the factors 

A PO = 0. 
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ALGEBRAIC EQUATIONS (PART 1.) [ §§ 5*211-5*213 


Applying the argument to the polynomial 

which is of degree «—1, and which, by hypothesis, vanishes for more 
than /i-l values of .v, we have = q. 

Arguing repeatedly in this way, we get 

po =M =p> =P 3 =- ■. =Pu-l =Pn = 0. 

^ 5*s-;ck^no. 5'2I2. /f tivo polynomials f(x) and(x) each of the nth 

deyree, are e-jual for more than n dist\n"A values of x, then the coe.fjfj. 
rienis of like potre.rs of x in the two polynomials are ejnal. 

It is clear that all those values of x for which the pol.vnomials 
are e(iual, are roots of the e4uation =0. 

Since this ecjuation is of the wth degree and has, by hypothesis, 
more than n roots, we deduce, from § 5'2ll, that all the coefficients 
in the polynomial f{x)-/^lx), must vanish. The re juirel result is 
now quite abvious. 


Example. Prove the identity 
{x~b) {,x-c) i6-c) + {x-~c) ix-a) (c-a) + {x-a) (.r-ft) {a-d) 

+ {h-c) (c-a) (a-d) =0. 

It.is easy to se? that the left hand expressiv)n is of the second 
degree in x and that it v^anishes for three values a, b, r, of x. Hence 
all the coefficients must be zero. Therefore it must vanish for all 

/ 

values of v. It is eas.v to verify the fact directly. 

^ VI. I^ S’2 13. We appl.v the above the)rem (§ 5‘21l) to establish 

an important theorem attributeS^to Van der Monde. •**'*’"^ 

It is usual to denote the product of r factor s 
s P(P~^Hp-2)(p~3)-.-(p-r’hl) b y A- ^ 
e.g. (-l)r = (-l)‘*r! and if / is a positive integn*, Pr-^fl — vCr. 

In this notation the theorem can bj stated thus. 

that ^ 

^ I 4%^ 44 1 Alt ■ - / ^ ^ . A *A ^ A * ^ - i— X kk « _ . I I ^ B 




{in~rn)r = mv + r C imr-l«l + rC2^-'2i-2«i4*i-L;{«ir-;<«;J+***+rCr«r. 

where m and ?i are. af^ quantities. 

.w- » j-anu n are positive integers, then hy the binomial 


thc'orem. we have 


(l-l-a:)'" = 14'^^J a;-f + 'a;io 

2. 0‘- f ^ ^ ^x. 

!r ^ 1 f — 


fn> 


Mn\ 


Xtn 


2.^ d - 


o 



§ 5*213 ] 


VAN DEB MONDE’.s THEOREM 
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nnfl 


(1 -1 ;r + +... + 

1! 21 31 


+ ••• + 


«n „ 


rl ' f/l 

Now the tfoeffioipnt of the term in the in-oiliiet of the two 

right hand expansions is 


m 




fnr‘\ n\ , 1 !'* 

~ ' + 


+ 


// 


r 


r! (r-Un! (r-2)!2! . ' rl 

This quantity innst be equal to the eoeflinient of th(^ term in at*’ 
in the expansion of (1+.r)"*X (I+a:)” i. e. in (1 +a')"'+’‘ . 

Henep it must be equal to m+uCr or {7«+?/)r/rl 
We thus have 


(/» + ?/) r 

r\ ~ ;*.■ (r-l)m 


mt’i.ni 


I Wi|*“2» 7/‘* I 


^7lr 

rl 


/ 


(r-2)12l 

jilnltiplying this relation by rl, we get 
^ (”^ + ?Or = mr + rCl»ir-l «1 + rC27//r-2.«2 + • • • 4-r Cr7/r- 


( 1 ) 


Thus the theorem is true when m and ?i are positive integers. 
Now the only re.stri.ttion npan m and 77 implied in the above 
argument is that they should be positive integers not less than r. 
Hence the relation (1) which maybe regarded as an equation in 
m of degree**, is satisfied by more than r values of tn. Therefore by 

^ 5,211, it must be 7m id^fltjty in 777. Sinee 777 and 77 enter svmme- 
tneally into (1), it is also an identity in u. ^ 


<*»Cwkr»(» 


^^^J^xamples V. b. 
Establish the following identities: 


1 . 


2. 


3. 


4. 


^■zsf- 


sh the following identities: -f- ^ 

ia-i) (a-c) (b-c) (h-a) ^ {c-a) (c-b) ‘ ‘ 


AT. 


5. 


a ^ j (x-c) (x-a) (x-a) (x-b) _ 

(a b) (a-c) (6-c) (b-a) (c-a) (c-b) 

^2 ^ ^2 (x-c)(x- rr) (x-rr)(x-b) 

(a-b)(a-c) (6-c)(6-a) (c-a)O^y ^ ^tCNAt; 

^3 {x-c) (x-c){x-a) _|_^3 (A:-fl)(A-?7 ) 

(a-b)(a-c) (b-c){b-a) (e-a){c-b) ' 

~ x^~(x-a)(x~b)(x-e).s ^ 

Prom example (4) deduct that* 




isSESfi 

-- Sf-cHc-a) (e-b) ■ 

9 ItVl / J_ 1-1 _ ^ 


1. i \ '-144.4 ^ 

«i<wc.^a*v. 2.J V 


Oil 







ALGEBRAIC EQUATIONS (PaRT 1) 




C W s'C- 


I 


JM522,.ys 

'•Wfc ^ I ■ WFl ■ IL. 

6- Prove that ^ ^3 ^>t-%^),^ ^ i/ 

i_ 3 ' 3 '■■"p ’-“’.-.-i-.-^,— 


- + -—- =_ 

X .r-i-1 .r + li X + H .cCx + l)(.r + 2) (a: + 3) ’ 

and more generally e*-. jw-A.wc.tj va^ 

^ ^ ^ . . _ ^-r r^‘: - Jt 

x.i.--<* \nC(i nCl nC2 nC;i 


y. ■s.-'-r V"^'.''_ _1L^ I ”Jr.r. _ -i-‘^ 4 _ , ^~l)*'n^r (-l)^*uCu N.B.pa» 

*.n c-,.,ww» . X .r+l'*’.ir + 2 A:-t-8'^'V'^ x-hr x-\-/i •! »<•. 

__ ^ __ 

(-*)" . • - ^"(_^4:i)(.j.^.2).;.(^^+„) ■ 


'.t.-. 


*-C**.^» 5'22. If rti, « 2 , «;n---«n a/*p ///-(’ roo/.v of 

5_1ol. 6^A^, <i-'r. =^jj^ii+p^^ii-l_|_p,^a-2_f_pj^n-:(_^. 

^1= (-l)*;j|/^y. ^2 = (-D'-^i/At, ^;t= C-l)'V;t;Ai,*-*f 

-•■ P,,. ar=(-l)'W/'o - • 

H'hprp'^t iifdfi'h for the . sv/wi ofnroluet tt of a\, a^...,au taken r at 
a 0”*^). 


CV^iw*^ 

We hav'e by! ^ .1 *2 


A)A:^ + ;^i.t'“'^ + /'2i:'^‘“H---*+Ai=A)(a:-ai)(A;-rt2)(.r-a:j)...(A-an). 
Distributing the right hand product, wediave 

Equating t*he coefficients of like powers on both sid^softhis 
identity , we have 

py^^pyi, ^1 = (-!)' /^o^i, ^2 = (‘~1 )"Ai^2, Py— (-l^'/''ySr,. 

from which the required results are immediately derived, 
pwt.'., (il If a\, a-> are the ro?)ts of py\x^+p\x+p>. = 0, then 

ai-¥ai --pilpo, and ai a>—p 2 iPo- 

(fj) Simila^y if «i, d-i, a-A are the roots of the cubic equation, 

pox^-{-pix'* + p>x-\~p'd= 0, 
flien rti H-a2 + a3 = -pi/Po , 

a-2n-3'\-a:iai-^aia2=P'Jpo . 

and aia2a:i = -p3!Po 


S '3. Prove that 
eA* A«iv hf.. f(^ 


CLa // \ I ftn \ I 

S_AJ.5^^ nx+h)=t(x)+^^f(x)+:^,f (.r) +. 

A A • » 


I 




/f“ 


where we use the usual notat'ion of the calculus. 




v) —/(.v) [(.r-ai) » +4 
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I 


No\^/{.r+ /#J — Po{x-\-h)^-\-p\{x + + p>{x + hy^-~-\-... 

~^Pr{x + 

in? the binomial theorem for n positive int.-rral exponent 


ply 


toea(!;( of (.V + /0". (x + A)*’-!,..., we have 

A. ( X+ h )« =p„ (r” + „ C,.t-n- li + „ tv-n-V/-> + „ Ca;ro -:ve' +... + „ C„A«) 

/,(?/+;0’->=AU--> + „.,r,;rn--7. + „.,G;v--'A2 + „.,Caorn-»^^^^ ' 

;>2 +/O j + n-2 r]:r-^-3/, 4, ^ 

W-lU + A)=Pn-l.rA, 

«M P..=Pnl. 

aeoordin^ to nowe... .. 






4se Of Ta. W. Theorem in ealm.ln" 

ct Indus, § 19.1.) ^^/intte^iii,al 

, • Ky 

(1) ''. If f\x)=^pQX--^pix-i-p2, 

tjenHx + h) =p„.v' +p,v +p., + A ( 2p,x +p,) + *' (2p„), 

(ii; ^gain it /(or) 

I ^^^ + ^)~PuX^-hpix2+pjx-hpj-h4(3j:,^^: + 2pix 

+A-(3.2poA*+2pi)/2! +A33,2.ip/3,. 

Prove Uuit 


+/>2) 


I 


/ Ajff- +-..+;)nM. 

I — =/(.r) 5-h— i—-f-J_4- 4. 1 > 

or-«a 

®( / (or) =0. " 

Now byj ^i, we have the identitv 


f Ik) 

4ft W 


'^*^-^‘'(^-«>Mo^-«2)(or-«3).,.(;r^J. 

Wr^mg or+A for * i„ this identity, we get 

^Po (^-a.)+A][(or-a2) + A][(3r-«3) +Aj'.!. [(^„,"+o 

:t?«ir -- --.. 

14 



ALGEBRAIC EQUATIONS (paRT 1.) 




W 4 J — ' • 




MyT.^u,'. TX^. . 

XI 2! 3 

Thus we have th e identity . 

-\-^~ f ”{ x } +-..=po(/’-» + /*n-l/# + - ■■) . 

J « av« 

E< 4 uatiiio; the coefficients of h on both side^ we s'et 
=poP.'y ■ 

=;>o(.r-rtl)(.r-ff2)(.V-rt;{). -(A—an) ^ "T* ^ ^ 

' x^ai > 

=nx) I — + -i-+_L+...+^ f 

(x-ai x-a> x-a-.i x-a^ ) ' --- -- 

Now f'{v) is also e^iual to + + Hence etc. 

N.B . The above result miy aho l)e obtainrl easily by applyin? th- 
rule for dift’erentiatino: a prodin't. *•/ 

Examples V. e. 

1. Prove that^ko.^ 

gc*. p®‘7‘ ♦- *- - j 


2. If <71, <7j, a.\, are the n distinct roots of fix) =*0, prove 

that •• 

• 

=P >ia\~a») ia\-a.\) ia\~ai,) ...{a\raa) 

Pi^l) ~pA<^Z~fl\) {(ll-a.i) (rtj-dl)-.. (rt2“<^n) 


S. : <c ■ 3. Prove that if/(ar)s (aQ, then 

fix) = ix-a)^~^\_ rf{x) + (x-a)E'(x)]. 

4. 11 /(x) = (x-a)J’(x-h)‘iE(x), prove that 

f'(xT= (x~a)i^‘Hx'^tf)'^'^[(x-a)(x-b) E'(^) 

•f cCp ~hg)x-p3-g’a] Eix}]. 

0. Prove that 

f(x) = Ha) + ^ /'(») + +... 

1! j! ol 




^5'4. ^To express Sr ichere ■S'r = «i'* + ®^^ +. 


— 0 * \ 

cc*.^cj (xrys~j w»ck ^ 

f- cX*»«w 


I ^ » A t\9 • 







^ ^5*4] 

NEWrOX’S FORMULAE 107 

' 0 - t(tn(-r-s) 

/(-r)/(.c-ai) =;io.v’'-' + (;ji+rt,p„)x«'-+(;j2-f-/5iffi+;.„ar)j:«-< + ,.. ^ 

•••+ (Pr-\- Vr-\ai+ Pi~‘>a\- p ^ya\'') + ... 

= A)J-''-* + (/n4-y>oa2)-r’'--+ (/■';'+ /o«-i+A i«2“)a'‘--'+... 

+ (pr +;j,^ia2 +pp-2^'“ +/A-;frt 2 ^+ - - . + + ... 

and f{x)l{x-a^) = Pox^-'^^-x^-^-\-{p-i-^pian’\-pm\) x^>-' 
+ ... -i- (pr+yjr-ian+ /^r'i>an^ + pr-:jrtn'*+ • ■ ■ +/>(tan'‘) + ... 

Adding ,ip all these ideiititie s. we have 

. l~+^ + —+ ...+ A i 

( X ai X a-i x—(v^ x—ai^ * 

= + {np\ + (7/p2+/i.S'i +;>o-S' 2 )x’*-'» +... 

+ (flpr + /Jr-1^1 + Pr-li+ ■•• +/>j1 + . _ f j j 

Nonr by 5 the left hand expres^on i.s e pml to d. 

Henc^wp have the identity 

= W-’-i+ («p, +;,„5. )x->-2+ (np., +p,S, +poS.,)x^>-^ + .. . 

+ l«7)r+iPr-lSl+;»,.2S2+...+/>„.9,);rn-r-l+... 


d « di«v»^ 


9^ 


( 2 ) 


u 


Vf 


identit^O) “ powers of x on h,)th sides of the . 

entit> (3J we have the senes of formulae attribut^S^o 
;^o5i + Ia = 0, C«- 

./>o52+/>iA'i-|-2;52 = 0, (71 

th<^, +p,Si+p2Si + dm = 0, -•-. ?;,.•> = 

+;>252 +;)3S, + 4/<i = 0, r.. - - 


SliSSt:’ in^We <?r‘- 

AC ^ 1 0 

A**c"_. o PO -S’* 5l 9 4- Q „ 1 0 

/>«-^.+3A. 52 5. I + •'* 5, (=0. 

... 52 from the same eq„a«oaB, f.- 


^0. 


e.-<r> 


^ K 5^' a. o 


- d 
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ALGEBRAIC EQtTATION’S (pART 1) 


[§§ 5-4,5-41, 


■j-r tr^ > 


PO 0 ;>1 

Pi PO 'lp2 
Pi Pi 3p3+Po5'3 

o w ^ I 


=0, /. (-pa)\S‘3 = 


. . r*. » 'l*/v ^ . 

T% i ccvc 

Ciwi > C*^vi.^ 3 j.r 

4 ^^ th 0 n auu them. We have thui? 


PI 

PO 

0 

2 P2 

Pi 

Po 

3p3 

Pi 

Pi 


vT^ ^S^n+r. we pu^ai, a2,--*^n* for .r successively in 


i. 


1 




Po-Sn + r + Pl^n+r-l + PlSn+r-'Z + --. “f'Pn-Sr = 

Tj-_ _ xi*^* ^^ • ^ . -» -A 4s. . viw * 0 •* cL^ 4^ 

i>} gattmo; ^0_ we an e luation^^expressin? 5*0 in terms of^ 
the coeffieiente, and sSn-i, sS^n-**,- • --S’], which we know, can be expressed 
also injm-ms o'f.t h^^coefli-^i-mts . In this Vay, \7 irp JsslVle to exp¬ 
ress sSm in terms of the coefficients for all v’cln^^ nf ♦« 

•f ^ ^ I !•• •• If A V\^ 


^ ,y"^thod of obtaining theabov^ formulae 

^ is pe£h^s_^2i:^ ani exn^Iitioa;. Pnttia? v;/= 1 in th-. 

fix) 1 1 1 • ''i f<M 

' ■ = •* --- +...H- .:.S^- ‘•Hf- H 


we have 


/{x) x-a{ ' x~a<. ■ x-a.i 
nv^'h (n-\)p}7/+ (fi-2)p'v' 


• « « 


PTi.r 



4 

1 1 1 . . 1 


■' + 


l-azy l-^a^y 

Now l/(l-aryl =l-f-rtiy + rti'-J'2-|-...+^jinyra/^^m-f-lym + I^'(l-(3[,j/) ; 

l/(l-rt:>y) = 1 +rtil/+ffVV + ■ ■• + + J J 

and l/(l-fln^) = l + any + fl,,V-+ y4«n“!/"' + nn"'+*>'"VVCl-any) 

Addin? np all these identities,/We have 
«Po~t'(?^~l)p iff+(7/“2 )p:>y - Hf7^.+pn-iy ”'^ ' 

■pO H" P !>'+ P2 y" + ■ •ny” 

+ 5n.y“+>"’'^*P'(y)/y“'X^^') (1 ^ 

wfi^e ?« is an inte?e^* as as we please and F (y) is\ P^^b- 

(omial in y of lower de^t'ee than 7i. 

Hence we derive Ihe^rnle: 


+ • •• + 


. ^ To obtain St for an\f^^^iatio7t fix) =0, divide x^' 

' '^x^fiflx) by the ProrJusi of *^^emdina Continwd Divisip_n , 

5r /o the cop fficxent of the term in A•^ a*#c. 

los' I • J*. -V - - C? ® 


-V(//y)' by 
and eqmie 





S» I I o 1 1 






l<^- 


§ -^41 ] 


newton’s formulae 
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It is intei’esting to se? how the identi ty ( 1 ) provides a very ■»'•<«■<f 
simple method of obtaining: the whole set of Newton’s formulae. 

For clearing: of fractions, we get 

7tpo + (?i-l)piy + in-2)p2y-+ • • ■ 4-po-U'“‘’ 

= («4-5'iy+52r2 + ...+5'mj/™) (po+Piy+...+ Pni/") 

Now equating ooeffi dents of like powers of v on both sides of 
this identity we get the required resnlts. 

^xaiufilc 1. Calculate 5 ^ 2 ».S's,S 4 , 5*5 for the cubic , x'*-^%x-r~Q 

andprovethSr ^ 5 / 5 = (iVS) ( 5 ../ 2 ). 

,x^'. We have the identity , 

where F(y) is a polynomial; Equating coefficients of like powers ' i VJ' 
ofy, we get^ ^ ^ 

0 = S\; g^S^-h'Sq; 0='s7-\-qSi-3r, 0^S4'hgS2-rS?^^^ 

“'' p 

irom these, we have «•>« ' 

S 2 =- 2 q . S3==Sr, S4^2q^ and So^rS2~gS,^5S2.S,i2.S. = io] 

^5/5= (^ 2 / 2 ) (53/3).- 
% 

Example -z. If x+j- + j = o prove that « 

Z(x-’+y1+^l)=7xMx* + yi + z*). [S. U. 19’0 Prohlem.ifX 

Denoting y^^-^x+xy and ;rj .5 by q and r, the equation whose *’ ‘ 
roots are x, y, z, is given by j^-^gt-r—O 

Using Ne wton’s formulae, we have fwi,^ 

N7+g55-r54=0; .S‘5+a53-r52 = 0 , SA'\-gS2^0, S3-nr = 0,Sy^-2q^ 

From these, we have . - -v 

M '^o 7 ~ 7 ^^’ = ■53 = --^>^^and Si^lqh'. 

Now 2 U-T+ 3 ; 7 +^ 7 ) -257 = 14?Vand ^xyz{x^+yA +^.2 
and hence 2U7+y7 + ,7, 

^ i- (***t.i^ c >.0 

Examples. V. d. * 

1 * Solve the cations r.«rj , 4 - 6 

... ^ *, V, t' 






«.S 


c prove that o 



' ' ■ " «> ^ ^mX-x 


-t 3^, ...3^.5 

"* ?‘«<5j •** - o ,-*^ «. 
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ALGEBRAIC EQUATIONS (PART 1) [ § 5’ 4 .II 

i «».—• *». rt»o<» -i.^, J, = O £ - ^ a. — J 

4. It<7+^ + c4-...-lrA-+/ = 0, prove that 

«'* + i^^+r3+--. + 43+P = 3(a6c + a6^^V.%i^/+...). 




Ri'-«"trrj/ -^-I-O, then 5'-2r-i = .S 2 r+i = 0, where 

•Sni =ai™ +a2'“ +rt3™ + fZ4™ 

^ _ for all positive and negative integral values of m 

|i-. = • \6. If fi>2, prove, for the epnation A^+p.rH -(7 = 0 

.s»w.i Ac<r5^ X.= <7«=:<ro= ^ c- __/»__.i ->n 




-CaTMl 


V t CkAm. 

C^*« 

^0<y mt 

CV^A 

r«#0 


^. = ^. = 53 = ... = 5„-. = 0aod-^ = -^^ . 

:4*«'?7. If for an equation x'^-\-pix^-^-i-p 2 X'^'‘’ + ----\~pn = 0, 
Si = Si = SA— =Sr = 0 (r<tt), then show that 

pi =p., = j)-^ = .., =p,. = 0 

Pn>ve that a, h, c are the roots of «“ 

r^*i r*.) r^ r* 


f *1 

1 :v‘ 

V2 

Ni 

1 


Ni 

, A:, 

A2 

where Sm 


— 0, and also of 


Sp 

So 


CL« t < 



.r- 

X 

1 

5p-i 

Sp-2 

Op- 

Aq-l 

S,t-J 

A„- 

5r-l 

Si—j 

Nr- 


-U, 


greater than 3. 


a.y. 


Gal 


IA^ S 4 I I . C»^r roo^s of unity The.-^ roots eltai’ly satfsty th"eii‘i 

^ equation o:'*-l=r(). Now jr-*-! = f.v-l)(o.''Wor+1). 

c|.L*—-/IL '^^5lenee the\\ire determined by x-l = oVnd x’+x-tl = 0. 

Now the roots of o:--t-or+1 =0 are V3 ;-h 2. Hence the 
cube ro ots of unity are 1, (-H-/V3) -h2, , {\-i<S)'h2. 

Putting the complex roots into their nor^l form , the roots 
are 1, eos^JC + tsWic; cos^TC + zsinJu or oosifTC-isin^TC 

If we denote eosHlcV i sin^TC by tr, the other complex root is 
f then either or w^. •' ■ * - . 

-——•- It i^MsV''if^TTmve tiini: = i jt.«2Jl':;.4_A. s,*i-*i + (»> 


AJ 


are 


^ It is ^sy t^^ve that H-ie+(e2 = l^w2ql~,;,4=o. + 

v more generally, th^nm of the mth power^of the cube roots of 

unity is eithei^3 or O^according as m is or is not a multiple of 3. 
(Apply §5 41 or prove'directly). 

In the same notation,'^ the following identitips are easily veri¬ 


fied. 




c* r 


In the same notation^^e following 

V 

1. ^:r2 + ;C+l = (.V-M0(A-Mj2). 


.c*^ ct».' ^ A 


‘i-C-!-(>-> t;) •• - 
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KATIOMvr, symmetric fcxctions of roots III 

2. = (x-y ) ( x-y^w)Vx-yiv ^); ^ ( k - ) 

3 x'-^-^y^=(x+y)(x-^yir-)[x-hy7r) ~ 'T ) 

^ f •e'-K-y) ->^>*5^.^.. •. 

5 5. Symmetric function of roots. 

If. after replaeing a by h, and /> hY„. » fnm-tinn of « and /.do.-.; 5 a.,-. 

not abange in any i-ospeat, it i.s said to l„. sy niineti-ii - wit), n-spa .It,,, 

and 6. g. ah-. a + J; {a-d)'^, and Va+ VA+ -iiah) . Mo,-,, g. nanilly 

ifafnnation of « qaantilias ai, aa,... «,„ is syminati-ia witli rasnai. t 

top™.of them, it is said to ha sym.natria trith rasp vt to:;^,VJ7“' 
all of them; a+A + n ahc, a + A + r + aP + AP + rP; and (a+ a-A + ,a-’r):' ^ 

+ (a + w';A + ,ar)s is „ aoniplay anha root of nnity. a;-a in 

stanaes of fnnations syinmalria with raspaat to a. A, r. Svmmatria 
functions of ro.its play a vary important part in the thaorv 


* - .. ••• fia, nil’ in » III » 

^luntions. The following propiM’tv rpwflrflJncr fKr»»^ • • ^ ^ 

Hi'fjMiL.v le^auiiiiqp them is iiupoi*tant.«f *A.« 

.. of fhp roofs of a?/Pf/ua‘ 

T , T '' ra>io>u.,l, in fa,..ms 

-^fficienis of the pauaiinM> ^ -a , 

It IS easy to sae,tlmt ttia iminarator anil the__( lanonii nat»r of a 

«.-™mPtri„ fnnetions invo. 

It is therefore 

sufflcientto prove the theorem in the ease of e.ypressions lik • 

1 and j eto. « 

Con’^idei- the produo^ 

toIo -hasp +... +a„P) X (rti^t + a^q -\-a/i +... 4-fTn'i) 

P'^here p and^ are two nnetnal positive integers. The only tvoas 
ol^s thatVemr in its distribution are a,.-a andUl^r^s 

wlhave'’'’'“ ’'''''‘‘ tePotsoeenrs paly ones; henoa 

\ 

^p.S'q = ^ rt 1 p +q + g rt J Prt._>q. 

Now 5 c e ^“'^"^''=-^p-^a--Sas-q. d) 

the coe.'fioien; (5 Ja? T , ‘^p^h of s^i 

otthefom Sa l a hence from ( 1 ), we see that an expres.ion 
ooeffloients. ' ^ “-PPessed rationally in terms of the 


:c«. iry^ 
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[ §5-01. 


If_£—2i PJlii’s of terms like aiVa 2 ^ and become identical 

and the identity (1) reduces to the form 

2:^fliPa2P-(.Sp)-'-5-,p. (1/). 

Thus in this case also the thcvorem is true. 


Now consider t lre^bduct 
5n5q5r= («1 P + ^2^+ ...+^nP) ( rt 1^1+^ 2 ^*) 

where, as before, p, q, r are distinct positive integers 

The distin ct types of terms that occur in its distribution 
are rtiP(Hj‘ta;(r^ OlP■*'‘l^l 2 ^«lP■*■^rt 2 ‘^,al'^+»■rt:^P and aiP+'i+r. 

Further each of these terms occurs only once; hen< 5 e 
5p.o,|5'r = d- ^aiP'*'‘i(22''+ ^ ai'i'^'a^P 

+ Sal»•+Prt2^^-S^^lP+‘^^■^ (2) 

Now by (1) and § 5‘4. all expressions in (2) other than 
^rtiPa2^3‘‘ can be evaluated rationally in terras of the coefficients 
of the equation. Hence the theorem holds in the case of expressions 
like . 

* Whenp — sis terms like 

aiPa^^a^'’, ai^ay^az^, a2P«2*lal^^t;lP^a:l‘^(72^ and rtjPaj'iaj*" 

corresponding to the 3! or 6 permutations of the suffixes 1, 2, 3, 
become identical in . Hence in this case (2) reduces to 

the form 

(Sp)^ = 6^aiPa2P«3P + 3i^ai-Prt2Pd''^;ip* 

The theorem is thus true of this case also. 

4 

c-K.z.,Farther it is njt difficult to see, that we araive at the same 
[_ooaclusiou, when only two of the integers p. q, r become equal. 

We may thus sh ew successively t hat symmetric functions of 
types ^aiPai'Ui.i^ai^ etc. obey the theorem. 

The method of evaluating symmetric functions of roots sugges¬ 
ted in thc^'iast article, involves much lab:>_n r; great ^economy of 
labour can however be secured by the use of intelligent' devices tha^ 
are often suggested by the form of the fnn<?tion. 

Examples 1. If a, *, c, d be the roots of the equation 

X* + px^ + qx- + rx-\'S = 0 

Slid (i) s (ii) Sa-'6. t ^ ^ 
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( 1 ) 

(li) 


(i) N:>w = C ^ ah )2 = S+ 2 a^bc + rj<2/W. 

= a + 2 ?? + 6.S-. , 

Further :5a-Af = a-4«/*rrf=;v-4.c. 

Hence from (l) and (2). we‘r,*! 

S«;^= ^72-(J.,-2(j3r-'4.s-) = A^2-2;;r + 2.s-’. 

(li) By (1) of § 5-51, ^aH = S-sSi-Si. 

Now from Newton's formulae (§ 5 - 4 ), we iiave 
*Si = -p; S>^p^~2g; S:i = -p(p^-2g) +qp-:ir and 

=p*-4p*q + 4pr-4s + 27'^ 

="/^V"^ + 4.s-272. 

The st^ond part may also b e obtained thus._ 

(|..nsid..-the product The type, of teems that ocen.-in 

th. expans.on of the prodnet aee a\ n'-bc. A little eonsideeation 
hhow; that ea.-h of them o -curs only oiuie; hence 

^ rtftS a2 = :^ _j_ ;5 

In the same way -Se = ::3«/5r^a-4aierf . 

r rofn th(‘so, wc* linvc? 


3^- 3 aA3 a^-Sabcn a + 4 '»W = ?(p^r/) -pr + 4 s. 

It ns thus seen that the second method'ir monV diewt and less 
labor,ons. It requii-es, however, greater skill and more aeen,-ate 
knowledge of the theo.-y of combinations on the part of the student. 

ExaniMei. If ai, 02 , na,...u„, are the roots of the equation 

wa + p,.en-l+p,j,n-a+...+ 0 , 

find the value of the symmetric function 

L B. u. 1925 Hons. /]. 
Now ^ ar +^2 _ ^ i ^ ^ 

^1^2 ^ a-i ai I ’ 

Hence the snm of the terms-wElS'conlain -.... 


a\ 

Similarly the 

C 


is^nta 


!ontaining 


IS 
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Hence ^ ^ +-.. + an?5--« 

a\ a\ * ai 


-Srti 






No,w^(The sum of products t:iken n l at a lime) aia‘-..ar 

" 0\a> pn 

i 3. Kvaluate the symmetric function 

Ci , C^fCy ^\r 

forjthe equation r‘*4-rt.r- + /u +e = 0. 

Since ^1 + ^2 + h — -a 

(^2 4"^;t) (^t+) (f i = (-rt-^i) (-«"/■») » 

Now we haw the id-mtity » 

A-'* 4 -a.t'' + d-v 4 -es (.r-<i) (:r'--/2) ( 

Patting -a for x in this identity, we have / 

—rt'* +a**-rt^ + e = f 

Prom (1), (2), we get (tt + h) {i3 + t\) 


( 1 ) 


( 2 ) 


I*-" 

tP. ■ 




r<. 


/txampie 4. Calcidate {h-fi)Hh-h)Ht 2 -hy^ for the cul;ie 

x^-^3hx + r==0. / 

Since ^i + ^2 + f:t=0, and fi ^2 / 

( t2-h ) 2 = (/a + )2-4/2/:* */1^-4/2^:* = (/i2 + 4e)//i. / 

Now /i24-3Wid-c = 0; hence/i2 + 4f = 3 / 

27b^ ( c ) (j ^ i 

.-. \ j-'‘ 5 } i'*'' 5 S • 

Now x'-' + Sdx-hcsix'fi)(x-h){x-h)- / 

Patting x = c!b, we have cW^-\- 4 :C — {rld-fi){c!h~h){cib-t.i) 
Hence (/2-/3)2(/3'/i)2(/i-/2)2= ^ ' 

Example b. If a, b, c. d are the roots of'the equation 

x^-\-px^+qx'^-{-rX'¥ s'~0 

prove that 


_ 

9 ► • 

♦ ^ iff • f* 


1 bed bed bed 
dca 1 dca dca 
abd abd 1 cibd 
abc abc abc 1 

Ci. li»* 


^ 1 -^ 5 - 2 / 52 - 352 . 






'vf.T. m r W . «i ^1 

_> c^. - •! * •* 




IZ. f 




_ «t. 


f 
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Denote the determinant by A and intiUiply its rows )>y a, h, 

•HTti-r - . e-i.tr. 

^ i 

^Tt ^ 


r, il, it then transforms into 


X A = 


^ ^ ^ 9 

}*«<:■*./ Novi, 


ass 
s b s 
s ^ c 

ff S X 

/■'*■ being substituted for alx'd. 

i- A = , 1 1 


s 

s 

s 


• s ^ 


di, TT . 

— 4-c * 


4. I ^ r« 

to 




-•.G* v-* 


1 1 1 


O ^ 

O .V 


.V 


f 


o s s 


4' A* 

s s 

r ■ X 


X s s d 
Now multiplying tin* tirst row by 
from each of the rows, we liave 


and then suldrncting it 


,v A = 


1 

-X 

-.s* 

-.V 

-s 


1 

<Z“X 

0 

0 

0 


1 

0 

b-s 

0 

0 


1 

0 

0 

r-s 

0 


1 

t) 

U 

0 

a~x 


terms of the elements of the 


Kxpanding the d,*ter;ninant in 
first (?olnniu, we have 

S. A= («-.'•)(* s)(r-s)(,/-.,) + (ft-^)(^_,)(^..,)^ 

— /(.<r) sf (j), (see § 5’81) */1 h V ^ 
where f{x) =x*-hpx^-hgx^-hrx-\-s. 

Hence A = 


It a, \c are the roots of /(.r) = ,r'>+pr^ + 7 :^ +^. = 0 

calonjate the following symmetric fnnetions:- ' 


- • -*«*»*'>inv 113 ; 

'^* ^ + {I c-\-mh)'q 


7. iiT^-^^m-rtS. ii (i-i 

10 . II (i+c+6c). ri: 




jy ■' £1?^ 

TO a / 2 r \ 1 W' ' ’ ' 12. I 

13. aca-i-fe)-!. 14. S(6 + cJ/(«r-a2)..^..^ 

J O - I J9 •Xb Jtmf - i ^ \ Ql / •» A. v.> 





__ ■ *•■ -IV - tirv«. - t^) 

' ■< . - ('TTT] 


t.<4>6i 




V 


Tl 






TT 


>*.=.^<.,371.^ 


r*^ 


116 


ALGEBRAIC equations (raRT 1) [§ j'O 

If «, i, ^ d are the roots of t5fu^,P'^'^*"''” “■ -■’-'« 

fix) =X^-^ + qx- + + x = U, 

i 1 sj-iumetrie fum^tions. 

16. (i^ + c + rf)(r + ./+a) (r/-Hrt+yJ(rt + ^ + r). 

17. i0-\-c-\-(/-3a)(r-{-i/-ha-3b){d~\-n~\-h-Hc)(ai-d + ^.O. 

B?r.x aSs ^ ~ ^^ ^ ^ ^^ ~ + 

1!). •^a*h(‘. 20. ^<7-6-r. 




Evaluate the foilowinj? s.vmiuetrie fum;ti>>ii^for tSflrfm ^ 




A ^ w * 



.^e.juation y>* '* 
^M, bein^ its roots: .r- 

23. P^ai/{rtj+a;(+u,+ ...+aJ'^ 24. II (A-’-rtr^) 

25. II (u2^z;{rt4...rtn-A*). 26. II (ui+t2i’'—2). Jw-.fio' 

u, ^ are the roots of .t--4-y>.v+(/ = 0 and #'j, cf, are tho.se ^ 



X^« ' • r»' ^ 

K,^'.«. X- + rx 4- 6* = 0: 
x,^»‘ Lf^-c terms ot f, 7 , 7 ; /: 


of 


Jh 


r.co 


calculate the following symiiieLric functions in 

27. (/ n + >» 7) (/ u 4- m(/ J -P‘/«r) (/'/^ 4- //?r/) . 1 V ‘•'*•1- 

28. {x-ac){x-aJ)\x~h^x-hd):^ ^ 

2'- h-,/i Lt-c^ h .1 '' V 

J<p. 1 . 7 c 5 6. Transformation of equk^ons^pu^ 

Shew how to find the eqnatioi whos*' roots are F{a\), /’ {a>), 
sf^>r ^ /'{an) where F (^r) is a rational function of x and aj, aj, --an, 

U7V' as usual, the roots of 

f{x) =;j.,xJ‘4-/Ji.v”“i4-p2.t'““" + - •• + ^n = 0. 

Consider t he product 

[x-F{ai)] [x-Fia’)^ [.v-/^((7j)] -•A{rto)]. 

It is easily seen that this product is a rational .symnietnc -- ^ 
function of roots. Hence, by §5'51'. it can be evaluated in tei-ms of 

the coefficients A>. Pi./i>--A>- Suppo.se this is done and denote 
the resulting polynomial of the 77 th degree by^/^(A:); we thus ha\e 
the identity 

F{x)= [a!-/'(«i)] [x-F{a2)^[x-F(n3)] ■ ^' 

The right hand product of the identity show-s that /{ni), 

/*■(«■>), F{a 3 ),->>,F{an) are the roots of 

F{x)^0. 

2nd method: Denote F{a]), Fta*), 

I 

respectively. Thus we have 




1 ; 


4m 



^ . V 


< • ^ 
» 
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.vi = /’'{a]) where f{a\) =i). ( 1 ) 

K'immatin ‘4 to I»-t\Vfen erjusiti.ms (I), wi* havo, snppoSP, 
^{y\) This sli )'.vs that j'l ()i‘ is a root of 

/*(.v)=0 (2) 

Siiniiariy we liavt 

j'f —/’'(a-j) where- 0. 


4^ 
(10 


Jm • f •* 12* <4 / v* X*/ 

a-*, Ijetvvoeu eqoations (lOi—forms of functions 
being Ihe same as befoit-,—we mast haw P{y>) =0. This shows 
That>'_/ or /• {f 2 j) is a root of the same e<iuatioii ^ 

Ptx)^0. (20. 

In this way , we can sliew that /•' (a.i).../' {an) are the roots of 

P{x)=(). 

We thus derive t h>‘ gentM'al rule : 

'1 0 find the equation tehoae roots are Piai), P{az) , where 

(In are the roots of f{x) —0; ejiminate x between y = P{x J 

P be resul t of elimination, supjtose P(y) =Oj f/iz'es 
the required equation. 

The* method* to be employed in the case where a root of the (»j 

K'fjAired equation is a_functioii o f twe^or more roots is indicateil by 
tl^ following p articular cas e; 

t Suppose we have to form the equation whose roots al•e«^^ a<\ 
be, cd, db (the six products correspond to the six distinct combina¬ 
tions of,a, fc, r, d taken two at a time) where a, 6, r. d are the roots of 

f{x)=x*-\-/>x^-hqx~-hrx-\-s = 0. 

Consider the product 
J. ix-ab) ix-cd) {x-ac) {x-hd) <x-ad) (x-bc). 

\ seen that this product is asymmetric function of 

j « 3, hence, hy §;> ol, it can be evaluated in terms of the coeffi- 

^lents rationally. Denoting the resulting polynomial bv P(x ). we 
have the identity 

\ P{x) = {x-ab) Ix-cd) ...{x~a<l) {x-be) 

^^'0^ which we see that ab, rrf,..satisfy t)i?e^haiiozs 

We the six products ab, erf,...by y,, yo . y. 4 o 

!/i=a6 where/(fl)=0 and/(6)*0. (3) 
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Eliminating rt and b between tlie^'T^natious we have, suppose 

Myi) =0 

whieh shows that yi or ab is a root of 

/•'(a:)=0- (4) 

S imilarly we have y-i — cd where /(r) =f{d) —0. ( 3 ') 

Observing that the set of equations (^) is identifral in form , 
with the set of et^nalions (3), the result of eliminating c, ff, from 
equations (3') must be /^(y'>)=0. 


Hence >*2 also satisfies the equations /^(i*)=0. In the same 
way, it can he shown that the other four prodn-^ts sadify the e-iua- 
tiou (4). 


We shall apply the above prininples^to 
eases of transformation 


imp )rtant^ partieulai 


e.vP. X GO 


5 ) 


5‘61. Find iheejuation the roots of which are 
where a\, a*, aiu-'-etn are the roots of 

^(y) —. 4'p„«=0- 
Applying the above rale (§ 5'6^ we eliminate v betwee'4 y-=-x 
and f{x) =0. The result is clearly f{~y) =0, 

Writing x fory, the required equatim is 


f{-x) =0. 


Example. If a\, a;, az are the roots of ^'^-\’px'-\- qx-^r = 0 

* 

th^fi -a\, -a>ra'i are those of x'^~px*-\-qx~r—0. 


p. I Gi- 
fc-Gl . 





' 5'62. Find the equation whos" roots are. a\ h ai \ a.\ *•••, 

a^i, a2, rtj,-**, heiny the roots of thr savw equation tha* of § 5'61. 

*7 Allying tht^mle of § 5*6, we have the required e piation in 

the form/(.f*)=0- 


I Multiplying by jr”, the equation can be written thus 

PixX^ +pn-\x^' * 4-Pu-2-r”‘* +. ■ - +pd =0. (1 ^ 

■ This form shows that the required equation isd‘>rtred froi^he 
given equation by writmg the coeffieienf s in the reverse ord er, e. g. 

W^Tho equation whose roots are the reidproeals of those of 

x'* 4-ft.r 4-r = 0 is r.v^4-6Ar‘’4~0x4-l = 0. 

(Notice how we introduce a term with zero coefficient to account for 
tlio absent term in x-) 
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KKClPROCAL Et^UATlONS 
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H 


5.62 1 . SiiK'i* ... urc tin* roots of tlit* 

«jLiation (1) (»t' § o‘62, by applying tlie nietJiod of .>‘4, o'41, to 
tins e'piation, it is possible to o\*aluat«* 

ar'" + flj-'"+fl;r'*' + ... + an“"' or 5-,n 
in terms of til--(rocffirients of .the eijnatioii. Tims it is easy Ici 
prove that .SVi,, wA.-rc m is a %wsitivf' intiger, is the covffii'ii'ni oi 
^ in thf quotient m-Aph «pa+(«-l)pn-l.v-i-... is divhtpd by 

\ by the proress ot^ ^Isvendinn Om tinut d 

Division . 

I\xampl?\. Prove that 

(i) “^‘in “l"pii-I.S-ni + l 4-^ .-j.!?-ni + -2 + ... 

'i'P-m-hm uS*-! 4- n = ()( >a < n ) 

loe- (ii) ;>n*S'-,u+ + + 

• •• 4-^(i.S‘-,n j-ti =()( v^<;/) 

l-.xamplf 2. If a, />, r, ,/ be the roots of l),e (..motion fl-.t., 

7JX +47^''+0rji'- + 4^jr + / = o show that h 

48(^2,^,) [(o-6)-V^rfi] 

(i9. O. 191H //ons. I) 

-S{a’i-f^-fS-2{ab + ac + a,l+bc + l„i + <-d) 

= 3U+b+^’-S(ab+ar + ad + 6c + b,l + rJ) 

= 3(-4j/p)2-8.6r/p = 48(ji-pr) --?« ( 1 ) 

By writing for 4,and therefore? 4v 6r 4„ 

for P, 4,. 6r. 4,v. ? (§5 62) in (1), we have 

:^(o-'-4-i)2 = 48(r-*-,<Usi. (.,) 

Mnltipiying both sides of (2) by «--4VV.t „„d observi.r.. ' 
th&t abed—tjP , we have 

S C(a-6) W] =4S{s^-rt)lp^, 

reeinro!.?'*/'^'*'*'’™*'" ^ reriproral thof— '* 

ree,proea, of every root is also a root of the cemation. We shall 


of such equations.** ewr*, * I 

If the eqnation, 

nx) must he a produet of Eamsrfjaetors like (.-o) X (.-a-i) 
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V/. , and of {.v+l)** and (.rl)"*. 

The two correspond to -1 and 1, t he only two n umber s whiclr 
are ^ ual to their reoipro(«al s. a« r-nw TTf*.- 

Now it is easily seen that (.r+l)** may be put into the form 
(;rS! + 2;c + l)4'‘oi>(.r+l)( 3 -'^ + 2.v+l)i'‘“' a«-<>'-fling as A- is even 
or/odd. 




SimilarlyA.r-l)™ may be put into the form (x’-2r+l)^" 

(t'-l) (:r'-'2v4-1) according as m is even or odd. 

^ I We thn/ sec finally that if f{x) =0 is a reciprocal e luation, fhcn 
the polynomial fix) consists of the product of factor s of the form 
x'^\-px-\-\jx-l, -tr + l, and hence, it can be exhibite.l in one of the 

^ollVwing/our ways; s-3'^ 

K.-- 


[a) Jll {a-- + x^.v+1), 

{bV (x + 1) II {x^^px-\-l), 
ic) (x-1) II (:r- + p.r4-l), 

and (d) 11 {x- + t>x+\). 


CUm I 


In the case {a), the equation is of even degree and it is easy to 
sec* by ai-giiing as infxample §r41, that the cc .effieieiits eqnidis- 


tant from the two ends are identical both in magnitude* and in sign. 

In the same way, in the case (b), the equation is of odd degree 
and the coefficients counting from the beginning and the end are 

equal. 

In the case (c), the equation is of mUl degree and we may 
seebyargning as in 5, §1-11, that the coefficients coun¬ 

ting from the two ends, are eiinal in magnitude but are opposite m 


sign. 


In the last case, the equation is of even degree and ^e coeffi- 
cients equidistant from the two ends are equal in magni n 

opposite in sign. 

Examining the four types, we find that fl 

..^ur.dfo the first type hr dividing it, U 

orx—l- The corresponding type is therefore regai 

standard type of reciprocal eqnatw 7 i}}. 

It is easy to prove converseiy that if m a„ y.al.on fU) -0 

Po=^ii, Pl-pn-h P*=Pn-2,-“. PO-Pn- 
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Of' P^i—~P\iy Pl=“Pii-l, P2~'Pu-2t‘-‘Pii=~pn\ 

the equation is reciprornt. 

For it follows immediately from either of the given conditions 
that f{x)=±x^^f{\lx)y 

and hence, by § 5’G2, the rwiprocal of a root of f{x) is also a root 
of /(.r) = 0. 

Lastly, a reciproral equation of the statuiatd type ran be tvunH. 
formed into^one of half its degree . 

For in this <?ase 

nx) = ll{xi-\^px + l) ^xHlix + x'^-\-p), 

Hence, putting y foi* x+x-}^ we have the transformed equation 

n(y+p) =0, 

the degree of which is clearly 

Example 1 . S)lve the equation 121"*- 44.r* + 63;ir‘W4v+12 = 0 

The e,)uati,m is a t-eeipro.'al eqnation of the standard typejhenee 

putting = we rednee it to the form l‘2y--44y+ 39 = 0 The 

■•Mts of this qnadratie are ;/ = 3/2 or 13/G. The given eqnation is 
therefore equivalent to 

x-hx-^~SI2 and aJ+jf* = 13/6, 

2.r--3.r + 2 = 0 and 6 a-—] 3a: + 6 = 0. 

The roots of these are (3±; V7) -^-4 and il, f. 

Examples V. f. 

Solve the equations: 

1. x^ 10.r3+26x--10.v+l;:ff 2. 2 a'^4-a:M9a.''* + 19a:‘--v-2 = 0 

+ 4. ,r‘-3A''-2ar:-3;r +1 = 0 

+ 6. (;r + l)5 = a(;e5 + l). 

S-63. M,,d the eguation „l,o,e rooU are 
«i. are Ihe roots of f{.x) 

By the rnle of §5 6 , the required equation is obtained bv eli- 
ffiiuating^o; between y^mx and /(.r)= 0 . Henee the equationTs 

%-^m)=0. 

dnoes'^r””®"" b.v the equation re- 

PO*" +Pim xn-l+;>,„,2;,:»-2 +p..„«2^n-3+ ... ^ ^ 

16 
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Heni^e the fpquireci equalio7i is derive-l from the given eqnation 
hy multiplying the seco?tii term hy m, (he 3rd^ by m- ; the 4-th, by 
and HO on. 

It is howerer > 1 that th-» absent torm^ in x are aeeinu* 

teil for, l)y introclu.!in<j corresponding terms with zero c.oeifieients 
to make the eg nation complete. 

e. g. To obtain the equation whos*^ roots are ten times those of 
o:^ + 3.v*H-4a' + 7 = 0, we wr.t- the ^iven eiuation in the form, 

+ + = Aoplyin^ the rale to the latter form, 

we obtain the transformed e piation 

A-* + 30.r- + 4!)'J0,ir+ 700d0 = 0. 

Example I, Transform the equation 

^* + fA-'l+-Jr2 + A.v + ?,=<' 

one with integral coefficients and with unity as the leading 
coefficient. / 

The equati m wh )?e ro >ts are m tiin's thos* of the given egxia- 
tion is / 

A little in-q>eetiou shows that if we pnt w = the equation is 
cleared of fraclions. and is reduced to / 

ar* + 9ar* + 4o.v- + Tlx +144 = 0. ^ 

Examples V. g. ^ 

Transform the following equations into those with integral 
coefficients and with unitv as t he loadinor coefficient .;^ 

nM.c a. 1. 8;ir^4-l2.r-4-Gj+1 =0. 2. .v^H-!tA'‘’4-<f^oA'4'10 = 0. 

3. 9;i-^ + Vlx^ + 7x- + 2;»: +1 = 0. 


/ 


R. |o£« ~ s 

5H.;cC£»COTn 

>« ■«» i 


Iv. 



A t 


4. 24.r*-l-20a'3+6.v- + A: + ^ =0. ^ 

B. Cfcfcf-. ml W.‘Ct 0»—»v. • 

5’6 4 . Fi7id the equation rvhose roofs are ai-n, 

’-‘^u-h, rvhere a\, a:o,..., are the roots of 

/(vj = pQa3^+ p\x'y^-k -+pn = 0. 

By the rule of § 5‘6, the required equation is obtained b> 
eliminating v between and/(.r) =0. Hence it is given bj 

+1') = o. 

riting a' for ^ and^ap'plying (he theorem of §5 3, the equation 
can be written ju-theTorm P**^*^* 'f *0 


r 


s 4, 4-, (»«--t-.i 

s -4 I 


Jji 


4-^ 

■ *-t - •< 4>i«^ 

"<;■ " - 
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transformation op F'^U v riONS 


A.-* ^ 

1:2:^ 


5.64 1. As thisti-ansformation lik<* the pmM-dinf'«>iu*, linn an 
importaut applieatiou in e(^nncxion with the Horner's melliod of 
approximation to roots, we (le.serilie i)elow, a more i)rui*tieal and jotf 
e xpeditions method of ^^alonlatinj; the eoodicients in tlie traustormi'd 
eijnation. 

S.ippose that hit, hi, are the e )eilieieiits in t)je trans¬ 

formed ecpiation, so that we have the identity 

Writings x foi' x-\-h in this, we havejjojotWf* identfty ^ “ “ “ 

Prom the rij^ht hand expression, we see that wlien f{x) is 
divided by (a-A), the quotient is 

and the remainde r, dn 

Similarly, when the expression {2} is divided, the qnotieut is 
and the remainder . 

In this way, we may <ial<mlate sn ice.ssivcly all the coeffieients 

hit, All ], An-2, ho. 

Exaiup!(> 1. Find the wpiation whose roots are those of 
3’‘' + 4 a* + 3a-+.v + 5 = 0, diminished by 2 . 

i3:nployin,r the Synthetic Method of Division desoribed in §5-1, 
and writing only the eoeffioients, the following scheme shows how 
the transformation can be efifected in practice 'i 

I - —> 


1 

0 

4 

2 

0 

12 

3 

24 

1 

54 

5 

110 

1 

6 

12 

27 

55 

115 

0 

2 

16 

56 

166 


1 

8 

28 

83 

221 

f 

0 

2 

20 

96 

1 

1 

1 

10 

48 

179 


j _ 

0 

2 

24 



j _ 

1 

1 

12 

72 



1 

0 

2 




1 

1 

i 14 






I t I ~4 
t *< %- i 4C 


I to 

m. % 





O 31-44 

t ->.•7 » t.T -34 1 -40 

~L 

*nrpTu; 

U \-l8- 


S' 


-5 ^ - jT 

1^-16 - Ar 


Thus the required equation is 

*= +14*« + 72;f''+179:^2 + 221,r +115 = 0. 
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/example 2. Find the equation whose roots are greater than 
those of A-*-4i-^ + 2a;‘^ + 2x-6=0 b 3 ' 1. 


Here the roots are algebi-aieall.v diminished therefore the 
divisor is.v+ 1 . Writing down the rtoeffieients and applying the 
method of Synthetic Division, we have the following seheire: 


1 -4 

0 -1 

2 

5 

2 -6 
-7 5 

1 -5 

7 

-5 1 -1 

0 -1 

6 

-18 1 

1 -6 

18 

-18 

0 -1 

7 


1 -7 

'U 


0 -1 




1 I -8 


Thus the required equation is 

a-*-8.v ‘ + 20a- --18.1-1 =0. 


Exatnph 8. Transform the equation 

J'ix) — aoA^ + 8rtix- + 3«jA- -t-a:( = 0 
so that the re.sulting eouatio n wants t he second term. 

Diminish the ro.)ts of the ejuation by //; s) that th* transfor¬ 
med equation is 

J=(x + A) = F(h)+fi /="'(*)+ff/=■'(*)+fr/^"(A)=0. (1) 

Now choose A so that|j/'"(/#) —3(aoA + a:i) =0 i. e. h — -a\laQ. 


Substituting this value of//in (1), it reduces to the desired 
form. 

It is possible, in this way, to transform an equation so that 
the resulting equation is wanting in the second term. 


/examples V. h. 


Obtain the equations whose roots are less than those of 
1. 4 a4-3a-^+2x- 1=0 by 1; 2. a5-4a^4-3a- 2=0 by 2; 

and 3. x^~x--t2 — 0 bj’ 8. 


Obtain the equations whose rootA. are greater than those of 


4. A^-A^ + A-h2 = 0 by 1; 

— 1)*^ I - 5' 


— < 


EH 



5. 

tr -4- 


a* + 3a-^-*2a+ 7=*0 by 1. 


>iP» 


- c 


- f 


i 'i • 

I - • 

_k 


• - V 


1 -’> » 
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and 6. z*'4x^ + 2x-7x + 5 = d by 2 

Transform the following equations so that the resulting e^ina 
tions do not posses the SHt«.>nd term; 

7. x^-Sx^-hl =0. 8. 4.v*-12:i-' + 7.t--l =0. 

9. The roots of the e luntion, + 1 = 0 are imu'eas- 


ed by h. If the resnlting equation has no term in x, prove that 
n IS eitnw 3 or -1. •o 

10 . If and ft be two quantitiessueh that if the roots of the^t-n*/- * 
equation j*:* + 4pv‘4'67i- + 4rA' + .v —0 be inerea.scd by eith"r^ the ^ 
transformed equation does not involve x‘, pn»ve that 

a + h^2p, ad = g. {B. O, 1920 Hous, 

S«rP:T'7&!XKf^«peitr>ATtoM 4^ SYMflt 

B.x-anrple\. If the roots of the equation X’^+;u'- + « 7 A' 4 -r = () 

be<z, ft, «; form the equation of whieh the ri>ots are n(ft4-r)“ 
ft(t^+f7)-h f(<i + ft)-*. [Zr. (J. 1925 Pas». I.] 

Since a-Hft + r = -p, a{b-¥c)'^^-a{a+p)-^ . 

Similarly ft(('+u)-i = -ft(ft+^)-i. and r(a4*ft)-*=-r(r4-p)”'.** 

A cording to the rule of § 5'G, we eliininnic x between 
.I'^-rfp+A-)-! and the given equation. Henc-the required equation **^“"‘**"^‘ 
is /^V*VV-(l+y)+/>/y(l + y)^-r(lH-y);i = 0 . 

Example 2, \ta,b,c, are the roots of -v=* + -f r = 0; form the 
equation whose roots are 

c i ' ac ’ ra • ^^24 Pass. I. J 

a4-ft + ^ = 0 and abc = ~r. 

ftc ~ 14- eft-1 = (ft2 q- c ’) /ftc = [ (ft 4- c) --2ftr] /ftc = (a--2ftr) /fte 
= («34-2#‘)/(-r)=-(r-ya)/r. ( V fl^4-ya4-r = 0) 

Similarly cu-i+ac-i = -(r-?ft)/r, aft-*4-fta-J=-(r-^r)/r. 

Therefore by the ruleof § 5'6, we eliminateA* betweeny=~(r-yA)/r ([C* 

and the given equation; i. e. between A =r(14-y)/(; and the equation. 

Hanee the recpiired equation is 

r*(14-y)^4-?^(14-y) 4-92 = 0 . 

t.xampU^. If a,'‘ftrc^are the roots of 
piove that the equation whose-roots are Cf-* t-. A 'I* ^ ® • 

ftc-g- _£a-ft- ah-c^ ■ 

^c-2a * c4-a-2ft * o4-ft-2c ’ , 

r t » o 


6: 
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1>(<IX+ r)''‘-'ig{,ix + q) +Zr(qx+ r) (px + ,j)~s{px + qy = (y 

IB. U. \^n Hck l'\ 




Sin(?e + + = ic + ca + ah-^r% abc-slp, 

bc-a~ ahc-w^ -a-pn^ 




»_ ^ t *» 

b + c-2a a{a-\-b + r.-^) a{-^q-ipa) ~3/ja- + 3/7rt ' 

Now ;^rt^4-37/T- + 3 /rt + .v = 0; -■-pa^+.'j=-8<7rt--3m, 

hr-a- _ -^qa--Zra _ _ 7 iJ + r 
/> + f“2a ‘^pa*-{''iqa pa-^q ' 

. . _ qb+r ab-c- oc-hr 

■ Smularly • 

Hence by the role of § 5'6, the required equation is obtained by 
eliminating .r between y = -( 7 .tH-r) -hipx-i-q) and the given equation. 

Now if ;' = -( 7 .-r+r)-H (;>;tr + 7 ), then x = -{qy-\-r) -r^ {py-{~q). 

The required e(|uation is therefore derived from the given 
etjualionby pntting-CTy H-r) h- Cp!/H- '/)for x and then writing ir fory. 

Rmx««-wuI cf.fik.i. A^. B. Marie how each of the roots of the required equation is 

transforint^d and expressed as a function of a single root of the 
given equation. 

Example 4. If a, b. c are the roots of the etpiation 
A’'^+A“ + .v-/«* = 0, prove that a-^+h’^c^-c^a and are the 

roots of .r2+ (l-/).r + 7/-2 + 3^-+ 1=0. t U. 1916 Hoyis. I. J 

Denote ah'^4-hE4-<'a-^ by / and m so that the req¬ 

uired equation is {x-l){x-m)^x~~{l-\‘m)x4-lm = 0. 

Now / + ?« + + = t^abAa^-ahC^a. 

/+h/ = 1.(1-2)-(+>&)(-1)=^-1; 
and lm = {a‘^b + h^r.-\’(^a) {nir^ + bx^ea^) 

= 7A-2 + 3fr + l. 

Hence the required equation is ( 1 -^)a; + 7A*24-3^ + 1 = 0. 

. c*,tA ^ In this case the "svihfcieWic-function-method seems to 

, , V CCW r..«* 

licable. • 






»wi-«w ^ 
4 . IC6 


to be the onlv method applicable 
f Example 5. Find the condi 


e^condition that the diflferenee lietwcm 

two of the roots of the equation -f-3p.r4 -7 = 0 may be h. 

If a, b, e are the roots of the e.quation, then the condition ivhj- 
uires that one of the six quantities 6-c =t h, c-a ^ h,a-b ^ h must vanish 
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Now, from th" equation, rt + 7>4-r-=() and ahr = ~(j. 

Heuftf, {(^-r)-= (^ + r)--4/>'=rt'’”4/>/*fr.a‘^ =rt- + 47/7‘*; but 
a^ + Hpic^-q — i), (A-c.)- — r7'’ + 47^'**= frt^ + 4y)n~^ = 

Similarlv {c-a)- = ‘Mq-p‘>)h~'^, and {a-h)'' = Z{q~pf)c~'^. 

F{ h ) ='( //■! + ) (h ’ -\- ) (//- + ) 

= (h - + a/>) =» + <)p (A - + Hp y^ + 2 77 -. 

Hen<'* the n»»'^»ssar.v and snfti^iMiit «*ondition that tin* diftVn*nei* 
between two ro<)ts may ht* // is (+ A- + 3;0" 4-277-= 0. 

A'. .5. Notu how t.ln‘^»v>nditi«)n is expressed as a syinnietrie 
funetion of tlu* roats. *■' 

Fxam/^le 6. Find the e mditi »n that the sum of two of tin* 
ro )ts of par'd-/.v +rv + .f =0 may be /eM*o. Prow fnrtliei-, 
that the symmetric fnueiiou 11 (a + A) is a mv.ltipleof s--pqs -\-q-r, 
a, h being two of the ri>ots of the given equation. 

Since the smn of tWv> of th* roots is zero, they mud be equal 
in magnitiulA* bat opposite in sign. 

Heiie .• A-' q- px-^ + ’ q- = 0 

and x^+px^-qx‘ + rx-x = i» 

must have a common root. 

This I'oot must be (‘ominon to 

(l)-i-(2)-2.v(vt+Av-4-^)=0 

(l)-( 2 ) = 2 ( 7 rt- + .s)= 0 . 

Since zero is not a eominou root of (1) and (2). 
root of (1) and (2) must be e, )mmon to 

.v^-t-p.v-q-r = 0 and 7,v-q-.v = 0. 

Hence eliminating x, between equations (o), we have the 
necessary condition 

>t-lq--px!q + r = Q or x—pqs q- q-r = 0. 

Now the condition expressed in terms of the roots is 

II (uq~A) =0, 

" '“t''’ '' " homo-eiie>.ns function of ten 

nsions. Hence II(a+i) must be a multiple of g 

-Assume that 

f-h /_n ^^ ^ ^ + rx-^s • 

then l-O. m+A-=p.„+«=,, 


(1) 

( 2 ) 


(3) 

(4) 

the common 

(5) 




S,. H 










^<f- la-h'* 


^ <# 

7r^^^‘= z 




J^K -“ O 


-V 
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Examples. V. i. 

It rt, b, c are the roots of f{ x) = x^+^ px-\-g=0\ find theequa- 
tion whose roots are the different functions of the roots of the form 
1, 2- bc\ Z, n~{b-\-c)~^\ 4r. 3c(& + c)“*; 

5- hc-a~\ 6- &C'^; 7. ^C‘^+6‘V; 8- (^c)^; ^ 

9. {b + t^hc) {6 + c-^dc)~^, rz^T^" 
li a, &, c, </are the roots of /(.r) gAr*+p jr'^+gAr--hrAr+g=Q. 

find the equation whose roots are all the values of 

10. fr+c+rf; 11. (l+a)(l-a)-^ 12. hcd{b-^ + c-^-\-d-^): 

If a\, <zj,...rtn are the roots of f(x)=x^-{-fi ix^-^-\-...+pn = 0, 

find the equation whose.roots are all the values of, 

13. ((Z2 + <73+--*+an)ffr*+«2a3-"<*n: >'■ ^ 

14. ((72’i+rt3*'4-...+a„-0: > / * ,o .. 

m ^ 2-^-S ; 


4r).«s‘(a24"«3 + *'* + <*n)ia2‘*+«73'' + *-*4'rt:n"0. 
Prove tnac the equation whose roots av 







ict I 



If Vai+Va2 + '**+^^75 —0 


and l/( Vat) -rl/( VfT>) 4--.-4-l/( Vas) —0, > 

prove that {'^ar)~ = 4:'^ara-K and (^,ar"'^)^ = 4^ar • 

[ B. U. 1924 P^'oble^m. ] 

[The equation whose roots are Vai, Va»t"*. niust l>e o£t the form 

xE+bT^-\-cx--^e==^0. The equation whose roots are the/squares of 
the roots of this equation must be {e-\-cx)'^-x^<h-{‘x)-^Q\ Hence 

(^ar)2 = 4Sflra. = 46VfC* ] 

y6 V " 5 -V‘"' Depression of the degree of an equation when a rela- 

between two of its roots is known. When of the 

pquation are conne^hy a relation, they 

degree o( t/ie equation, be redtt^ed by two. >Y ' 

Let fix) =0 he the equation and a, h two of its roots connected 

),y a relation of form a^F(b). Since a, 6 are roots of Kx) =0. 

f{a) =0, and fib) =0. 

■^Q\^ a=\^b), :. from (1), /[/^^^)] =0. ^ 

Prom (1) and (2), we find that h is a _commoD r p oLof 

f{x)=0, and f\,Fix)] =0. 


(3) 
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x-b must he a «Min!nou t'ai^tor of /( v) ami/[/•'(.!•)]. Tliis 
t5jmmon facjor ean be found by applyiii;? tin* familiar process of 
finding the H. C. f . to f{.r) and /[/'(.v)J. Substitutin'^ the value 
of h so determined in a = /•'(/'), we ^< t the value of a Now divid e 
/(.v) ^ the produet ix-a)ix~b) and Cfjnato the quotient to zero. 
'I’he resuKin:? e piatiou is >f a lower decree tlian the ^jiven equation 
by two. 

In the above ar;^niuenr, we have implieitly supposed f(x) to lie 

a polynnuial. With some modification the ar<juinent may be made 
more general. 


ExamPh 1. If the product nL two of the- mots of the equa¬ 
tion 4v‘-iar' + 3lA-!'30jt + 14 = 0 iR_2, solve it. 

7 [ /?. i/. 2922 Ho,IS /. J 

Let a, b be two of the ro>ts of the given equation «v'>nne(ded by 
the relation a<& = 2 or by (I = 2 ft-1. Now we have 

4a-*-16rt^+31rt'--30rt 4-14 = 0 and 4ft^-lG/;>4-31ft--30ft4-14 = 0; 

A G4ft-‘-V28ft-:^4- 124ft--*-60ft ' +14 = 0 

or _ 14M-60V<+1245M2Sft + G4 = 0.. 

tlie fac'tor x-h is eammon to ^ i ^ 4^0 vfj - ^ ^ 

4a'*-16a*^ 4-3IAr--3')A'-|-14 and 34.r'‘-G0.v*4-124r--128r-f-G4 "*■*' 

The //. C. F. of these is .t--2A'4-2. 

Dividing 4A*-lG.t'^4-3lAr2-30v4-14 by .r2-2;ir4-2. the other 
factor is found to be 4;ri-8.r + 7. The giv™ eq.mtiou is thercfoi c 
equivalent to the equations A'--2.r4-2 = 0, and 4A-2-8.r4-7 = o. 

• • the roots of the given equation are 1=^/. I±i4 V3. 

<^ ei-wis(; :-Tlie quadrati ^ equation whose roots are a, b must 
he of the form .x-+fix+2^0. 

Henee the other factor of 4r4-16.r^<+3l.r^-30.r + I4 = 0 must be 
of the form 4o--+,.v+7. Thus we have an identity of the form 

Eqnatiug co efficient s o f like powe rs on both sides, we vet 

4p-l-j=-16, 7+;)g + S = 31, 7p + 27 = -30. 

.^ = -2 and ^ = -8. pf^. 

Example 2. Two roots of the equation 

4-2a 4 4-bA-3 4-3.v2 4-G.r-H 4 = 0 
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'-(lT , 




H 
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H-lO 
^«C-J '/V 


f*'V in*'*! 

- 2.4^ ^ 


^3 X 


*X ^ t 

y x'*- *1 - o ^ 




w^ 
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are 


<r ^ 


r«« r 


connec'ted by the relation find them. 

Proh/enm. f ' 
by the relation 

a--haf)-^S--0, th- e->rresponlino: quadratic fm,tor must be of the 
form x--\-px-\-p^-. Th-ivfore the other faetor of 

■v-+ 2^^ + 5.^-^ + 3^^ + 6.r + 4 
. must be of the from x'^ + qx^ + rx + ilp-. 

Hence we have an identity of thTTcmn 
^qalin sr the eoeffieients of like powers of jr, we have 

P + 9 = 2 (1): r+pg^p2 = ^ (2): 

W+pr~\-p^q = 3 (3); 4/p+/)V = 6 (4). 

From these, we have^*i:--> ch>-» ■:* ^ 


a 


2p-*-op^+6p-4 = 0 and ^ 3^-6 = 0 . 

The common root is easily found to b^ "b: the <v>iTe 3 pondin? 
values of q, r are 0 , 1 . .*. the g’iven equation is equivalent to 

a:- + 2a- + 4 = 0 and Ar''’ + .r + l = 0. 

The roots of the first equation are 2 (e, 2 ( 0 “ where /eis a complex 
cube root of unity. These are the values of a and b. 

(f-c i r^- I*. «?<. <,*<1 b* 

iToq' IKC..P, PxamPlen. V. j. 

v-*». 1 . Solve theequation A:^-6;r^+3Ar- +12.r+4~0, twoof its roots . 

S ^ 'f ^ A. cC»*^ y<^ 2.x.*^1 

2. bolv^e the equation ;t^“2,r^-7A*- + 8 ,r -2 = 0 , two of the roots 

rt , ^•Vcj K**-*4 K2- J.r«AC>3r^5 ’ 

= 0+0. c 


«, being connected by d 

' 3. Solve the equation ,v5-28x‘^-40jjr- + 3lA:-4 = 0 , two of the 
roots a, b being connected by the relation a ^=rt - 1 - 2 . ^ 


V.* 
A 


vU. A Prove that the e<Juation .v^-hrtAr*+Z».r-hc — 0 will have the 
sum of three of its roots equal to zero, provided {ab-\~(’}-—r<i-^, ana 


^ can then be reduced to a quadratic and a cubic..^, 7 '*^\i«. a** «- 

.rl. ^ 

-yi\JZL^ . -A-pply this method to solve the equation( 4 .♦tfr)*-* 

[B. a. M. A. 1919. ]. 


4 .» - ^(6^. - •.*'1. 

tli4*u UC ICUllUCU KiKJ iX < J OUiU aAiti ik UUU1\U. /« 

f- 

fx*-j><.Ha2.o ;v®-|-2^^-H3z-1-18 = 0. 

^ ^^‘*"*'[Xssnme thi^ x^+ax^-\-bx-\-c^ {x'^-{-lx +m) ix~-\~px-\-chn) so 

C »• X A* « 

that p — a^ r/w+ / = (), Ip^m = 0^ /c/m +w/>=^**0 

5 . The equation .v4-2A:'' -l-4A;- + 6,r-21 = 0 has two roots equal 

__in magnitude and opposite in sign; find all the roots. 

[B. U. 1925 Hons /] 


I - fc.-^ ^ 5L *--* >■ 

i__V 

O !♦ 

_ A ^ i 


•IS ^ -t «x% V f-'l 

<40 » V- - 


3 1 =-.r 








M.«r 


M» «tc-4/'-' SA4, J*>t, Ur • " \<r^l 

tt>tx Cf » £c*' 4.*" > -e i fOfri <M • 

*•<'•*--♦ >t‘' a.*^*, T^ Ii.» ,-T<,. ^ 

'•^.<>'* c. A,A,|«,lpW » «,c*-'VJ.Cc«A--* ■w*i*--<,S«. - c* IT*" 4/. 

61 .*“-^ A M* t ^*-A * ew'- 


A » .J) 


|§ 5 S-y'^ll ] 




Ct'BIC aN’D QUaKTIC K',tUAT10N>?. l.'JI c4 K**-< < 

x}Ai^i.^r I y*4 

« ^ ^_^ ^ 


^ • a ^ t/>vn r I i 

5 0 . Cubic and Quartic Equations* 

* 

We know that the roots of the (general er^iiation of tlie 2nil 
ax--\-hx + c = <i, nre {^iven by the formulae ' 

['^± V(ft^-4«r)];2«. 

By substituti-fr for «, i>, c, we may obtain the roots of any .maclra . t/ 

7 Similar formulae are obtained for the roots of e.innl j^n-; pf'Th.j 

Hrd and 4th dejjrees below. ^ ^ «■’ ^A'^ + iJa?-< ^H*, 0 


5 8 I. We have seen (§ o (U1, /^vn«/,/e 8) timt l,y ine. easi,,..si.,»'- 
the ronts of any „„hic hy a snitahle quantity, we can .•...hieo it to a5>ri,'’~ 

^-SVT'Heneewe.nayatte,up;r'--'^ 

,_. ^"7*^ erenu-ality, the so hit ion of the eqnatjm,'liven in 

o -3aft.v+a» + i3= (., + „+,,) + + ,- 

where „• ,s a eomph.x enho root of nnity^ " (^',41 1 ) ’ ' 

X>)w. assnmins: the identity, ( 5 .^411 

an,l ejnatinif H,e e .effle.ents 6f l ike non-evs ”e Imve , - - ' ' ' 

•^7 = “3rt^ ,.flnd r = a34_p - - --' H^.Jc^c 

-.aj and ?n;e th^e roots_oftl ^„n^^ ... 

of wlneh are V the roots 

TVse are^4e oWs/ofT 

theses, whose probnet V/,, -hv / and J 1 . tL 

>»»,ri,„^’''‘ >'oots of the' ^iven eq^on are ^ ill’--o- us- 




‘aajjLl ise theiii in nra e,,.... r,... ''«’'•'■ •■«n<ly 

5-8 , , SoiZwehavTi^poa'd^il^v> V:;irZ:r 

They rvinM K« . ^ ' ^|o I estviftt^ons noon ti rttirl - 


'■“r'Jr :• T»- 


1C. 







4 
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algebraic equations (part I) 


i. «wC Cu*.«%~ 


[ § 5-811 


they appear to be cjinplex. This ease is not 
therefore prove it formally. 

Since r-4-4^*<0, q must be negati»'e; .*. -r-74y-*<l . 




beipiis; \ve 

% 


*u. ,*j 


,Henee, it is possible to find an acate angle . 0 such that 

(i9- .V A 

iMakin^ this substitntion for r in the roots (5), we have 

= ~(-q ) - [ros ■}($ + + coshG-isinl^Q] = -2 (-^) -co<^0 ■ 

Remembering that «' = er)3HTC + /sininc (se°§ 5*411), we got 
similar ly n-'7 t 

Ws^(g4-2Tc)amWff>‘^-rmc = -2(-(7)-eosKg + 4ic).-^'' 


The expression r--^4q‘^ is called the flis'^riinhuini of th^ nihh' 





fiff 

TTLi^ 


1 - i 


^ Assuming the identity .v‘’-Gv + 9sA*-^-3a3.VT-a^+7»-’v 
,e have ah — % and a‘'+6'^ = f). 

N 

. n-\ are the roots of /^-9/ + 8= (^-l)(/'8) =0. Hem^e a^, 3^* ate 
and 8: .*. a, b are equal to 1, 2; and since the product of these 
ube roots is 2, the ro>ts of the given equation are 

= V "7 -"o' 

Example 2. Solve the v.j 

Dim inishing the roots of the equation by 1, (§ 5 641 AjIo^p^ -t) 

it reduces to the reqxiired form x'^ + Gx-7 = 0. Assuming the identity 

x^*-hGx-7 = x'^-3abx+a^ + b^, 
we have ah = -'l and + —-7. 

/. a', fy^ are the roots of ^'4-7/-8= (tH-8)(^''l) =9; 

.*. a'*, cf^ are e«iual to -8, 1; •'• a, h are equal to —2, 1. 
tlie product of these cube roots is-2, the roots of the transformed 
cubic are 1, 2/r--(e, tw-w-. 

Hence the roots of the original cubic are 

2 , l-ie4r2H'‘7 lH-2K-*e‘7 , . 

Example. 3. S >lve the equation a'"-3.v + 1 = 0. 


Since 


t 



A/ 
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H'M’O 7 — —1 and >• = 1. Honce t bi^ (listUMiniiian t —1-4 = -3 
is n*>^ativt> . Applying therfore (III) of §.'3*811, wj* get tlio roots 

_,-2cosi^,-2cosi(^ + 2'ic) . -2cos^(^ + 'l'lC^ 
wbei'e ^is givtm bv cos5^“l/2/. — GO'^. ... .. 

r ^ l>c<.«fr Tw» <..»< 

^ Examnl^ 4. If ;r'* + 3/Jjr + 7 = 0 wan be pnt into the foi in 

/{{x-hy^ = iix^y^. prove that a. h sati.sfy^j>t- + <7?-;i-~0. cj./ji.' 

S,)lve tbe eqi^ion .a:-*-24x4-72 = 0. 

/ By hypothesis, we have the identity, _ ^ _ 

/ x'^’¥^px-\-q= {a-h)~'^[a{x-by-^-bix-a)'^Y - « 

= x‘'^-^ahx-y((0{a-\-h). o^~*> 

I ah = -/ and ab{a’\-h)=q ; so tbat a-H6 ■ 

\ Hehee a,b are the roots of pf’-\-qt-p- = i). 

In the ease of the equation 24.v 4-72 = 0 are < leterinined by , 
the given equation (?an b'* tlirown into tli > from 


•.-<r 


Hen 


or bv 


15“ th e re mirel roots are xiven by 

2(.v-l) = (.r-8). 2{x-J)^(x-H)tr, 2{x-\) ^{x-i^)tr\ 

-G. 2-2m\ 2-2ie'^ 


We have (implicitlj) assumed that are unequal 
r + 4A’?^0. When/-4-4p^ = 0 the given equation has tw 


% 




roots by (II) of §5’811. 

lA t * 


ual and so 
two equal 


*■’'r ** 7?x<z/ 

'Aa ^i-TL 

'Qplve the cubic equationjs: 


v!*V ^ 

- _3-i- t * *■ t 

I (In 2. and 3. w denotes a eimplex enbe root of unity.) 

.4. .r3 + 6;r + 7 = 0. 5. *^ + 2x- + 2r + l = 0. G, ;r:.-2iL9=o 

+ ' = 8. x-' + Gx-^ + nx + 6 = 0. 

^■' + hx-9 = u. 10. ;t-:*-12;r4-64 = 0. 

11. a-^-Ga- 4-4 = 0. 12. A j*-3?*“a:4-2PcQs^ = 0. - < 

Prove the identitin^- f s■^ 


_ _^ u7*^^’^ + 6a:‘’4-l = 0. 

** + (.^-9 = 0. 

11. A-^-Ga:4-4 = 0. 


Pzove the identities: 

C .N 3 H. . 4 ^ 1 :, + 9 = (^' + 2.3icos 

‘ V*+2-3ijos,qx)(x + 2.34eos}|ic) 




[ § 5'82 


Ao,% J 

' tu - .^34V‘^4'-*^<^yAU^EBRAIC EQUATIONS (P\KT 1 ) 

14. x3-i-6x--h9x + -^os^ - [x+4Jo^-^/,] [^+4eos4 (p+Tc)J 

X [.r + 4«o.s-ii(/-'7c)]. 

Kxpress the as the sum or differeneeof 

two (tu)>es: '^i.c^-c‘t-u=o ^.Ce‘-»u\e'* 0 »o 

la. .t^-br-b. 16. 2 r'* + g,c 2 + l.->i: + 9. 

17. 9.1-3+ 18,r=>- + 18ry- +92/3 

, -Y* "ttempt thrso/Stiiffl oTth^e sraeraTflV^ 

J^^=’^^quation of The fourth degree, 

)»./ ? ;j; \ -1H ^ - o ^ ^ ^ 

Jg (.jjsiiy seen that the einafioa (if is ejuivalent to 

».c^ Wx K* pr*p^ (.r^4--Jrt.v2 = ,r-(2>'+ irt"ft) +.v(< 7 j-c) (2) 

for all values of y. Now ehoose y so that the right hand ijuadratie 
expression of (2) beiomes a perfect soimre. // imist therefore 
satisfy the cubic 

(^//-f)“ = 4(2i/ + ia-V;)(j--S0/:"VG^ (3) 

This cubic can be solved always, by the method of § o'8I, or 
occasionall y, by inspection . 

Substituting one of the roots, say, I of equation (3) ineination 

(2). the latter reduces to the form 

(■V~4-^a-t' + /)^— (mx + ft)~. (41 

•« ^ . From (4), we see that (1) is equivalent to the two quadrali-' 

(e.te./ ‘ — ‘ 

equations 

x* 4* Ju.v + / = fax -Hand v- + ^ax + / — ~mx-n. (5) 

Solving these (luadraties, we obtain the solution of the given 

m!’" »( V-B-vf.X .53 

HxampU. 1. Solve v* + 2u:'* + 9v-+ 8^4*7 = 0. 

The given equation is equivalent to 

(v24-a4-j/)2=.v^(2i/-8)+v(2f/-8)4-j'^7 

The right hand qnadratic expression of (1), I’t^nces to a 
sniiareif (2>'-8)3=4(2j'-8) 7 (2) 

Now one of the roots of (2) is clearly—1 
this value of y in (1), we reduce it to 

(x-J+.v 4 - 4)2 = 9 . 

The equation (3) is equivalent to 

v- + x4-4 = 3 and ic-4-ir+4 = -3} 




( 1 ) 


Substituting 


( 3 ) 


1 ^*--^ X-AJ *■* - — ( 2 . JC - > -->(l,x-n) 

K»-^ K<l'iiV’ 3 ) ~2 » o Of 

^ J 


/i SO 


~i * zc^i X tyj 


y*. & 
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or to aii'l a*' + a- + 7==0. (4) 

Now the roots oP these (jnadratie eijuations are 
(-l=t/ V3)/2 and (-1 =f 3/ Va)/2. 

T he stnJeut sh inld satisfy himself that he the sain" set 
of roots, hy usiu'T the remaining two'rrfets of (2). 

F^xampy 2. Bxhihit the quartie .v*-8.v'^H-15v* + 4.v-2 as a 
differenceof srmares in three'^ftfeTeht wavs . [B. U. 291P Pfoblems]. 
We have the identity 

jri-8x'»+15;c^ + 4,r-2={.v^-4a:+y)-i 

~(-V- H- 'lyx^-^yx +y- -4x + 2) (1) 

Now choose y so that x-(H-2y)-x(«y4-4) +y- + 2 is a perfivt 
sinare. y must therefore, satisfy the e luation 

f2+4y)-= (H-2y)(i/--h2). (2) 

One of the roots of (2) is obvionsly-i. The other two 
roots satisfy the quadratic 4(l-H2y) =y’+2 or y’-8y-2==0. 

Hence they are 4+3 V2 and 4-3 v2. 


Substituting these values of y in (1 ^ we have 

x*-3x3 + 15jr-+4A-2 = (y’-4A-4)■--C3/2)' 

= (+ 4 3 V2)-i-[ (>/G =F ) U-2) J-- 

Fxamph 3, IfJhee(iaati^;i*+:6ny^+4^^ can be wri. 

Jten m the form . show that a^+b'^^ac'^^ 

and that m and ?t are roots of ttfe^^equation dz-a*~ = {). 

^ Hence or otherwise solve the equation .r*+12o:'-'+8.v + 6 = 0. 

/ r. ^ 1925 Pi'ohlPmA 

' oy hypothesis, we have the identity" 

xi+Saxi + 4bx + p = [«i (x-n) ^-n {x~m ) 4]/() 

=^x^~Gmn x--\-4: m n {m-\~n)x-m 71 + 71 ^) 

Hence, equating the coefficients of like powers, we have 
rt=-mw: 6= ««{m+;/); and « = -?« 

From these three relations, we have a^-\‘b'-=ae. 

Further, from th e fii :st_twg of them, we have a=-m k and 
-OT+a : hence, m, « satisfy az^'-Y-bz-a^^O, 

^In the case of + 12ar2 4 - 8,v+6 = 0, 

6 =2, and ^=6; hence ^ ^ 

mj^„,s. 2+^2=0. The roots of this are^irT^^^^^;;:; 


[ § 5-85 
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ALGEBRAIC EQUATIONS ( PaRT I ) 


the given e<juation can be pat int> the form 

(.r + 2)* = -2(:r-l)4=^;r-l)4[ejs(2rH-l)Tc + /sm(:.V + l}xl. 

The roots of the given e^juation are therefore given bv 

jr + 2 = 2i(:r-l)[cos(2r + l)iTC + zsin(2r + l)^TrJ,,=,). 1, 2.3. 

Example If an + + i = ^ 

roo^ are a, b, c, jeanlbe put into the form 
prove that 


I. the possible values of 2/ are 

nb-h^d; ac+6^. ad+Ir; b^r 

II. the possible values of 4«' are 

{ad~cdy\ {ac-hd)'\ {ad-(ic)~’, 
and that III. the possible values of 4w- arc 

{a-\-h-c-a)‘^, {a-^^d-b-cXy 

Tii*^ given equation is equivalent t > the t\v > ipiadrutie ni! 

^^+2px-\-/— -f(/«v+«), ( 1 ) 

and .r-+2yjv+/ = - {mx+n). (2) 

If we suppose that a,^ are the roots of (1), then r,7 must Iv 
the roots of (2). 

l->i^ah &n^ l + n = cd-2l^ah + n.l, fin({-2n=^ah-rr. 

= {ab-cd)-. 


Again from (1), -2p+t« =a + 6 and from (2), -2p~m^c-^ d 
•*• 2m = {a +b-c—d) \ 4w/-— {a-\-b~c-d)-. 

There are two other ways of distributing the four i^oots betwein 
the equations (1) and (2). Corresponding to these ways, we get 
two more possible values for each of 2/, 4«^ and ^m~. 

5'83. The student must have noticed that the solution of a 
quadratic depends upon that of a simple equation, that of a cubic, 
on the solution of a quadratic and the solution of a biquadi’ntic, upon 
that of a cubic. Mathematicians were thus led to hope that the 
solution of the oth degree could be effected by sohdng an au.riliary 
biquadi atic equation. They were however surprisf'd to find that 
the solution denended upon »hat of an e nnation of the sixth degree . 
The problem of obtaining an algebraic solution involving a 
finite number of algebraic operations, of equations of the fifth and 
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higher digrees, was finally disposed of, by Abel (1802-18211), a bri¬ 
lliant Norwegian Mathematician. He proves that no smdi solution 
exists. 


Examples. V. 1 

fcx)lve the equations: 

I. + l = 2. x^~x^-x-l=0. 

3. :v^-5A.-^-|“5.ir- + 5:c-G = 0, 4. x*~H i x^t-x--:i i x~'> = o 

Exhibit each of the following polynomiahs in the form of the 

sum or dlfteren<re of two in three ways: 

o. x*+x-^-2x. 0, x^-\-2x-^ + 2x^-\‘4x-i 

7. x*+4z^+2x^ + ijc+l. s. x*-.x< + 7x^+tix-8. 

9. (Ar+1) (x + :i) (A.-H-3J {x-i- 4). 

Solve the simultaneous equations: 

10 . x’-2xj>-3y ^+ 3y 4-1 = 0=x--y^ + 2x~Hy +1 

II, ^ + v/^-3;vj/-fl = 0-Ar^i,:i + 3;t'-2y + l. . 


j 

I 






Exaw/j/fs. V. m. 

1. Prove that (2x +1 l^“‘-4x-^- 4^-1 u divisible by 

^(■^+i)(2x+iy-i. 

Find the quotient. 

3 . Prove that xM+xJ+x. x«’>-^>+x^+i ^)n+- 4 . ,, 

are divisible by Fin^"*”* '•-•••• "b-^^+l 

{»b « are any integers.) ' ' -zr^, o 


4. Prove that the remaiudePwEfe 

(:r2 + :r)k+(i4_^)k + ^^^., ^ 

I .0 • ^ ' 


j'n’eyt 


J V.. 


t I I 




is divided by l+jr-H;«r 2 is n nr 8/’-iik 

a multiple of 3. * * a««oidmg as /• is not, or is 

5- Establish the identitv 

= /(x) + (x-a)(x-b)(x'i^) \ T^~ - 

^ } {a-~6)(a-cy^ 

'-J-.#*' -u ^ nh) /(^) 


(5 


18 
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ALGEBRAIC EQUATIONS ( PART I ) 


6 . Establish the identity 


X a a a 

tt h li 3 

b h Vc = u-.)u-+V;";+.), 

c C C X 

loe, • , 

Cf. sJi.ci. tC S^Syf.,^ -JO v-^ - 

7. If fl+6-|-e=0, then 4(a7^-^^7+^7) » 2 

Dedue^the identities 
4[(>'-2)^+ (5-a')^+(a'-v)^J 

= 7{y-2)(2-x) {x-y)[{y-zy^-\- U-xYi-^ (x-tjy^y. 

4[ jy^( 7 4- i/"(3-A') 7+ ^77 ] 

= 7xyz(y-s) (z-x) (x-y) [xHy- z)--^yH 2 -xy^-Y 2 ^{x-yy^T^, 

«f. 

8. 7ta-\-h-\-c-\‘fl-\-e—a~^+b~^-\-c~^-\-d~'^-\re~^ =*0, prove that 

2(a*4-^*+f* + rf*4'e*) = (a-+i‘-4-c- + (/‘-4-^-)-^ 

and 2Crt-^4-6-*+c-*4-rf-*4-e-i) = + + 

9. In a reciprocal equation 

Sm — m 

where Sr denotes the sum of the rth powers of roots; prove the 
converse also. 

10. Show that the sum of the wth powers of the roots of the 

equation is 2'"-l if m<n, 

[ B. V. 1922 Pass. I. J 

[Multiply the equation by x-X. It th*n reduces to 4-1=0. 

^Apply § 5*4 to this equation.] 

11. Rolfts of ;*r‘--2rtA;4-^ = 0 represent the 

vertices of a parallelogram in J;h<r Argand*s diagram. Prove that 

. r-s.'‘v (a~c)(a-~c-~b + d)—0. 

H.ioi ‘ 12. The roots of the cubic x^-hax‘*-hbx+c=^0 represent the 

vertices of an equilateral triangle in Jhe Argand’s diagram. Prove 
that®-!**^ * ' a--3b. 

cnai « ^ Hj I . 

13. The roots of the cubic .v^4"3(ZJ5*^4'36;t'4-r=0 are repx'esen- 
ted in th«^i^ga*xd’s diagram, by three points such that one of them 
bisects the join of the other two. Prove that 2a^-3ab-he =0. 
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14. In Ai-jjand’s digram the roots of the cubic 

:r^ + 3pA-1-^ = 0 

represent the vertices of a''ngbt angled isosceles triangle. Prove 
that 50//^ — 

9 » ^ be the roots of the cubic x^-hax--i-bx + c = 0, 
prove tW ^p-f'g/r + rw’)'* and are the roots of the 

quadratic (2o3-9^ + 27cJt + f^-i-3ft)^ = 0. being a complex 

cube root of unity. 

If I, m are the cube roots of the roots of this quadratic, such 
that their product is rt--36, the given equation can be thrown into 

the form (Sx-\-ay^-Shni3x-{-a)-P~m» = Q. 

Solve the equation 3.r^+9A:-+7jr-4-2 = 0. 

16. In the notation of example 15, prove that rt-i + 6-'c-t-c-a, 
and aS’+dc^-hca- are the roots of the quadratic, 

t- + ( al^-Sc ) t + P-2ad(i + Or* = 0. 

17. If a, 6, <*, tl are the roots of the equation 

^*-hpx^~\-qx--^rx-hs = 0 

prove that ab+rj, ac+hd, aj+bc are the roots of the cnbic 

Hx) = {px-2r)i-[x!-ig) (4j;+p2_4^j ^0 

[Read § 5-82 and Ex'^mpie 4. of the same article ] 

I are 

I. (n^-cd)-!, (M-bd)i, (ad-bc)i-, 

U. (a+6-r-rf)i, {a+d-b-cY^-, 

^‘^-‘)'^+ib-dy^. (a-dY^+{l^cY^. 

IV. (a+o) +(c+d)a. (aH-c)s+(A+d)2, (a+d)2++ 

19. In the same notation, obtain the equation of the sixth 
degr^ whose roots are „i. 

L The equations required in the last two examples are oht«i„..H 
by ^jmple transfonnatioj of the enbic of example H j ^ 

20. If the biquadratic equation ^‘+4axO+cJx2+4«:c+d-,. 
oan be put into the form lx^+ 2 axr-+l(xi+ 2 ax) + 

the form (.x^+ 2 ax+eM^= «“ be thrown into 

5i>lve the equation A;*+4x3+I2x3+I(i;e + 7 = 0 


nonial 




CHAPTEn VI. 

ALGKBRAIC equations, (part II.) 


B»».T XU \ ^ 2 +il’ «-hfre a awl b are real, is a root of /(^^=0 the, 

the conm/ale r,mi,lex uamher wj^is ah^ a rapt . 

..notiSr^fn + Letth, 

luotient ami the ■vinaincler be/=-(.v) and/.r+;„ respeetivelv. II 

s deal' that the efficient in /-(.r) and Ix+m must be all real. 
VVe thus have the identity, 


Putting: (7 + /ft for ;i- in (1), we have, since /(a+/6) =0, 

0==lia-\-il>)-\-m = la~h?n-{-id/. (2) 

Piom (2), efjuating the real and imagfinary parts, we get 

ia-hm^O, W=0: /. / = 0, and = (3) 

Thus the identity (1) reduces to 

f(x)=^[(x-a)^-hd‘~]/='(x). (4) 


From (4) is is obvious that f{x) vanishes for the value a-i/> 

of X. 

Cor. 1. pquatiou of an odd degree with real coefficient^ 
has a re^l root. 


In such an equation, iniagrinary roots occur in cjnjugrate pairs. 
Hence their number must be even. Therefore an equation of an odd 
deofree must have at Iea.st one real root. 

6 11. Ha quadratic surd a-^r where, a and b are rational 
numbers and h is riot a sqn/ire number^ is a root o f /{x) =0, th^H tbe 
conjugate surd a-^b i s also a root of /(x) —0. . 


SKlLir 


Divide /(x ) by (x-a-'^b) (x-a-h y/b) or by (x-a)’^b a nd denote 
the quotient and the remainder by /^(x) and Ix+m. It is clear that 
the coefficients in ff'(x) and Ix-rm must be all rational numbers. 
We thus have the identity, 

fix) = (jtr) -t-lx+m. 


(1) 


§ 6'11 ] QCrXDTlATlC SCRD ROOTS OCCUR IN CONMUOAIB PAIRS HI 


Putting I—a +in (1>, we have, sinee /{ff4-v7#)=0, 

0 = ~+ w( + /V/'- (2) 

.'. + w = 0 anti/ = 0; / = w —0. (3) 

Thus the identity (1) reduees to 

/(.t) = [(x-a)--^] Fix), 

from which, it is clear, that a-^b is also a root of /(.v) =0. 


Examfilr'A. J^otve the er^nation 

Fix) = A- + 2a*-16a-’-24V-* + 15a- 2 - 0. 
it being hnown that 2-V3 is a root. 

By §6’11, 24- V3 must also be a root-of /^(.r) =0. Hence v) 
is divisible by [a'- 24 -(a— 2 -V 3 ) or jc-- 4 a' 4 - 1 . 

We find bv division that the other factor of F (a*) is 

A'’*4-GA24-7a;-2. (1) 

Now we find by inspectio n that the polynomial (1) vanishes 
for a=-2. /. a+ 2 is a factor of (1). The other factor is then 

found by division to be 2 : 24 - 43 ;-l. The roots of the equation are 
therefore given by:r+2 = 0, a''“4a- 4-1 = 0, and Ar2-H4j:-1 = 0. Hence 
the roots of Fix)=0 are »y—vcr> | 

2-V3, 2+V3, -2, -24-V5, -2-V5. 


Example 2. If the coefficients of the equation, 

AT®+rtA:" 4-ft A-^ 4" A"’4“ d^-2 q. 4. / = Q 

are real and the r^s are all complex with equal modnii . then 
c3=a3/2 and de^ahf. [b. U. 1922 Problems'll 

Suppose r is the common modulus. Now the equation whose 
robots are the rootg of the given equation multiplied hv r-i is by 
§5*63, r®A®4-arU-® + 6r*A'*4-cr3A:34-rfr2A;-4-erA*4'/=0. (I) 

Thus the roots of (1) are complex numbers with unity as their 
c ommon modu lus. 

Again the coefficients of (1) are real numbers; heuce by § 6'1 
these complex roots occur in conjugate pairs. 

Now conjugate complex numbers with unit modulus are reci- 

^ ^-ggi^mal equation 

vs 0 oZZ). Therefore we have 

r®=/; ar^ — er; br*^dr- 
Hence we easily have and de=abf 


(2) 


I 
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ALGEBRAIC EQUATIONS (p.\RT H.) [ §§ G'2, G'22, 


Examples, VL a. 

1. Solve the equation = It i*. 

known that i is a root of the equation. 




2. Solve the equation It is 


>1 


known that /+,V2 is a root of the equation- y^^jz^±Li 

< 4 ✓*.) ( X - fx-* V '•VO ill Vl,)* (u^ % *4 ;5 i ^ 

4V* 


S-^tKk 3'“<»Sr 
iiu. 


3. Find the eqnation of least degree with real and rational 
coefficients, one of ite rm^ being 

(ir'^2+\3; (2) V2+i->/3 (3) V2+<f2. 

6'2. Commensurable Roots- /f t/ie leading coefficient o£ 
an equation is unity and all other coefficienis are mteavaL prove 


*“‘*’‘“'*'“7 that it cannot have rational roots that are. not inteaval also 


ie»r 
rt>oC« 




Let the equation be 
/(;t) sjj:“4-^u;““i4'p2*“~-+AP^^“^+--*+Pu-ia^+;in=*0 (1) 

where pi, p-u ••• are integers. Suppose the equation has a root a.b 
where a and h are integers prime to each other; then we have, 
from (1), 


,a 


a 


n—1 


a 


n-2 


a 


n-3 


( 2 ) 


^ + +...+p„=0. 

Multiplying (2) by 6““*, we get 

-a^jb =p ia“ " ^ + p2«'* “ “6+p3a“ +... 4*pn6“'~ * - (3) 

Now the relation (3) is absui'd; for, the right hand member of 
(3) is integral, while the left hand member is a fraction, being 
prime to b. Hence the rational roots of suen an equation muot be 
integral 

6‘2 I. Eurtlver, if the equation f{,x) ~0 of § 6*2, has an integ - 
ral root a . then a is a divisor of the last coefficient pn. 

Since a is a root of f{.x) =0, we have 

a“+Pl<t“”^+/2<J““"+P3^t'^”^+**'+Pn“0* (1) 

(1) may be rewritten thus, 

pn~-a{a}^~^ +pirt“““ + P2rt*^”^+* •• +pD-i)* 

Now a*"^+pia*‘“- + --*+pu-i is an integer. Hencepn is divi¬ 
sible by a. 


6*22. To serwhether f{x) = 0 of § 6* 2, has any rational ro^ , 
we have only to try the divisors of p,,. To examine any equation 
for rational roots, we transform it, by § 5*63, into an equation in 
which the leading or the first coefficient is unity and a ll oth ^y 




iJ * ® “ c 

t o u -2-fr Kst***"*^ 

-3 <. -<1. _ft- ^ *■ ^ -•VC' • 

(i-*• t* o -•) 3 

§5 'S'22-6'31 ] DESCARTEmRCLE OP SIGJJs. 
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coefficients are inte2i'al. and then we see if any of the divisors of 
the last coefficient of the transformed equation satisfy it. 

Example 1. Examine for rational roots the er4nation. 

2163r»-f 2 lex"'*+7‘if-4-11 a: +1 = 0 

Dividing the left hand side of the equation by 216, it reduces to 

^ ^ i ff = 0 

oj. + «0 (1) 

The equation whose roots are 6 times those of (1) is by § 5‘63 

x*-h6x^-l-l2x^--hllx-\-6^0. (2) 

The rational roots of (2) most be integral and they must be 
divisors of 6. Henee the possible rational roots of (2) are 

=*=6. =fc3.=fc2, =*=1. (3) 

Now all coeifiuents of (2) are positive; henee none of the 
positive numbers of the set (3) can be a root. 

It is easy to see by substitntion that-1 is not a root of (2), 

Again by exhibiting (2) in the form. 

^(« + 6 ) +ic( 12 jf-H 0 ) + (x'+- 6 ) = 0 ; 
it is easy to see that-6 is also not a root of (2). While the remain¬ 
ing numbers-2 and-3 satisfy (2). Hence -1/3 and -1/2 are the roots 
of the given equation. 

Examples Vl. b. 

It is known that the following equations have commensurable 
roots. ^^1^ them; 

1. <-43*3+42=0. 2. *-''*-<;*4-7*3-;e3+6*+7=0. 

3. 4v^- 21*3+22*-6 = 0. 4. 4*5-3^’+3*3-7;t+3=0. 

5. There is no rational number whose square is = » 

6-3. In ? numerical equation, written in the noriuar'form, 

m which the right hand side is zero, if a positive sign follows a 
negative one, or if a negative sign follows a positive one, we get a 
change o! aign. Thus in the equation *5_4;i4i+4^2+ 

>^-wn „s,_,. 

/f poaUiae. jcopn of an ej^uation cannot 

Jh« mm^er of eJuinges of ngn vt it, 

m shall hrst shew that if a polynomial is multiplied by a 


4 


« 
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ALGfErBKAIC EQtrATlONS (paKT IIJ 


factor x-a where a is positive, at least one more change of sign is 
introdTieed in the distributed product. For the sake of simplicity^ 
we shall prove it in the case of a partic ular polyno mial; the argu¬ 
ment wilU however, be found perfectly general. 

Let the succession of signs in the given polynomial be 
+ + + — + + . 

It contains live changes of sign. 

Writing only the signs that occur in the process of multiplica¬ 
tion, we have 

1st row. 



+ 

-h 

4- — 

4- 

+ 

— — 4- ■ 



+ 

+ 

+ — 

4- 

4- 

— “ 4- - 

-3 + 



L- 

^ - 


— 


+ 

• • • 

* 




— 4* 


We can'^ite the 

whale*Sn 

\e 2bd row of 

»igus; 


hand, the polyno 


ay be incor 
!Ow can 


,2nd row, 

, ,3rd row. 

/ row. 
>iVthe other 
iete, and hence except the last 
sign, the whole of ^he 3r^'i:^ candot be written down. However, 
we are su re of .^ine^f the si^ in the 4th row. The 1st sign in 
the 4th row^is^bvionW positiv^NoW either there is no term which 
can be writ^n under thh^econd sign ot^he 2nd row, or there is a 

'^erm with negative coeffinj^t arising worn the multiplication of 
two terW with opposite sigliV.^^ bithV case, the corresponding 
sign inZe 4th row is doubtful. sign\n the 4th row corresp- 

Gndii}/tothe3rdsigninthe2nd is similarly indeterminate. 

Either there is no term which can/be written itoder the 4th sign in 
the 2nd row or there is a teriy with a negati^ sign arising as a 
product of two terms with /fontrary signs; i\ either case the 
corresponding sign in the it/ row is negative. The signs in the 
4th row corresponding to /e 5th and 7th signs in the 2nd row are 
similarly + and-; those/corresponding to the 6th and 8th are 
doubtful, while those corresponding to the last three are +, + • 

Thus whenever a positive sign follows a negative one in the 1st row, 

that positive sign persists in the 4th row; similarly if a native 
sign follows a positive one. that negative sign persists in the 4th 
row On the other hand, if there is a continuity of two I'ke signs 
in the 1st row, the corresponding sign_in the 4^ row is doabtfuJ_.^^ 


I • CA 9 


4.1 


•^3 






-r 
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B'nrthei-, 1«st sign in the 4th vow is ..ppositc to tl.e last si«u 
n the 1st vow. It follows, as a e >iise(im'nc.e, fvom the above 
argument, that all the signs in the 4th row, which are not doubtful, 
must be alternately positive and negative or negative and positive- 
X)W we observe that in a suec -ssion of signs with the two e xtrei jm 
opuo.sitm there must be an odd number of changes of sign. 
fWe we conclude that the number of changes of sign in the final 
product must be greater than that in the original polynomial by an 

0(1(1 number. 

Now imagine that the pmauet of all jact^ eorresimiiding to 

negative ami imaginary roots is multiplied out. Every Uim* the 

resulting polynomial is mnltiplieJ by a factor of the form .t'-u 
corresponding to a positive root, an adcjitional odd iinmber of 
changes of sign arc introdnecd. HemlfCtlicrc cannot lu; more posi¬ 
tive roots than there are changes of sign in the c-ination. 

'i\, liud an upper limit to the namber of negative roots of an 
>iuation/(:i)=0. we apply the above theorem to the e-tuation 
^(-r) =0 whose roots, we ka>w, are e paal in magnitude, but oppos¬ 
ite in sign, to those of /(v) =U,(§ 5 GIJ. 


The pr4>.lact of factors eorrespoudiiig to negative roots and 
pairs of conjugate complex roots is of the form, 

II (rt.v + 6) II + 

where a and d are of the same sign. It is clear that if this product 
is distributed the two extreme sign s in the resulting polynomial 
must be alike. Now in a series of signs in which the extreme signs 
are alike, there even number (including zero) of changes of 

sign. It follows that in such a polynomial thi^ number of changes 
of sign must be even. Hence the above rule may be enunciated 

more precisely thus; 

• ^ 

.The 7ni,mbpr of r,lunges of aign hi /{x) either equals, or exceeds 
b y an even 7iMmhe r, the tiumber of positive roots of f{x) =»0 

The theorem gives only an upper limit to the number of real 
roots of an e.'jnation; hence its us e is very innnh limited . 


hxauxpie 1. Prove that the equation A;'-Ar+2 = 0, has at least 
4 imaginary roots. 


19 


146 


ALGEBRAIC EQUATIONS (paRT II.) 


[§ B-31 


The equation has two changes of sign. Henee it cannot have 
move than two p ositi ve roots; while the eqnation(-j:)^-(-j;) +2 = 0, 
or .r^/‘X-2 = 0, has only one positive root. Therefore the given 
equation cani^ have m ore than one n egativ e root (§ 6 31). Now 

the equation is of the 7th degree, hence it must have at least 4 
c omplex roots. 

Example 2. C>nstruct the equation whose roots are the 
squares of the roots, of + 4-^ = 0 aurl or other- 

wise prove that the given equation has 4 complex roots. 

[i9. €/. 1917 //o/m]. 

Suppose a, b, c, d, e ere the roots of the equation; then, denot¬ 
ing X-2x + S by f{x), we have 

f(x) = x^^ + x^+x^-b2x + 3^{x-a)(x-6)(x-c){x-d){x-e). ( 1 ) 

I 

Writing {~x) for x in the identity (1), we have 

f(-x) = {~x-a) ( -x-b) {-x~c) {-x~d) (-.r-e); (2) 

f{x) f{-x) = {x-+sy^-xHx^-\-x^+2y^ 

=-(;r-^-«^) (.r2-6^) ix^c^) {x^-d^) {x^-e^). (3) 

Writing y for x- in (3), we have the identity 

(y + 3)2-+(y2+y + 2)-2s-(y5q_2_>,4+5y3 + 3y2_2^_9) 

=—{y-d^)(y~b-^) (y-e^) {y-d^) . (4) 

Hence, the equation whose roots are b'^, d^, e* is 

y5 + * + oy^+3y-2y-9 = 0. (5) 

Now this equation has only one change of sign . Henee, it has 
at most one positive root. It has therefore four negative or comp¬ 
lex roots at least. Now the square roots of complex and negative 
quantities are complex. Hence the given equation must have at 
least four imaginary roots. Since the equation is of odd degree, the 
remaining fifth root must be real (§ 6*1, cor. 1). Henee the equa¬ 
tion has four complex roots. 

Examples. VI. c. B.'«—=** 

Prove that a:’^- 1 = 0 has only two real roots, 1 and -1. 

Prove that a:-“-i- 1=0 has only one real root, 1. 

Prove that Ar““ + 1 = 0 has no real root. 

Prove that Ar2“+i + l = 0 has only one real root -1. 



« 99 ^ 


Prove that x*^ = 0 has 

roots. - •• i •‘••c -c-oj 

Au. a? 


at least 2»-4 omplex 


m 
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, . „ v2n'i 4-J ir-1 = 0 has one*junl only 

6. prove that the equation X ^ 


one real root. 


T the natme of the roots of x^--+ax- + h-0. a, b 


being real number^.- ' ' - v 

5-4 As r^\ lends to'xero. Ike polynomial of ihe form a™--, 
term is nbsent^ also tends to zero. ' ^ 

Bv?:V 713,' 1 pox"+pi.<“-'+Ai'^': - + - -+fiu-\x\ 

> I POX-1 + 1 P.X--1 + 1 ' 

= 1 Po 1 1 X I -+ 1 />1 1 1x1 I'»>2 1 1 X 1 ■■ -+••• 

+ 1 Pn-1 11^1- (§ 

< A + .+ y?'-+-^) ^ 

where V?- 1 ;r 1 and ^4 is not less than any of the^quantities 

[ po 1 , 1 pi 1 » I 1 »••■’ 1 7>u-l I I V 


ARil-/^) 


i-/e " i->? 

where %^hf(A + h) and h is an arbitrarily small positive quan- 
tity. Thus we prove the theorem. 


The above proof is applicable to the case w_^e 

. , Ait... ^4.^ ...4..^ 1 . 1 / <>. 

represent c omplex quantities also. 

Cor. 1. The .•<iqn of a x.oliniomial 


Ock.rw<a«. C^. < 4 .#^ 


__ 5^4*0. 5‘7i 

/(x)spox“+;>iA:®'* + ..- +Pn-l.V+pn. 


for smalLvahie x of 1 a: 1 , *s governed bji the constant 

U'rnx P n. 

For sufficiently small values of 1 .r 1 , 

I pox:" + plX““*4-p2-^’“”"d" ••• 1 1 Pn I ■ (§6 4). 

For all such values of x the sign of /(z) is clearly the same as 
that of ^n* 

Cor. 2. The. sign of a polynomial 

/(^) — po.r“+Pi^“”' + *-*+Pn» •'•X 

for mffioienily large value s 0/ 1 1 is govetmed hy the sign o f ppx^ . 

We have ^ 

rf ^ — A Tif ^ — +?? ~ 4. 4-^ -A I 

/(x)=Aox"^^l+ ^,+- ^o) 

Now as 1 x 1 increases, 1 1 1 or I 1/x I decreases. 
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ALGEBRAIC EQUATIONS ( TaRT II ) 


l§§ 6-4,G-5 


Therefore by c^r. 1, above, for saii^iently lar?? values of 
I A- I , the sign of 


1+ PI \ 1 , ^ 

Po X Po X- po x'^ po 


is the same as the si^n of I, and S), it is positive. 


Heuee for sufficiently large values of i I , the sign of the 


• ,, * polvnomial is th? siin-? as 

U,* ok my We^. ^ X' .V 

Uor. 3. If f{a) ?^0, thf>n f(a-h ), f[a) ani /('tr + A) h.iv^ tj^ 



sa7no. aign, h f a s^iffidcntly s/n.jll pontiv.> /lumber 
For bv 5 5‘3, we have 


f{a-h)=f(a)-~/(a)+ f"(a)-.... 


and 


7i /i* 

f{a-\'h)=f{a)+ p f'(n) + ^ f'ia). 


i 


Now by cor. 1. ab )ve, the signs of the two right hand poly¬ 
nomials in h, are the same as that of f{a). 

f wcciw ^^, 

4, On the oiker hand, if /(a)=0 , ani f {a)9^0, J{a-h) 


=. ''^dndl'TaVJiav) ot>positf . aig/i'i and f{(i-\rh) and f'{a) hav^ IJ/^sign-i. 


& t I ^ 5 C ( 


The results are obvious from the two expanhon 


h'^ 

/{a-/i)=—hf'{a)-\- 27 


h'^ 




nnd f{a + h)=hf'{a)+ . 

Cor. 5. Any polynomial f{x) is n ronfinuous ftinelion of x. 
We have, by § 5’3, 

{(x + %)-nx)= + f"'(x) + . 

Now for a pai-ticular value of x, the right hand expansion is a 
polynomial in 7i. Hence its numerical value tends to ^ero as 
1 h 1 tends to zero. Thus we see that the absolute value of e 

change in the polynomial./(A + /0-/(^)duetoasmall change, I A 1 in 

the argument a*, can be made as small as we please. Hence 

f[x) is a continuous function of A*. 

6 5. If f{a) and f{b) are of opposite signs, at least one real 

Lif » •“> root of f{x)=0 must He betn-een a and b. ^ ^ ^ 

As X varies from a to b, fjxj 


1 ^ 
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LOCATION OP R<)Ol'S 

F-4*. fir-rT-f * P*? 

Hh) (§ (i'4, (*i)r. 5.) assuming, at Wast o ufr. every vain*- bi-lwefii 
f{a) and /(M- f(.i) and til>) art* of opimSiU- signs, zero lirs 

between them; henee f{x) b* zero, at least miee. for a 

value of X between a and b. > ^ 

For a more general and/igorons proof of this theorem, read 
Hardy’s Pare Mo.ihematks, § 100. *. 

Ojr. 1. If the decree of fix) =0 is (KhL.tlie e.juation has at least 

* * 1 . 

one real root. 


By §G'4e')r. 2. for sufTi<*iently large values of I v I , the 
sign of K.v) is identieal with the sign of the first terra. Now the 
first terra is an odd power of x. H -rare its sign for a nuineri.-ally 
large negative value of a* must be'ditferent from that for a nunieri- 
(•ally large positive value. Therefore by the above theorem, at lea.st 
one root of the equation /'.v) =0 must bo between these values of x 
(r. /■ § G’l, eor. 1.) 


Cor. 2. /f thp. degree of f{x) —0 in ecea <iud the le adinji cor f/i. 
exen i and f/*® con atani ter m have ^ian s (he e.qxxaiiQU han at 

leant fivo x'eal roots 

By § G'4, e)r, 2, it is easy to s<*e that^thei^/(-« ) and f( « ) 
are both positive and /(O) is then negative; or that /(- « ), /( « ) 
are both negative and/(O) is positive. lueitber ease, the equation 
has at least one negative root and one positive root. 


t<K Vi i 

• -*f .t 


Example 1. Show that the roots of the eijuation /^-ri.v-lO —0 
are all real and locate them between paiv.s of eonseentive integers. 

\_B. U. 1914 Pans 1.] 

Denote a'3-12a- 10 by f{x ). Then by patting /(.t) into the form 
j{x)^x{x‘^-15) + (3A-10),it is easily seen that for values of x equal 
to and g reater Jhen 4, /(a) is p ositive. Hence the equation lias no 
root greater than 4. Substitnting successively values 4, 3, 2. 1. 0, F-V. C.//' 
-1, -2,... for X in the equation, we have 

^(4)=6i /(3)=-19; /(2)=-2G; /(I) =-21 /(O)-10; /(-1)=1 

/(-2)=6; /(-3)=-l. 

Thus, roots of the equation lie between -3 and -2, -1 and 0, 
and 3 and 4. 
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algebraic equations (FAirr ii) 


[ § 6-51 


« 

c. fa. fc 65 I. If K^) and /(P^) hace onposiie sign s, then an 

__ niiniher ot roofa of f{x) =0 He between ^ and p. 

a, b, Cy.-.k, Z, be the roots lyiu^ between CL and P, Suppose 

further that Ct <a<b<c..^k<l<^ then we have the identity 

f{x)^{30-a){x-b)...{x-l) I^{x) (1) 

where F{x) is the product of factors corresponding to the pairs of 
conjugate complex roots C§ f>-l) and to the real roots that lie out¬ 
side the range between Ct and P. 

Now putting Ct and P in (1) > we have 

/(a =ta-a)(a-6)(a-^)...(ct^zJ/='iGt); (2) 

/(P)=(P'a)(M P-<^)—CP-0 (3) 

Since /(ct) and Z(P) have opposite signs and A^-), /'(P). hke 
signs,* it follows that the products 

(a-a) (a-6) (a-f)... (a-A-) (a-/), W 

and (P-a)(P'i^)(p-r)...(P'A)(p-Z) 

have opposite signs. Now are all positive, 

while Ct-a, Ct-Z»,...(Ct-Z)are all negative. Hence the number of 
factors in (4) and therefore the number of (juantieso, 3,-.-must be 

odd. 


( 4 > 


We may similarly prove that, if fW and f(P) have the same 

■ aiieyennnmbeiLofraSits. lie between Ct and P. 

'~°~’a 11 these results can be verified intnitjv^ly bj an appeal to 

the granh of the function f{xX. -----^^ 

71 N^ pairs of conjugate complex roots give rise h> ^ 

factors of the form A[(.v-/)^ + .«^]. Such factors clearly vetam 
the same sign for all real values of ;r. Similarly a factor of the 
formbU-li) where/> does not lie between « an P. has the same 
aign for values Ot and P of ir. Heuee the sign ot /(*) is the same 

for values ^ and P of x. _____ 


F:iample. 1. Prove'^jtiilt'the roots of the cubic 


(a:-l)(;r-5) (x-3) + 2(x-2) (x-4)(x-0)^0 


are all real 


§G-6l 


roi.lf/s thkobrm 
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Denote the left hand member of the agination by f{x) ; th< n we 

easily have, , j. 

/(I) =-30; /{'2)=3. /(3)=G, /(4)= /^(5) = -G ami /(fi) - lo. 

Hence 3 of tbe roots are real. Since the eiinaliou is a cubic it 
.•Bnnot have move than three voota. Hence tlie result. 

6 ' 6 . /^ctucpn fvcry Itro^real roots of fix), t&ftr ts a 

one veal >'oot of f'ix) =0. - ^-T*^ y 

Let a and b be two conseentive roots of the eijuation /(.t ) =0, 

repeated;» and « times, and let(j;( ir) be the product of factors 
corresponding to the remaining roots. We have thus the identity 

fir) = (o:-rt)i'(.v-/))'bJ) (.v). ( D 

Differentiating this identity (§ V31), wi* liave another identity 
/'(v) 3 ) (^-a) f J* <^)^'(^)] 

“ {x-a ) 1'" Ha*-/*) Tsay. (2) 

N >w Fia) and F{h) - gih'a)fifid). (3) 

yinoeand have ^kesigns fSeeN. B- ^ 6 ol), from 

(3), we conclude that / (a) and 'F{d) have opposite signs. Hence 
by § 6*51, Fix) and theJ^ore f(x) must vanish for an odd number 
of values of x lying b^ween a and d, Hence the theorem is pioved. 

A simnlewerifieation of the theorem can be obtained by refer* 
ring to/fnej^raji^ of fix). This theorem is nttribnted to Kolle* 
more general result applicable to all continuous functions, 

-ead Hardy's 'Pure Mathpuieflcs' § 121, Theorem B. 

•fc I 

(Jor. 1. /f all the roots of fix)=0 are rea/^ then those of 
f'ix) =0 are also all real and they separate those of f{x) = 0. 

Since all the « roots of/(;v) —0, are real n-1 of those of /'ey) =0 
must be real. Now =0 being of the n-l th dogree, can not 
have i^ore than «-l roots. Hence all the roots of f^ix)—0 are 
That the. roots of fix)=0 separate those of /{x) =0 follows 

-thefact that between every two roots of f{x}=6 there exists 

at least one root of /'(x) =0Applying the same argument to ' 
f' (x) =0, we find that all the roots of f*'ix) =0 must be real and^^ 
must separate those of f'ix) =0. R epeating the argument, we have 
a series of equations tix)^0, f'ix) =0, f'ix) =0...such that each of 
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them has all its roots real and separates those of the equation tliat 
immediately precedes it. 

Cor. 2. If f'{x) =0 haa r real roofs, Ihfit f{x) = fdcnji uot have 
more than r+1 teal tools. 

For it7(;rl =U have more thanr^iW roots, f'ix) = 0 would have 
more than r real roots which is inconsistent with the liypothesis. 

fixatnple 1. Determine for what range of munerieal values of 
the roots of 2ji'-^-yA'- + 12A'-X’ = 0 are all real. 

[B. V. 1924 Pass I.] 

Denote 2 a''- 9.V“ +12.V-A- by f{x)‘, then the roots of 
/'(.r ) = G-v--18j^ + 12 = 0 are 2 and 1. 

Now /(-“), /(I), /(2) and («), where « represents as u.sna^ 
a sufficiently large number, are respectively (§ C‘4, cor. 2.) 

-re, 5-A-, 4-/', +re. (1) 

Since the roots of f{x) are all real, and tho.se of f'{x) =(> 
separate them, § G‘o requires that the signs of quantities (1) should 
alternately change. 

5-A* > 0 and 4--A: < 0 A-must lie between 4 and 5. \Vhen 

9 

,A' is eithe r 4 or 5. the given equation, as we shall show later on 
(§ G’7), has a pair of equal root s and so all its roots are real in 
this case also. 

Example 2. Show that ail the roots of the following e(juatiou 
are real 

(« + 2 ) (?;+ 1 ) 

^ 1! II 2! 2! 

+ (-)n (2»)(2«-l).. .( « + 2)(« + l) ^.n-n 

n\ 

[ B. U. 1916 Hons J 

Denoting the left hand member of the equation by /(a), it is 
easy to prove the identity 

wl dX^' 

Now all the^roots of the equation .i:“(l-;c)“ = 0 are real ami 
equal to either zero or one. Hence hy §6.6, or. t. all the roots 
of /{x) =0 are real and lie between zero and one. 


rolle’s theorem. 
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5 G*6 ] 


jfixa?nph 3. Show thtit the equation 

f —1+ - + + —+...+ ■; —0 

tu\x) ]l 21 31 


has one real root if « is odd and none if « is even. 

=0 has one real root -1. 

/-)(v) =0 has obviously no real root. 

/:,(;^)=0 is an equation of odd degree ; so k must have at ^ 

least one real r .ot 1). Further /a'(.v)3/,(^) =0, has 

no real root. Henee by §G.G, eor. 2. /a(.v)=C. eanuot have more 
than oner-alroot. So h(x) =0has one and only one real root, e say 




Now /' 4 (.v) = /;i(.v) =0 has only one real root e. Therefore 

f^(x) =0 eau not have more than two real roots. Again, by § 0 4, 

eor.2, /(-cc ) is positive;/ 4 (r) =/3(e)+|| = || = a positive .p.antity; 

also // “ ) is positive by §0.4 aor. 2. Henee (Ax) =0 has no real 
root. In this way it is easy to establish the theorem for all values 


of X. 

This example is taken from Hardy’s Pure Mathematics, page 
39^, example 39. where a proof on similar lines U suggested. 

Example 4. Prove that if /(.v) is a polynomial in x all of 
whose roots a, b, c,.../ are real and distinct, then the roots of 


Fix) = fix) 




.y.u 
t09 —- 


^ x-a ' x-h x-c 
where A, B, C,--., L are constants all of which have the same sign, 

are also all real and distinct and separate those of/(.r)-=0 and 
conversely that any polynomia l whose degree is less by one 

than that of fix) and whose roots are real and distinct and separate 

those of fix) =0 can be expressed in this form in one and only one 

\^B. V. 1923 Hans /. ] 

Suppose a, ft, ^re arranged in the descending order 

of magnitude, then by §5.Stwe have 

(a) = ft ia-b) ia-c ). ■. (a-/), 
f'(ft) = ft(ft-a)(ft-(r)...(ft-0. 

f'(c) = ft(c-a)(c-ft)...(cW). 
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where k is some constant. We see at once from these equations that 

are alternately positive and negative or 
negative and positive. Now 

F{h)=B/'(b); Bin)=Cf'(c) . 

and C,...are of the same sign; hene? /^(n), F{d), Fic)--- 

are alternately positive and negative. Therefore the roots of the 
equation F{x) =0 lie between a and d-, h and c, e and d; and soon. 

To prove the converse theorem, we observe that F{x) can be 
put into the form, 

f(x) \ ^+~^+-^ + ...+-^ i . 

^ x-a X ■ 0 x-c x~L ) 

The assumption is legitimate; for the number of quantities A, 
B, ...is equal to the number of terras in F {x), and so by equating 
the coefficients of like powers of at, we get sufficient number of linear 
equations to determine them uniquely. Now by §5*3, F{a) yBih), 
^(c),...are equal to Af'{a), respectively. 

Since a, ^ c,... are the roots of /(at) =0 arranged in descend¬ 
ing order of magnitude, /(a), /^(^)» are alternately posi¬ 

tive and negative. Again the roots of P (a:) =0 separate those of 
f{x)=Q\ therefore, F{a), i e. (a). are alter¬ 

nately positive and negative. Hence B, C,... must be of the 
same sign. 




4 - — 


Examples VI. d. 

ProWtfiat the roots of the following equations are all real: 


1. Ar3-3A:-1==0. 2. a:M2a:- 15 = 0. 3. 4a:a-6Ar2 + l-0. 






6. If all the roots of the equation 2 Ar'’ + 3A:2-36;i + c-0 are 

real, prove that -8iy^c>44. 

7. Dptermine graphical ly or otherwise for what values of / 




•1 ^ ^ 

§§ 6-7-6-72 ] MOLTIP.-F, ROOTS. 

than\vee veal roots and that when it has three real roots r-l>0^ 
l‘(} ''’The roots of the enbic *^' + 3fc.- + r = 0 are all real .( 

c^ + 4&'‘'>0. 

11. The roots of the enbie 2x-* + ;WHc = 0 are all real if 




12. Show that the equation J;£to^+* = 0 h»>* one ao.l 

„., ro,. du,„«... 

6-7. '^E-qua'IWs. n a is a yool {not necessarily rea() ef 

/(*, = IJ rrpraleU r tunes, then it h also a root of I'M =0 repeated ~^ u~^ 
r-\ times. 

Since a is a repeated ro.ot of the eth order, fix) can he 
expressed in the form 

{{x)^{x'aYF{x), vl) 

whore f(x) is the prodnet of factojs oorresponding to the pmain- 
ing roots of the eiuation. DiCfereWiatin g (1), we have, by § 5'31, 

/'(*) = [r/^(*) + (o:-a)/^(j;)]. .(2) 

Since r/^(or) + (.i:-a)7=’(o;) is clearly a polynomial, it is 
obvious from (2)that /'(o;)is divisible by lx-a)'-y a is therefore a 
rootof/^(x)=0 r epeated r~l tini^ . 






6'7 1. Applying this theorem to /(a')— 0, we find that a 
m\istbearooto£f'n;t')=0repeated?-2 times. Similarly a is a 
root of f^ix) =0 repeated i-3 times and so on . 

6*7 2, Conversely, if f(a) =/"(a) = = (a) =0, 

then a is a root of f{x)-Q repeated r times. 

By writing ;e-^orXand a for x in the identity of §5'3, 

we have n // \ i m _\ . 


{x-a) 




fia-]rx~a)= f{x)=f{a)-\- ,j /^(a)4- 21 


+^-^V-na)+... 


( 1 ) 


Now /(a) =/'(a) = ... = 0 

(1) rednaes to f{x) = (jr-a)*' F{x), where F{x) is a 
polynomial. Hence « is a repeated root of /(x) =0 of therth order 


15G 


ALGEBRAIC EQUATIONS (p.\RT II.) 


[ § 672 


Exami>le\. One root of A'5-39.r'^ + 104,r--28A-80 = 0 is 

-4+Vll and two others are equal to one another. S>lve the equation 

[/?. U. 1920 Hons. 1] 

By §6 11. -4-^'^lis also a root of the equation. Therefore 
(Ar + 4-Vll) (V + 4+ Vll) or x-d-S.v + o is a fa.*!or of 

.r"*-391-3+104.C'-28.v-80. 

B y divis ion, the other faetor is found to be a:3-8ar3 + 2UAr-lG. 

By bypothesis^‘3-8a;- + 20.r-16 has a repeated factor, therefore 
it must be a^ factor of its derived function 3 a*--16x+ 20, the 
142 . .J'f K.*-- faetoi^ pf Tvliich are x~% 3x'10. [By substitution, 2 is found to be 

of a‘3-8x- + 20.v- 16 = 0, and therefore it must be its repeated 
rootJ By considerino: the .«nm of the roots of this cubic, the 3rd. 
root is found to be 4. Thus the roots of the given equation are 

2, 2, 4, -4-Vll, -4-bVll. 






Example 2. Factorise the polynomial 

f{x)=x'^-x^-2x^+2x^-\-x-\ 

without solving the equation f{x) =0. It is known that the equation 
has repeated roots. 

By § 6 7, f{x)=Q and f{x)=0 must have common roots; 
therefore /(a*) and f'{x) must have common factors. 


Now the H. C. F. of f{x) and {'{x) is x*-x^-x-\-l. Denote 
it by fi{x). If/i(A:) has any repeated factors, they must be 
common toand//( a:). The//". C. E of these two polyno¬ 

mials is at-I. Therefore (at-I)- is a factor of /i(a:). The other 
factor of /i(a:) is easily found to be a:- + at +1 

/,(.r) = (Ar-l)‘^(;r-+A-M). 


Now/i(.v) is a common factor of f{x) and f^(x). Therefore 

Ca:-l)3(Ar- + A:-f-l)3 must be a factor of /(-^). 

Since /(x) is of the 7th degree it cannot have any more factors; 
hence /(at) = (a -1 )3(j:-*+.r+l)2. 

In this way it is possible to throw any polynomial f{x) into 


the form 
by means 


# 

of elementary algebraical p iLOcesses o nly. 

(-. f. B. U. 1919 Hons. 




X » 
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Example 3. Sll» ^y tliat 

to* 


[fiH.E R^ors.s* 

if a^r^ + S^j-' + Hr-x + ^/^Olms two (‘qiuil 

s^tKK yfft* 


MUI 


<>)-= «<x. 

»•» /«.-!<-«• 157 


roots, they areSftijh to i — 77 ^<^17^-^!- J 


The factor corresM^^' to the repeated root must lie eoiii- 
mon to aj--' + 3 ^j‘' + 3rx + ^ra^its derived fiinetion :irt.v-+ G/u'+ :U. 

Hence it is a factor of 

4 .+ ri-x + 2d'^M i. ". of /i.v- + 2 rr -hd, 

ivpeated tS !s thi^'the coiiiiuf^ actor ot 

and ^A''+2cA + rf. It is therefoi-e a factor of “ 






a-Hax^ + 2hx.+c)-b~Hbx--b2cx-Li)i.e,ot2xi6a-^-ch >)+ra ^-d^U 

Hence the repeated factor of \rtX^4-3ix'- + drA‘d-r/ is given 1)> 

2x{h‘--ac) + \rh~a(i). 

.'. One of the equal roots of ’the given equation is 

{hc-a(i)!2(d^-h-). 

Example 4. Prove that there lii-e three values of ^ for which 

the equation a.v^ + 3/ix^ + 3f;t-4-.^-0 hhs e pial roots; if i--> = nV; two 

of these values coincide and the third i^^- of either. 

[ B. V. 1921, hons. I] 


Prom example 3 obove, the repeated\^Js^^en ^ 


, the necessary condition for repeated^roots is 
{bd~c-){ac-b-)~{hc~ad)~. ^ ( 


Eliminating x 

4 {bd~c-){ac-b-)~{bc~ad)~. ^ (1) 

Now (1) is a cubic in c; hence the given equation has equal 
roots for three values of c. Putting in (1), we have 

4 C^*'aV) (ac-&-)= ( 2 ) 

t* ♦.«)-♦“ 4**u * -o 

Two of the roots of this cubic in c are each obviously equal to 
b'-la; the remaining is then seen to be -56'V4u. 

Examples. VI. e. 

The following equations are known to h.ive equal roots; solve 
them: 

(1) ;e«-6;t-2 + 8x-3.-0. 

(3) 4r5-15x3-5;c- + 15;v 


Ac-ij *•«) M.t.i 

(2) Ar*-llA:2 + 12*+4==0. 


•'i- 


U 0 -i- i« *1 *4 1 

>-“ 0 -^ Sr 


/« 4 ' aa 3 b 

’oo 

(.^ »C<ft 

r\ I-J-l-y 

y f> a 


1 « * • A. «M 



4 (5 a cy»>) 




b4 








15S 


_ - h^ h* 

K-i 

ALGEBRAIC Ei^UATUNS (paRT Ii) 


i 


<w 4 *H 


(6; The necessary and sufBcient condition that the' cubic 
Ar3 + 3y>x + r=0 should have a pair of equal roots is 0. 

V. «in-> 

(7) If the ev^uation Ar + 3aA''-H-3<^A:+c = 0 has a pair of equal 

roots, prove that tlie ratio of either of them to the remaining third 
root is 3 -5- c(2dS-2^*)^ 

(8) If the equation {/i-l)x^-{-npx^~'^-^q~0 has^iSinal roo^s^ 
other than zero, prove that q = { -/>)“ and that the equation giving 
the remaining «-2 roots is 

(?(-l) (tt-2 + («-3 1 «-4 +... — 0. 

(9) Prove.that if ni and fi are positive integers, 

^^.visfel 




K-I 


IS 


rnx 


in+n-;i 


+ ... -\-piX^• ‘--{-n 


B.^?. I laR 




14} 



where if and Pt —(r+ 1)H if r<Ltn. 

[ B. U. 1923 Problems. ] 

6'8. Sturm’s Theorem. 

Assume that the equation /(a) =0 has no repeated —r^s. 
Now apply the process of calculating the highest common fact or to 
fix) and its derived functi^n’Vr(x) with this modification of method 
that the sign of every remainder is to be change d before it is used 
as the next divisor. If the remainders with their signs so changed, 
are hix) M^) Mx)—fnix) these fuctions together with fix) 

aud fiix) are called Sfurtn's fuficiims. 

Ar ,^,*e ^ 4.it.}?/ 

6'8 1. Suppose 9i, ?2, 73 ,---?n-i are thequotientsJ:hat occur in 
the process of calculating Sturm’s functions; then we have the 

identities , ,, x . / w \ (1) 

fix)-gifiix)-f 2 M, 

fiix)=q>f>(x)-hix), (2) 


>4 1 

4^rooC 



M_0 

I o A 

— 'h. 

( 4 

9 O 1 


y 

0 

1 

|0 1 



4- 0 




— 


«f 

$ 

{- nnd- 

fcO 


'Li. 

-X 

tT 


fi-lix) —^rfr(.r) /r+l(^)» 
fn-'iix) =qn~^fn-2ix)-ft\-\My 


ir) 


(«-i) 



0-4^ 




no common factor (§6 7); therefore from the identity 

'r.L__7r7nn7TrWt>';; ■* ^ 






ii - 




Sturm’s theorem 
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6-81, 6-821 STim.M’s THEOREM 

.ay fvom the identity (2). we see that 
/.ra .onnecutivc Sturn. ’. function. f"’’ f' “ 

no e:: J:/ae,J.; theretore - 

3 rd property:-If a real nnmber a is 

St„.nn’s fn—s M.') ->’■ then ^ .’^.....Uude 

neigliboai'ing funetions *^+' 

and opposite in sign; For putting a in the identity 

/r-l(A) —<7r + 

we liave /r-i(^)“ /r+-i(«) 

This relation proves the required propert) . 

6 82 We are now in a position to prove thU>nE£>ll!int 
theorem attributed to Stnrni. It enables ns to deterinine the exind 
^lin^teTof real roots of an equation lying between any two given 


'S 


values ot X. 

The number of real roots of f{x) =0 lying between a and ^ is 
equal to the difference betwee n the nnmber ot changes o sign 
“■^'■(TS-SirntSl series of signs ot f^lM. / 2 (a),.../„ a) and 
the number of changes of sign in the series.of signs of 
f,{6),...foW. where fU)./lU). fsU) .../aU) are the Stu'-m s 

functions of the equation/(ar) =0. The equation f(a:)=0has, ot 

course, no repeated roots. 

* 

We shall examine how the series of signs of the Sturm s 
functions is afifeoted, as we successively substitute values of the 
real variable x in the neighbourhood of some number c. 

Case I. If ^is not a root of any of the equations 

/U-)-0, /i(^)=0, /2(;r)=0,... 

then by §6.4^cor. 3, t he series of signs of 

f{c-h), fi{c-h)t f'iia-h), ^n(c~A), 

is identical with t he series of signs of 

fCg+A), /i(c+70» ^i(cH-70,*-*/ii-i(c + 7i), /u(o + A), 

^ being supposed to be a small positive number. Hence in this 
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ease, the numbers of changes of signs before and after we pass 
through c, are the same. 

Cabell. Now suppose g is a root of one of the intermediate 
equations frix) —0, but not of the given equation fix) —0. 

, We have/r(e) =0; therefore/i—i(c) and/r+i(r) are not^zeTO 
{1st proparty §6'8l). Hence by § 6'4, cor. 3, ft—\ic-h), fr-iic) 
and fr~i{c+h) have the same sig^j^d fr-ri('^"/*) 

also have the same sign. 

Now since /r(r) =0, an^ have opposite signs 

(Jhid property, § 6’8l); therefore in the arrangement of the signs 
of /r-i(.v), frix) and /t+i(Ar) before and after we pass through c 
the extreme signs are opposite; so there is one .change of sign 

before we pass through c and one and only one change of sign after 

< \ 

■+ ^ we pass through c. Thus in this case also, although the^order of' 
~~ *“ •'signs may be disturbed, tlie total number of changes of sign is not 

p]ven if c [/(c) 7*^(0 bea root of two or more intermediate equat- 
ions like fr{x) =0, since it cannot be a root of two consecutive equ- 
V ations (1st property), the number of changes of sign is not affected. 
Case III. Now suppose c is a root of the given equation 
fix) =0. Then l)y^§ 6'4, cor. 4,/(f-7() and hir) have opposite 
signs and/(c4*/() and/i(c) have like signs; again since /i(c)7^0, 
by § 6’4, cor. 3, fi{c-/i) /i(c) and /,(<*+//) have the -same sign. 
Hence,/(c-7*) and/i(ir-70 have opposite signs and f{c+h) and 
/|(c + /i) have like signs. Therefore the signs of/( at) and fiix) 
before we pass through c, are either H— or —h while their signs 
after we pass through c, are either —or + + ; in any case, there 
is a loss of one change of sign. 

We thus conclude that whenever'we pass through a real root 
of /{x) =0 in the positive direction of the real variable x, there is a 
loss of one change of sign and that the loss occurs under no other 
circumstances. Therefore the differejice between the 7iHmber of 
changes of sign in the series of signs of f(a), fi{n) fnia) and 
the 7 imnber of cha7iges of sig7i hi the series of sig7i$ of /(ft), /,(^)-'- 
gives t he exact 7iut7ibe r of 7'eal roots of the eqnatio7i that lie 

between a and b. 







+ M ' 


§ (i-82 1 



Srl'R>' rHKORF.M 


u;i 


+ 4 


Cor. I. 


To obtain fhr total fiionln-r of rot/ rants ot an r./uation 


iU)^Q\cc .Milul,- a nun^-^vicaUu tan,,' >,n,nii>-e n„mbn- a.,da 
um,uyu-aUy lar.j. posiUc- uumh. r, Hun Hu n,.nf .-hnnr^ ol sup, 
lo.^t, gtres the total nitinher uf real roofs. 

Example 1. Cal.-ulate tli.^ Sturm’s functions for tin* .•riuiaion 
^.y-y^- + l=:0 and tind the total numlMn-of real roots. 

Jst method '. Tlic Sturm’s fuu-ti >ns arc easily found to )..• 

^ 4v-l ; and * 

Pnttmir -°°f»v V in th^se funntions, we sjet the series of si^ns 

Patting => f »■ .r in tlie same fnnetions, w.‘ get the series of signs 

+ 4- + + • 

Hence three -hanges of sign are lost and so there are .. real 

roots of tbc et^uation. 

2tt l method -. The sam M-.melusion may be rea-died thus;- 
Dmote -hi hy/(v) ; bh-m /'( v) —-0 has two 


real roots -1, Th ‘s? ro>ts, _liy § « «, seiiamte those of t^iven 
equation. Puttin' s ut/essive ly -t, I , ^for .v in we 

have the series of si^ns 

Henee, hy § S o, the elation has thr s* real roots. 

SrJ metho 1. The prohh.n als > lea Is itself t» a simple k^raphi- 

e.al treatment. 

The real ro >ts of /( v) = ) ar * eiUarly th-* v -e > )rtUnat.e.s of the 
points of intersed.ion of t,h ‘ curve aji^the straight line 


W 




N)w the line y^o.v-hf: tnuhes the curve, ,i'= t'*, if t-' = uv+ c 
has equal roots/. c. if I and A-* = .>c4-f have a comm >n root. 
The condition for this, is that c should be equal to 4 and -A. It h 
easily seen fr.>:n ji firnre . that auy litxi parallel to and lying 

between y = 5.v=^ 4 meets the curve in three Ipoints; while all other 
lines parallel to them, cut the eurve in one pt. only. Flence 
.r5-5.r+l=0 has three real roots. 

* A^. B. As we are concerned only with the sign of the lead* 
ing coeflieient of a Sturm’s function, to avoid fractious, we may 
multiply or divide the remainders by suitable positive numbers. 

21 
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Example 2. Bisenss the nature of the roots of the equation 
f{x)= {n~l)x^-npx'^~^+g = 0y p and g being positive numbers. 
Suppressing the factor «(«-!), we easily find that 

flix) =A-n-l-p;cn-2. . 

By division , we have 

iH-l)x^npx^-^-{-g = l {n-l)x-p ] {x^-^-px^-'^)-p'-x°-~-\-q; 
Hence /2 {x) =p^x^~--q. 

Again, bv actual division , we have 

x^~^~px^~‘^ — {p~^x~p~^) {p*x^~~ 2 ) -\-qp~^x-qp~^ 

Hence hix) =-q~^p^{gp~'^x-qp~^) =-r+p. 

Lastly the remainder, when/ 2 (;ir) or is divided by 

is, p^-g; Hence fA{x)—q-p^. 

Thus all the Sturm’s functions are 

{n-\)x^-npx^~^-{-qy p-x’^^’^q, -x+p, q-p°-- 

Case I. If^is odd and q-p^ is positive , the signs, when 

-<* and « are substituted in the Sturm’s functions are 

- + - + + 

and + + 4- " + . 

Thus only one change of sign is lost; therefore there is only 

one real root in this case. 

I'- Case 11. If n is odd an d g-p” is negative , the series of signs are 


and 4- + + - 

In this case, three changes of sign are lost; hence there are 

three real roots. 

31 Case III. If ?iis even and g-p” is negative, the series of signs are 

4- - 4- 4- - 

and 4- 4- 4- - - 


Two changes of sign are lost, and therefore there are two real 
roots in this onse. 

jt' Case IV. Lastly, if « is even, and is positive the series 
of signs are 

4- - + 4* 4' 

4- 4- 4- - + 


In this case no change of sign is lost; hence there is no r^ root. 
A much simpler solution may be^obtained by app^ing^^ 

2nd method of ^ **■ 


5 G-9] 


hobner’s method op approximation. 
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Examples. VI. f. 

Examine the nature of the roots of the „ 

(1) 20v3-30x2+12x- 1=0. (2) 2*3+3x- + G4r + l 0- 

(3) 2r3+6x2 + 6x + 2 = 0. (4) 4x‘+4a^ + l-0. 

(5) Prove-that all the roots of ,v-'-3px’~3x+p =0 are real 
for oil real values of 

(6) The roots of the equation 4t3-8a:+A*-0 are all real if 

i 1 > 1. 

''”'^.~;-V"(7)’'The“'e^uaHonx‘+4x+4=0 has two real toots or none 
according as i is not, or is, greater than 3. Solve the problem 

graphically. 

(8) Apply Sturm's theorem to the cubic Ar-'*+3ftj:+r=0 and 



prove that it has one or three r^I roots according as 4 ^ is or 
is not greater than zero, (c./ § 5 811). 


iS uubgrca^CL vkiakx dd\^k\x* 

(9) Prove that the equation 2^-5jf-+&=0 has three real 
roots if 0<<fe>3. For other values of k the equation has only 




6'9. Horner 


t’s oi ajrpfoxfmSmng to a root. 




one real root. _ 

. -- 

6*9. Horner’s iffethod^of approxlmafing to a^root. a-«?4 

Suppose we know by inspection or otherwise that a root a of 
f{x) -0 lies between t wo positive c onsecutive integers 0 and 6 + 1 . ».* 

Rpdnee the roots of the eqnatio'^by 6 (§5.64) and then g anltipl y ^ 
them by 10 (§5*63) .Let the transformed equation be /i(*) =0. Denote 
the root of /i(.r) =0 corresponding to the root a of f{x) =0 by ai. 

Then it is clear that a — h-^jn ai . (l)-v 

Kow gi m ust obviously lie between O and 10. Suppose we \ 
know by inspection or otherwise, that ai otsfiix) =0 lies between \ 
two con secutive intege rs 61 and 6 i + l. Then«^from (1), we have 

Thus the extreme quantities of (2)differ frqm the root by less 

them wL- ^ \ I 


them 


H-' 

^•O 

«a 


Reduce the roots of ^i(x) =0 by 61 (§ 5*64) ^d then multiply 
them by 10 (§ 5*63), the transformed equatio^ti be / 2 (a:)= 0 . 
Denote the root of {x)/=^ 0 . corresponding to the I’ootai of fi {x) = 0 
by az. Then it is cledr that \ 

_ . ^ ^ = ' (3) 

Vy ♦w 10 «, 




lOK \ ^ 








0 


t. 



-«l ,,.1^ l-lp , f,, e. (2^^^ 




ALGEHRAI(A:QLy4lOX?’^fpAKTlL!^'^*p/r^il‘| § (rO 

P-Vc." >9 

Nt)\v a> must o])\'ionsly lie between 6 and 10. S:-i;)iK)se wi- 


C4»i -5 


know by inspection or oth.n-wise, that ay of /-(.v) =0, lies between 

two consemitive integers 62 and+ l. Then from (B^ we have 

^1 + rV^ <ffi <^*i + rV>^''-!'*- iV) (4)cf.(2j 

.*♦ from (1) and (4) we have 

rVi + <^>d- rV'n + r.7fT^^+ r^o f 

Thus the two extreme <'juantities of (5) differ from the root by 


less than 


is process , it is possible to j^et as close an approx¬ 
imation to a as we please. 

Cor. // a rifol of f{x) =0 w negative., «v evaluate the eorresp- 


iKr.. 


onding positive root of /(-.r) =0. (§ o'Gl). 


Exampy 1. Calculate Sturm’s functions for the erpiation 


.v^ = .v 4-2 and prove that it his onlv one real root lyin;j between 


«• 


« ^ 

1 and 2. Determiri.' the real root c )rrect*’t > two places of uecimal-'. 

[ y?. U. Hons. /] 

The Sturm’s fumdions are easily finind to be 

.r’*-r-2, 3,v-—1, x-\-S, and -26. 

When - « and « are put for x in these functions the values 
have the followinj; series of signs 

and + + + — • 

Thus, only one change of sign is lo.st, hence by § 6 82, the 
e(juation has only one real root. By substitution, it is easy to 
verify that the n)ot lies between I and 2. ^ 

By applying the proee.ss of § 5'64, the e juation, wh>se u*^ots 
are egual to the roots of the given eijnation, reduced iSy 1, is 
found to be ^ . 

o::5 + 8.r-’ + 2.r-2 = 0." . (D 

f 

Now by § 5 63, the equation whose roots are equal to those of 

(1) multiplied by 10, is found to be ^ 

4- 30.v--^ 4- 200.V'2000 = ().•' (2) 


-s.p.X. 




By‘inspection , we find that the real root of (2) lies between 5 


and 6. Tlie root of the given equation must therefore lie between 
1'5 and 1 ‘G. 


$ G O] 


n.IA’STBATlVE EXAMl’I.K 


in5 


lWue..th.rootsof ( 2 )hynand thou multiply thorn by 10, 
tlu‘ traustonnod o.piatiou is than 

The real vo-it of (M) is found by inspoctioA to lie between 

1 r t nf the criven enuation\nust be between 
2 and Her.ee the real root ot the gntn equ« ^ 

1-52 and 1'53. ' 

Operatin*; on (3) similarly, we have 1 

v3 + 45(i0v-d-o93l20av-8l92000 = 0 > 

We flna bv in.p ..tion that the veal ro,t of (4)'.^ betwce., 

1'521 and 1‘522. ^ ^nt 


in pr 


Ue following scheme shows how the 

raetiiH':— 

1 Q \ -'I u.>4.A ^ C»*lt 


L<4 ^ 




200 

175 


“2000 ft<4 *• *«*V)*»- 

1875 / 

-125000 '' ^ * 

-fll^»808 H.9. •• 


.. ‘30 
5 


375 

200 


-8192UOU ia.» cw. »u.«a1 K.<«(>-*• 


57.500 


904 


40 

5 


58404 

908 


450 

2 


452 


^931200 

bl 

40327 


s-¥t*.n y 




,f - ^ t^c c&r 4 

— ^7 3,7 • t 

^10 i3 ^ «•!. 

^ 3^7,CJ I .cw - c^ - 

** ^ ^ 

- <» i<?t 

— *«.€o‘..-c.-r 

&»wb*3.>»3 ic " t^.'*f X. 3.3*') .'. 

(t.et. s.w.*c«. y^s' 

^ VtA ^.»rteo 


454 

2 


- X itf-u »371 

^ -4.73 13 1 


3'^ «57k 


4560 

igfct 

X. ! 

5i^/> 


<-j u. » l■4f^9'>33 


(UU 


- *‘71 I 7 

^ -4Z2.<| 


-41 




l’*Ol3*.3e- 
2. irafr34oaa - 

T-aai 9-cAS- - ^ • ^*1307 

■“Oi8'<»4 3 
t£-».7ifcn«to s 
T-42»38^ 3o »o<r»«lt3^ 




f 
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ALGEBRAIC EQUATIONS (PaRT II) 


[ § 6'9 


Examples. VI. g. 

1. Calculate the cube root of 7 to 3 places of decimals. 


2. Calculate to three places of decimals, the positix-e root cf 

the et^tiou. x^-)r2x~-x-Z=0. [ B. U. 1923 Hons. I ] 

3. Calculate the positive root of the equation 

,r3 + ;t:2+:»:-l=0 

to three places of decimals. [ B. V. 1921 Hons. I ] 


5w 

9 M ^ ^ . 


^ A^--12;»r2 + i2Ar-3 = 0 

correct to ^ur places of decimals. [ B. V. 1926 Hons. I 1 

-'•-VTT^^T, 5., (1-V*S )» + (l-f V|4)® is t^he positive real root of the 

V-\ ^ \V^ t O ^ 

cubic ar-;r-2 = 0. Hence calculate its value to three places of 

“ j__._,_XT_»__i .1 _I 


4. Find the negative root of the equation 


the positive real root of the 
its value to three places of 


decimals by Horner’s method. 


I—X, 6. Apply the method suggested in the last example to 

evaluat^'’-l + V(2+V5), antf'^lH-(1 +>/2)«^\* 

7. The equation .a:3-i5;t2+0O.r-5O—(rhas three Toots lying 
between 0 and 10. Calculate each to two places of decimals. 


N®c- 




References. 

F. Cajori. Tlteory of Egwitions, Chaps. I ( omit § 26 ), 
II, III ( omit §§ 39-41, 50, 51, ) IV, V, VII. 

Burnside and Pantion. 7 heory of Equations, vol. I, chaps. 
I, II, HI, IV ( omit § § 36-38, 43, 44, } VI (contains many 

alternative methods for solving cubic and biquadratic equations.) 

VII. VIII, X ( Read only §§ 96,99, } XI ( Read only §§ 107, 108,) 
Read also notes, A and B. 




Examples. VI. h. 

* 1 Prove that all the roots of the equation in x are 

’ / Htt.. y« V 4.-*^ y C i-w**. .. J - O. ^ 

If x\, X 2 , X 3 are its roots, establish the identity -t-, *.,»i 

p‘^ , q- , >*- _i ix-x\)(x~X2){x-X3) 

ai-x b‘^-x c^-x {x-a^{x-&^){x-€-) ' 


jis''- 4 


<^-x 


<r I '*■ — 1 f X-X 1 ) ( X-X-l ) ( X-X3 ) 



4.<A 


4- c:. **-T ^ 

S^4Jf»r X'»>.(»'»^-‘Jl? '' 


6 .> 2^^ *-% 


^ 6*9] 
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Deduce , i»*i 


.M.tc^ k, r^p “--r 

(xi-a-) (x i'-a-){xs-a-') 
;/-*- — 


{a^-&^){a-c^) 

(xi-d'-)ixi-d'-)Ua:~b^ 

' {b‘^amb-c-) 

(xi-.;-) {x-i-e-) (x:t-<--j 


r2 = - 


(cWnCc-^) 


aud, ^ 


>i 


p2 ,2 r2 X\X‘^3 

«i + Ji + ■ 


2. Prove th«t {‘ix+D fsl-inx-bixi is divisible by + 

3. Prove that (2x^-+x)'^l+n-nx-2nx^ is divide by 

U + l)'-(2s:-l)-. 

■»»’? 4. Prove that the expression f{x) = 1+*’“+ is 

divisible bv l+x+z^. divisible by 1 +*+*'^ divisible by (l+*+x-)- 

accerdins as a is of the form 3p. SP+h 3p+2 respectively. 

[B. U. 1915 ProhUmsl 


s/vS 


\B. O. 1925 hons I.] 


% 


5. Find the nature of the roots of 

+22^+ x^~x^'2x-l =0 

6 . Prove that if the equations 

have a common root , the first equation will have a pair of equal 
roots and if each of these be a, find all the roots of the second 
eqnation. IB. U. 1918 Hon» I.] 

[We have the identity 
Q{r:iP-2g^x^5qrx-2q^r^) — 

[3(r+5)x-47-] (3r-+iz)-3(15+r) (:ic3+gjt"-r). 

From this, the fii'st part follows immediately. If a is a repeated 
root of x^-\-qx-r-0, then-2fl must he the remaining root. Hence 
g=-~ 3 a^^ r=-2et^. Putting these values in the second eqnation, it 
reduces to (x-a) (:»:+5a)^—0.] 

7. Show that the necessary and sufficient condition that the 
equations and a'x^+Sb^x+c'^O should have one 

common root is Tfi,. CvtS " «.•»*-f*. 

27f fcc'-6'c) (ca'-c'a)^, 

and that the common root is a double root of the oabio 

2{ab^~a'b)x^+ [ac^~a'.c)x^+dc'-b'c^0. \.B. U. 1925 f^oblems.^ 

)(*.%*'* («>.«.*-eJcjlC A»-.lirU ro*c c T**" 

la. »v c u« q j<r« ; ^ ^ 

1 - ' 














16S 
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8 . 

Prova that 


M 


vi-l 

x^-1 

x-1 



4 

0 

1 



4.3 

2.1 

0 

ih) 


A ^-1 

x^-1 

x-l 



o 

2 

1 



5.4 

2.1 

0 

U) 


1 .x“-l 

.r 2 - 

1 - r - 
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2 

1 



7l{7l- 

1 ) 2.1 

0 

(.v- 

1 ) 3 [ ( V - 


nCl(.t- 


= -2U-l)3[ (^-l)-h4]. 


= -'2(.V'l)3[ (.t-l)‘’ + 5fr'l) + l(t]. 


Vrti>rt:>><*3>«4--->an. t.heii the e;]uati'»n 
(x-ai) {x-a^){x-a 5 ).-> + Hx-ai) (x-ai) U-flfi)... =0 
ha.s all its roots real, k beiug any real number. 

10. If all the roots of /(x) =0 are real, those of/(x) =h?/'(. v) 

are also all real. 

11. When « is odd, the equation 

0 . 


-t 

w 


+ 


A X 


.n -2 




n 


+•••+1’ 1 + * 


lias only one real root, and when « is even it has two real roots or 
none aceording as 

1 . I . 1 > 


1.2 3.4 ^ . 0.6 h{h-1) < 


k. 


Further if 


12. Prove that the equation 

14-2.v-h3A--+4v^+... + (K + l)-t“ = 0 

lias no real root or one ae-ordins as n is even or odd. 

5 r denotes the snin of the rth powers of its roots, show that 
5 ..= [(«+2)-(«+1)]''-2- (r<« + 2 ). 

13 The number of roots of an equation /{^) =0 alsebraieally 
greater than h is either equal to, or less by an even number, than 
-the number of ehauses of sign in the series of signs ot 

14. If /(a)=1 + i; a + 3J 

prove that the polynomial f(x) X/(-.r) is even and that the eoeffi- 
eients are all positive. Hence shew that K-x) -0 has no real root. 
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.•«. 4. n**v» 

TRIGONOMETRICAL. ^2 ‘ * ^ ^ 


(‘o-n^ Tf-^c. 


the THifeORY OF EQUATIONS, c) 


7‘I The following eNamplos illnstifite a .methotl of dealing 
with trigonometrical equations that we often meet wUhj^najyH- 
eal Geometry* 


H'OIUCVI.'• yuTs rOQ ^ r erf»x.-«* v«*v*~**"-- 'i' ' t 

/^.xavtple. 1- Prove that / eos-v +»JrSin a- = m has twoToots not 


differing from each other by a mnltiple of 2it It^ey are denoted 

/^•c*—X <fi*r X I , —_ 

l- el =45' 

K ’ f • 1 / _ 1 1. \ i 



hy a jnd shew that 


L.«^. 


u 


/ = „cos4(fl + ^) seei-(rt-/ 0 ,^»« = »smi(rt + &) sefi(a '»)• 

Making the substitution' ^=cosv + /sinx ami therefore the 
substitutions the given equation 

nHlnees_to ?/(5 + e 0+?«(2 ')—2?m 

ov (^^+«()2r'--2«/^+(h"»*) =^0. (1) 

This equation is ajj^adi^e nml^has . t . 

The original equation rfiust also havr<uiEliwLi:o<>ts- It these 
a and h, the eu-re^Onding roots of ( 1 ) must be erior. 

eisrt + /siurt, cos^ + /sin/>. 

Now the sum of tne roots of (1), by §5.22, is 2 ni /(/i + tH). 

Hence 2ni = (/1 + »i) [cosu 4- zsino + cos^+/sint] 

= 2 (fi+Mi)cosJ(( 2 -A) [cosil^ + ft) +tsiuJ(a+5)] 

Z* + )« = »zzsec + ^ 2 ) 

Equating the real and imaginary parts of (2), the required 
results are obtained at once. 

Pr2£LS?i 

H> .1 w wo ;»r+d2gin2.r4‘2a^coav-r2o.-- « . 

-4 t-S i ^ ^ O. 

has four roots . If these roots ai^ p, q, r, s, shew that 
(i) p+g+z'+.’? = a multiple of 2%^ 

f (ii) (( 7 ^ 5 -) [cosp+cosg+cosr+cos(p+^^-r) ], 

'“t-A tiii) 46f—U^-^) [sinp+sing + sinr-sinCp+^+r) ], 
an^ (iv) 2 c=-(a 2 +i 2 ) ^ (^ 2 - 52 ) [(.os(9+J’) 

+ cos(r4-p)+cos(p+ 3 ) ]. 


• • 


__ ><-0^* » 

i/sinA:+^ = 0 
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Transfovniingr the enuatiop. as in th^ l ast exampie. hv the 

ritnirmTi «f = «»(\a »•-L icin ^ wt. Viair^' *' *■’ ' . • 




- 4j-t 1.= 0 


snbstitption 3 = casx+zsinA:, we have 

{d^"ii~)z^-A{bn-ag)^ + {2d'--¥’Zb'^- + A’)3^ 

+ 4 ( f /./7 + />/02 + ff '- i - = 0 ( 1 ) 
This equation is of the 4th degree and has therefore four roots* 
Hence the original equation must also have four i*ool.9. If those 
are/), g, r, s, the roots of (1) are %^urK . 

cosp-f-isiu;^, cos^+isin7, ci>sr4--/sinr, and cosi’ + esiii-v. 

Now the nrodnct of the roots of (1) is, by § 5’22, e(iual to 1. 
/. (eosp+isinp) (cos^ + isin?) (cosr+isinr) (cos^+Zsiiu) = I 
1. e C03(p + ^4*r+5; +2sin(p + 7 + r+6') = I—cos2^'ic*h^ on2rTC: 


where r is an integer; 

p+^ + r+s = 2/'JC. (-) 


Ap^ftin the snm of the roots of (1) is, ■^{bn-a(j)l{a*~h'-)\ 
^{bfi-ag) = [(eos^^+cosg+eosr + os*.) 

+1 (sinp + siu7 + si nr + sin^) ] 
Equating the real and imaginary parts and putting x for 
2nc-p~q~r from(2), we have 


-4a^= (fl^-6-)[cosp+cosy+cosr+cosCp + ^-f-/) ], \3) 

and 4V=(rt2-6-)[sinp+sin7+sinr-sin(^ + ff+r)l. (4) 

Further, the sum of the products of the roots of the equation 
(1) taken two together is, (2a‘^+2*&'^ + 4c)/(a^-62). Hence 
2£z2 + 2i^- + 4<;=(a--^)[^co?(^ + ^) H-*;^sin(y + r) ]; 

2a- + 26- -h 4r = (a^6*-) S cos(^ -f- r). 


Now substituting s = ^nic-p-q -r, we have 

Seos(;>-t-9) =2[cos(9 + r)-Hcos(j^4f)+cos{^^^^ 

The above example contains a coin^fefe%fution to the problem 
Of four r»nnnv<qifl points on the ellipse Smith s 

Co 7 tk Sectioil"'^ 136. Askwith’s Analytical Geometry, § -13, and 
Salmon’s Conic Sections, § 231, example 8). 


P^fcCT Example 3. Prove that the equation in x 

ah sec x-hk cosec a:=*a—6- 

has four roots. If these are denoted by p, q, ♦*, s prove that 

(i) p-f-g + r+i= an odd multiple of-IC, 

(ii) sin(p-fr)-l-sin(r-H<7)+sin(p-H?)=0 
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(iii) 
and (iv) 
After 


2aA= (a--o’) [eos/J + eos(Z+cosr-cos(;)4*7-*-'') 1 

-2W' = (rt--<^-)[smp+sin? + sinr+sm(;>+? + 0]. 

making the substitution 3 = «osj+/siii.v. the erination 

reduces to , >\ r, 

. ia‘^-h‘^)2i-C2ah-2hkrW^+ {2ah-\-2i>ki)2-ia--b-) -0. t U 

It is a biquadratic and hence it has four roots. Therefore the 

Ihe original e.uiation must also have four roots. If they are p^q.r.s 

the corresponding roots of (ll must be 
eos^ + isin;>, eos^ + zsinty, cosz +zsinr and eoss + z sinf. 

Now t he produtd of the roots of (1) is, •“!; hence, 

(ftos/?4-/ sin/z) (^os 7 +»sm 7 )tcosr+rsinr) (cos-i+zsins) =-l 
c >s(7) + 7 + + i) + z'sint/) + 7 + r+ ’""1 — ^0812)*—l)^ + *’sin(2r-l)'lC 

p + g+r+.f-(2r-l)'ic, (2) 

where r is an integer. 

Again the sjjm of the pr odm^ts of the roots of the equation (1), 
taken t wo together is zero; hence. 

(eosp-risin;j)(cos 7 +zsing) = Scos(p4-y)+t3sin(p+^) —0 
siu(/i+g) +sin(p + »*) d-sinCp+it) 

+ sin(?‘+5)+sin(?+r)+8in (g+i)=0. (3) 

Now (2^-1 )iC“^“g-r; hence the condition (3), reduces Co 
sin (7 + r) 4-sin(r+^) +sin(p+ 7 ) — 0. \ 

Further the sum of the roots of the equation (1)\ is 

{2«/»-2«-r)/(aM2). 

2rt/*-2dAz = (a‘“62)[goosp+/3s:np]. (4) 

Equating the real and imaginary parts on both sides c#f (4) and 
substituting for s from (2), we immediately get the remaining two 
results. J 

The above Example contains a co^'te^t solution to the problem 
of Gonormal points on the ellipse +et-y- - a-lp. {d f. Smith *8 

Cozzic 5fcfzeMs § 139. Askwith’s Geometry of Conte 

Sections §§ 166--170.) , - " 

r. - - Exampies. VII. a. 

1. If sin ^+^+sin^c+a)_+sin(/z4'6) ==0 
sinfi + rf^+'siuCrf+rt) -fsi^a + A) =0 


9 


and 
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prove that a + fi+r+c/ is an odd nmltiple of x and that 

siu(c+^/) +sin(y+^_) + sin(^+c) =0 
siu(a + rJ + sin(a + i^J+sm(c + f/) —0 . 

^^2^! If the roots of_{l+cos/)tan.v“sni(/-r).o)SA'.'(*^t-'-t.*),':;c 
are a v, c, x+rt,X+^,X-rr prove tliot a-\-h + c = tTZ-rl. 

*2 +(--:.L-CviO •- P*-**.*f s a.— 

3. If a, h. €, d satisfy the equatum^** ^ 

^ ^ ^ t ^ V T . 


CcoU-^'- a a^l_ s^^OsZX 

3. If a, h. €, d satisfy the equatum^**^ 

(l + ecosnsinj= (1 4*re >s.r) [esin/+sin(/-v)l;];_^^^'^*u^„ 
prove that fl + ^+r+</-2/ = an old multiple x. 

A 


7*2. Prove that the n ijuantities 

cosa, eos(a+i), cos(rt+2^),.cos[a4-(«-l)^>] 

where ?/^ = 2x. are the roots of the algebraic equation <p *i o) 

7 r «(«-4)(«-5)^ - /, 

' / - - - - 2“'"'ic" *’ +.=cos«rt, •* 

, ^Sy t^formula (4) of § 4*4, /(eo^L=cos7/5; ^ - 

thA giVen equation transfo^Tns^n^^4^trigonometrical equation 
\ / eos7i^ 

I / ... *! T’/t t"* i-r-n — 

? Ty roots of (1) are Qhvig»us ly 

I $ =. a, a+^Vh2ft,. a+{n~\)b. -^ /U 






I / . "! ry, t"-* '>^-^•4^ 2-r-n a. 

? Ty roots of (1) are Qhvig»us ly 

'I i =. a, a+^yh2ft,. a+{n~l)d. 

Heye the^joots of f{A ^eosna are the n quantities ^ 

T W. cos(fl+Weos(rt+2&)..cosra+(«--l)i']- 

/cor.\. Since th/coefficient of the high est power ofA- in fM 
is 2“"^ we^have the i^ntity (§ 5*212) 


T.:,'->(;t) 4 osHa = 2“-'II [^'COs(a+>-16)]- (2) 

^ . crr:=«" Pattinri»ll7he\lent;tv_(2L and observing 

that /(eosr) =4os«*, we have the trigonometrical identity 

n _ 

cos;/;r-cos«a = 2 ““i H [cosx-cos{a + r-U) ]. ( 3 ^ 

«-..3 Bv means of the identity (2), it is possible to evaluate the 
'7^ svmiytric fttnetions of the n quantities 

eosa, cos(a + 6),cos(a+2il.eos[a +(«-l)6] • 






§> 7’21, 7.22] FACTORISATION OF e.>s2«A-, RinV2ti + 'l)xhinx 173 

<see § 5-5)y/Again by assigning earticulnv valaw to a: ami a m 
(3), we ean derive many interesting results. 

. rTV.«.s 

eos2«.v = fl"sin-rt)ft sin-5a/ . V simCJ?/ l)a/. 


where 4^/n—TC ♦ 

This tWrein can be dertneed fn>vi IV- ^ ^ 

over more eortyenien t to establish it (lirget)} • ^ 

The pnnatiftn eos 2«A-^0_ is obviously satisfied li>\values of x...j. 


o*> 


i^en bv ;f = ^ ™'' '’%•■»!.■ 

xpandedinto'ii^l£feoiftaj^^. Hcncij'^wc have the idontit.Vj^.. 

ifthe^ffu-m o V "''• *> X 

/ sin*x\/ sm2x sin2x \ /, ain-x _\ 

sin23a}(^ am25fl/' sin2(2«-l)fl j* 

Now t is seen to be 1, by putting x = 0 on both sides. 




1 


7*22, Prove that 

I GO*-® 


r—n 


sin(2« + l)v=(2« + l) sinx- | 

where (2«+l)a=iC and ^ = 1, 2, 3,...n. 

Itis'easy to see that 3in(2K + l)x/sm.v=^ ia satisfied by values 
=T=ar^2«, =F3a,.» =F«a of X. Further sin(2« + l)x/sinx ean he 
expanded into ft polynomial in sin2x with 2«+1 as the term inde¬ 
pendent of sin2x [seV\l4) of § 4 4]. Hence we have 


r = n 


sin(2/t + l)x/sinx= (2;i+l) II > 1 “oTt»>^ S ' 

^ ^^ ^ DlU y€l * 

et.^Uv*.^ 31*48'fiofc.lloC*) 

” Example 1. Form the equation whose roots are 4sin^, 4sin22a, 
4sin‘^3o aS shew that2i*3ina. sin2a. sin3a = \7, 7a being equal to 'ic- 

If X represents any one of the angles ^a, =p2a, =F3a 
then sin7x/sinx=0. Now by (12) of § 4*4, we have the identity 

(-l)%in7x/sinx-= (2 sinx)®-7 (2sina:)*+l4 (2sinx)2-7; 

Hence 48in2a, 4sia22a, 4sin23a, satisfy the equation 

y3-7y2+l4y-7 = 0. 


( 1 ) 





r 


qt. 
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OWv;»\m>(y 

Now the pvodnet of the roots of the e.jnation 0) is 7; 

4'*sin^a. sin~2a. siii-3a = 7. (2) 

Taking square roots of bolh sides of (2) and obsei ving that 
the sines of the aeute angles a, 2a, Sa ai e all positive, we have 
_ 2**sin(7, sin2a. siii8o=>/7. 

>j3ryd*^ hxample 2. Construct the equation whose roots are 2 easg> 
2cos7a, 2coslla» 2cosl3a, log being equal toj^ and sliow that 

sin6®^is a root of the equation l()A:^ + 8x^-16a:''-8x+l = 0. 

[B. U. 1920 Horn ll\ 

rucH.b na* ^ “\3 ?lT5' 

We^oDserve that where y represents any one of the angles 

a, la', 11a, iZa is of the form 2> X=*=^; hence, they sati.sfy tijt? 

;c^-liq\Tation’ 2c«s 5»/'l = 0. (A) 

Now by (4) § 4*4, we have the identity 

2cos5>^ (2cosy)®'“5 (2cosy)^4*5(2c)sy). (2) 

Hence a, la, \\a, 13g satisfy the equation 

(2cosy) ®-5 (2cosy +5 (2cosy) -1 = 0 () 

Therefore 2cosg, 2cos7fl, 2eo8lla, 2cosl3a, are four of the root of 

I x^-5jt^ + 5Ar-l = 0. f’A') 

Now it is easy to see thaty=jTC satisdes (1) and therefore (3) 

The corresponding root of (4) is 2eosJlC or 1. 

Dividing the left hand member of (4.) by the corresponding 
factor AT'l and eqiAting the quotient to zero, we have the required 

equation +;c*-4x2-4a: +1 = 0 

Now sinG” = cos7g; hence ainC^’ satisfies 

(2.r) ^ + ( 2 a-) 3-4{ 2a:) 2-4( 2Ar) +1 = 0 

IGa-^ + 8x3-16Ar2-aA + 1 = 0. 

Exa^nph 3. Constrnct an equation whose roots are the values 
of cos ^for r^\, 3. 5,...11. Deduce or othenvise prove that 

cos^+cos-3g+cos’’5g+...+cos2lla = ll/4 

and sec'g + sec‘’3rt+sec-5g +.+ see^l la = 84 

, io —^ LB. U- 1919 Ho7Ui. //]. 

where 13g=ic. 

We observe that where a: represents any one of the angles 
«, 3a, llg, is an odd multiple of TC; hence all these angles / 

satisfy theequation cos7a+cosGa-0. (1) 


) 


) 
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N,)w by (4) of § 4'4, we Lave 

2e. >s7ji- = (2c.>s;c) ^-7i2<-.osx ) “ +14< 2cosx)^-7 ( 2i*0HX) 
and 2cos6.i:= (2ros*)®-6(2«os.v)< + 9 (2 cosa)2-2. 

Hen^e the eiination (1) is transformed into 
( 2 eosA-)'+ (2eos;i')*^-7{2eos.r)5-r> (2eosr)'* 

+ 14(2eos.r)S + n(2eos.v)^-7(2eos.i-)-2 = 0. 
cosrt, cos3a, cos5a, eos7«,*--eosllrt, are six of the roots of 
i2y)^+(2*/)«-7{2j/)-’-G(2i/)< + 14(2f/)^ + 9(2i/)'^-7{2y)-2-=0. (2) 

In addition to the six values given above, the vralue x = x also 

satisfies (1). The corresponding root of (2) is eosic or-1. 

The required equation is, therefore, obtained by dividing the 
left hand member of (2) byy + 1 or 2 and then equating the 
(juotient to sero. By the method of Synthetic Division, it is easily 

* t t ^ ««t A - O 

found to be i ^ c -j -« ® 

(2^)«-C2;c)5-5(2x)^ + 4(2;e)=^ + G(2x)2-3(2;v)-l = 0. (3) 

Now the sums^f products of the roots of (3) taken one at a 
time and two at a time are respectivelv 4 and 

Scos^a —(3c>sa)--2^cosrt C093a^=ll/4. 

Again the sums of products of the reciprocals of the roots of 
the equation (3), taken one at a time and two at a time, are res¬ 
pectively,-6, -24. 

.*. Ssee-a = (^seca)'-'2Sseca sec3a =36 + 48 = 84. 

, ^ N. B. a, 3a,... 11a, satisfy the equation in x, oos13a:+1 = 0. 

This equation however leads to an equation of the 13th degree in 
cosx: and each of its roots, cosa, cos3a,... coslla is repeate<l twice. 
The solution would not be then so very neat; the student should 
therefore carefully note the form of the initial equation (1), above. 




Example 4. If m_ 15 an odd integer, prove that 
94““^sin2a. sin4a... sin(«-l)a= V«. 

“ *8. v--*- 

Prove that ^ ■« » 

[eos^-eos2(«+1)5] [cos36-cos2(?i+1)6] •[cos (2?/-l )6-cos2(?i +1)6] 

— ^l^^^^sinc. sin2f. 3in3c...sinHC. 
where 2na=(4M+l)6 = (2w + 1 ) 0 =^ 


•*»* # 


[^. U. 1919 Hons. //.] 
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A is 

Wo observe that n times any one of the angles =*=2rt,=*=4a. 

(»-l)a is a multiple of tc ; henee all these angles satisfy the 

equation siu7;.v/sin:r=0. (1) 

Now by (14) of § 4*4 we have the identity 


sin w.r'siiiA' = - 


7 / . . n{7i^-V)(7r^-S') 

—3l 51 


sill^A’- 


.+ (-l)i«"l2"-*sin”"*.r. 

Hence sin-2r7, sinHa,...sin-(w-l)« satisfy the equation 


II 31 5! 

The product of the ro)ts of (2) is « 2^“"; 

.■.2“"^ sin’2rt. siii-4rt- ' sin-(?z-l)rt = ;/. (3) 

Taking square roots of both sides and observing that sin2(7, 
sin-ki,... sin( 7 /-l)(Z are all positive, we have the required result. 

To prove the second nart, we observe that 4« +1 is an odd 

number: hence from (3). we have - 

V(4« + l) =2^ sinJ. sin2/> sii]3&-.- jiin^g^. sinX«+J Ji*.-sin27;^>. (4) 

’’ By vcgrAnpiuP’ the fiictoiLs of the right hand member of (4), we 

ha>'e V(4//+ 1) =2''C2sinn. sin(7/4-1 )?7] [2sin(«-i;^ sin(//+2)/i]... 

\ =:2"[cos?7-c>s( 27;4'1)^] U*us3^-cos2(7f + l)ft]--. (5) 

^«W since 2« +1 is odd, we have amilail>' 

V( 27 / + 1) -2“sinr sin2(: sin3r...sin7/f. (G) 

From (5) and (6) the required result is easily obtaintnl. 


Examples. VII. b. 


Prove the following identities:- 

1- x^-.r-l = U--2.nS;^lc)(.r;2cos|yK 


Q (i) sec a + sectd + ^TC) 4'sec(a+3'ic) — 3 sec 
/ >Y -t sec a sec(f/ + ^)seo (fl + ^'lC) = 4 sec3a. 


3a. 


4 Prove that C3s200, coslOO*^ cosl40‘’, are the roots of 


8.f3-6:r-l = 0. 

.*) Form the equation whose roots are cosa,eos7a,cos9a,eosl7rt 
where 20a—TC- 

[Observe that ora is of the form 27 /tc =pi'ic(7' = l, 7, 9, l*^] 






g. ^ t 

2*-dr- * " '■] ; .-Za*^ 


•t-Z. 


W» 


^f^-i-.32. 
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VrS . 


(j. Prove that 

t'"' :^<*e^rt = 192, S (l+2oo.sra)-»=-8 

%J*t- nr-S-*”*5 **” *5 > -« ' 

wliere 2\a = %, r beint; an odd nnmb.T less than and prime to 21. 

M.ni' 

7. Establish the identity 
;r*-8.r^ + 19.r--12,v + l 


U^PK.^ 


* (.v-4(!os-,r^«'lc) (.v-4sin-.2^^'jC) ( v-4eos-(^-4810-^^^11). 

H /(.rffelesliiolSt Lncr^pol(4^n1ii: ^ 


f(x) — f(4^x). 

S. If n is odd and 2//rt:=ic. prove that 


».^R.LU'‘ 


(i) eos‘’2a + eos“4ad-tios-(irt +.d-(^>s'’(«-!)«= («-2)/4, 

(ii) sec-2<z+S'’«v4<i4’see-G<T +.4-see'*(«-l)a = («--l)/2, 


and ("iii) see2rt see4rt seeGa.see(«-l)rt = 2-*' 

9. In the same notation prove that 


1 = 2^*' ' s;n<zsin3<T.sinoa.sin(w-2)f7. 

[Write .r=0 and/^a='it in the identity*'(3) of § 7*2,] 

Cf. Cofc^i. form the eguaiiou whose roots are 

tana, tan(a-l-^), tau(a + 26),...tan[a + {?/-l)i>] 

Since «(a-l-rZ»)—//4X-1-/'ll where r is a positive integer, a4*r& 


( 1 ) 


satisfies the equation tan ?/x — tan >ia^ 

Now by §4*23, we have the identity 
tan#«;( 1-n C-itan-x 4- n Citan’^x-...) = n Gtanx-n Catan'^x 4- nCstan^x-... 


(2) 


Henee a, a+b, rt4-2^,...a4-(«-l)6 satisfy the equation 
tan «a(l-::C9tan2:v4-nf^4tan^A— ...) 

= nCitan.r-nCa tan^x*4-nC'5tan®.r-.... 

Therefore tan<z, tan {a-\-b), tan (rt4-2 ^), ...satisfy 
tan»a (l-nC 2 y 24 -nfr 4 y^ ..•) =nC‘i!/-iiC3K*4-i\C5y'*-... 

"(The equation (3) may also h e written t hus 

simta [(14-y/ )"4-(l-y/)“] =-*[(14-yt)““(l“y*)“]cos7W. 

Since a, a+h, a4-26,... a4-(«-l)ft are such that the difference 
between any two of them is less than ic, their tangents are the dis¬ 
tinct H roots of the equation (3). 


yo\N*b.(04 
C3J I ) 


(3']1 


23 
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TRIGONOMK TRICA-L APPLICATIONS Oi THEORY' .s: EQUATION'S [§7'3 


Examph 1. Fo''m the e ination \vliose roots are tan-a, tan-2ff, 
tan~3a, tan-4f7 where 9g = TC. [B. U. 1924- Horn. !/] 

=Fa,^^2a, ■■ 


3.-Z, =^4i are ehavly th-=* roots of tan9x — 
Now by §4*23, we have identity 


tan9A( 1-9 Cf tan-;r+ 9 C 4 tan^-t—...) 

—9 Citan.v-9 Oa tan^A- +... 4* 9 Catai.^ c . 

Hence t taiw, =Ftan2a,Ttan 3^, ^ tan 4a ar e 8 o^tbu-roots (tf 

" ( 2 ) 



i' Now the value, A'= 0 satisfies (1); The corresponding r.sot 
( of (2) is zero; removing the factor x corresponding to this root 
.' fyora the left hand polynomial of (2), writing x f )r A^ and then 
equating the result to ^ero. we have the rejuired equation 

9 Cl -9 Caz 4-9 Cl ^'-9 C; a ‘*+9 C 9 V * = ) (3) 

H»b. ajr’’* S. D.2-09^ 

Example 2. Show that « cot 7ix is e(iual lo 

^ ' coto; + cot(A-ha)+cot(A'+2fi)+cot(A + 3<j)• • • T'Cot[j: +(«“1) rtj 

% 

What is the value of 

tan a' 4-tan(.r+a) 4-tan (a + 2a) 4- - • • 4- tan [o; 4- («-!)«] 

«abeing equal to TT 


As in § 7‘^flanA, tan(x4-a), tan(.r4-2a),.arJ th* roots of 

tan« V {l-„ C-y-- + „ Cu'‘ Ciy‘> + •••)= n C sf + r. Gr’-- • ■ (1) 

Fht »nm of the reeiproeals of the roots of (1) is «.-ob/.r: 
eoU + cot(a.- + fl) +«ot(j: + 2a) + ... + cot[a+ («-l)aJ -Jieotiix. 

If ^is eyen , the e [nation (1) ean be written thus ^ ^ 

tan« r (1-n + n Co-*- ■ • + (-l)^”l'°) = » C^y-.C,,f+ C.y--... 


A 

Hence in this case 

taiu,-+tan(.r+a) +tan(,r + 2,T) +... + tan[a;+ [n-\)a] =-«ejUv. 

''cI 

If ft is odd the equation (1) ciii be written thus: ^ ** ■ 

n—I 


tan tix (l“ii C*y~ 4"nC 4 y* . ■ • 4" ( 1)_!: -nC;— li - 


= nCiy-nCi>'^4- .••+ (-1 )- iiCnjT .' 


Hence in this case 

laii.v4*tau(A4-a)4-tan(A4-2a)4-...4-tan[A4'(w-l)a]-«tan;/.t. 







♦ wft*. <**0.«,*-.'-''^ ^ 


>ff-. 


- 


N* 

VH 


y/j_ - A\ ai-i.<i •■;J^®*- _/ , '^>-f^* ' ‘• 

iV^., -* -w*-* ^^c«. r^TJf 

• '■* •^*«» ' •^ ♦♦- (a^9>^t ' itr,.*^**^** ^''”*~ ' 

ILLL^tPATIVK EXAMPLKS . 

*5.*^*" 

VO. iiitt*ir«*r 


t. j_ = ,-.i<^ -i 

^«(,»-<.) »^- z-?-, -i"-'/ ,, -. „ 

—fVjT' -^‘•P- '~*u:t%ArTvrEX 

-‘ ^-s^/vvaiJ^J/e 3.'^Show lhai wlS^n a is 

greats- than 2, the sum of the products taken two tot'etl.er of tiie 

«-l quantitieTtan {rizin), (i‘ = l, 2, 3,...«-l) is-Arft(«-l). 

[A. U. 1923 hons II.] 

All the angles rTu;^/, r = l. 2. 3,...«-l satisfy the eqaation 

tan«.v "H tap-V = 0. (^) 

^ -Haacc-their fimgents are roots of 




„c,-.,C:,y^+,.c,..<-...+(-i)4"''nC,x’'-'=o. (§ ^.l) 


.-. the sum of the pi-odiiets of the roots token two to<?ether is -„C-. 
hxamfAe 4- Prove that 


(i) co^e^V^rt 4*4* • • • to h tt^rms 2/^*^ 

Cil) c'>seii^a+e >sec*3.'i+ e.>seo^.)n + ■ .-to n tei*ins = ^«"(2«' +1; 
where 4 «o = 1t. \.B- U. 1926 Problems] 


Now 2« (2rrpa ,^ (2r-l)ATC, (r^l. 2, 3 ...h), Hence, all these 
angples satisfy the equation 

tnn2;/>/— ■» 

ir" ■' "i-Zc-P+llc, t*-e„a/'■■+...+(-i)-'..„c-e„ (■^■'=0 

^ * 

where f = tatu'. Putting we get the equation 

l-inC2;r+-.:nCir'“i:iCi.v'* + ■ ■ -h (-1 )"»nCinX" ==0 (1) 

whose roots are taii'rt, tan"3<i, tan"5<i,... tan"(2w-l)rt. 


Now the sum of the reciprocals of the roots = 2 nC 2 . 
.70t-o+c')t’3rt4“c>t‘-5'i + ... to « terms = 2 aC 2 ; 
coseiV"rtT"C'.>5?e"3jT + cosec"5<T + **»to n terms 
= 1 + cot'rt +1+cot“3« +1+cot-ort + • ■ • 

=«+'>n C'i = 2;i'-*. 

Again the sum of the products of the reciprocals of the roots of 
(1) taken t wo togeth er is equal to anCi. 

.*. cot*a + eot*3a+eot*ort + --. = (‘inCi)"“22nC'4. <'*-**^ 7.*-t 

^ coseo^(2r-l)a = ^ [l + eot-(2;—l)rt]‘^ 

= ?j+2 Seot2(2r-l)a+I^cot*(2r-l)a. 

= «+2K(27e-l) +i(2«)2(27^-l)2-i«(2H-l) { 71 -I) (2«-3) 

- ■J7:2(2«2+1), 



ISO trigonometrical APPLICATION” of THEDR7 of EQUATIONS [§7*4 


^ Aj t2.«» 
y —to I 
y ~«y\ tC 

A" -1.0 


1 . 

2 . 

3. 

4. 


5. 


£xamplef} VII, p. 

Establish the following identities: n on 

5t—10f +1 = 5(^-tan-ji^x) (f-tan^^^^x) -o 

5'/‘--20i/+ 16 = 5(y-see-^’^x) (j-see- ji*jX) . 

f3-2i^- + 35^-7 = (/-tan’ix) (^-tan-|^X) (/-tan-) - M.'ft. n 3**'» 

7/^-56/- -h 112/-64 = 7(/-sec-j-^^x) {/-sec- j^^x) (t-see- i\x). 

Show that the equation whose roots are tanra, (r = 1,4,7, 13) 
where 15a=x is /+-6 V3/^-t-8/- + 2V3/-l = 0. 

(Observe that o.v is of the from rx-h^X;^' representing any of 
the angles a, 4 a, 7a, 13a.) 

. Prove that ‘ ^ 

(2eos6;r+l) =cos*''-r(tan'-^X-tan‘-x')(tan'-^X-tan-A:) (tan‘-4x-tan-a:). 

7. Prove that 

tan atan(a -f-^) .tan(a-h2^).tan[a-l- («-*ll/>] 

is equal to (-1)^'^(”“1) qj. (-i)i«(«"l) tan «a according as « is 
even or odd, ^ being equal tox. 


8. Prove that 

h^-1 

eos?/A'= cos"a: II 

0 

where n is even. 


1- 


tan- 


nV "I 
2r-H > 

2 « J 

[ B, V. 1925 Hons I. ] 


AAV C V AkA V» » •• 

[Since n is even, cos«A;seC'*A' can be e:ipanded into a polynomial in 
tan2;r (§ 4'23). Further the values of jc given by cos7/.v = 0 are 


=‘=a, ^3a, =t5a...wheie 2wa=x] 

H*b txo 


9. Prove that 

(versal”^-}-(vers3rt)"^-h (vers5rt)"^-f,.+ to « terms=?/- 

2«a being equal to x. B. U. 1918 Hons ll.l 

U ^7 H-1 . 7 • 4 . We shall now study some of the properties of the n th 


A 




•*y* /• • In 


H>-*s ‘'1 

roots of un _ 

Prove ihat\, cosa-h/sina, cos2rt-l-23in2a, cos3fl-H/sin3fl,. 

cos(«-l)a-l-/sin(?i-])a ave the n^dldinct nth roots of unity, tta 
being' e^nal to 2x . 

An «th rjot oZ unity is clearly a raatof the aUebraic equation 

Ar“ = l. 


( 1 ) 






77TT1 noors OF \rsiT\ 


IBI 

(§4*2) 


§§ 7-4-7 411] 

Now i=eos2/TC + /sn*-'Tt = ('‘''^'^ + * sinra) * 

amd hen^e the e4|iintion (1) may be written thus 

;^-n= (rtos7rt + ^sin»ii;^‘. 

From this, we see that cosrais an «th root ot unity. 

Pnttin? .• = (*, 1,2. «-l, 'VP have 1, p .»a4-6.ina, c.)s2« + isii.2«, 

,..eos(«-l)rt + *sin(H-l)rt all t>i wliieh are «th roots of unity (.tj 

Further no two of the « Muantitie.-i (3) are e^n^ for if p, q 
:are integers less than less than 2 tc and hence cos/ia, 

sin;w, cannot be siiimltaneously equal to eos7rt, sin^rt. The?: quan¬ 
tities (3) are therefore the n 7:t.h root^ of unity. 


74 I, If cos fi-b fsiivi in denoted by jr_j then ike n nth roots of 

atnity may be written thus »■'*, h‘^, ir*, h 

By Demoivre’s Theorem ic*-—(eos«+* sin rt)*- = cosra + i sin ra. 

and so the two series 

1, eosrt + fsina, e.)s 2 a + isin2rt,,..eos(«-l)rt + (sin(?/-l)o 

are identical. 

This result is onb* a tarticnlnr case of the theorem:- Ifjr is 
any special »th root of unity, then h‘’, ?/•-,.are the distinct 

aith roots of unity- An 7:th root of unity is called a ifpectul nth 
root if it is not an «dh root of nnib' where the integer w is less 
than?:. Such roots possess interesting properties. (Read *7'he 
'Jheory oi EgMatiom' by Burnside and Panton vol. I, §§ 4(5-58. ) 


7*4 1 1. The complex nth roots of u?iity may be grouped into 
eoningnte yairs .. ^ T, ) 

•• w~^ = (cosa+isina) = eos«’“«sina; 
therefore w and are a pair of conjugate roots. 

Biinilarly «^“-=ir“H)"'-=fp”“= (cosa+isinrt)“2—cos2<r-*sin2a. 
therefore ic-, 2 o~'^ form another pair of conjugate roots. 

In this wa 3 ^ we get pairs of conjugate complex roofs 

(fp, W*); (iP^, <p“®). 

If n is even, one of the roots is cosJmz+*8in 
In this case 1 and-1 are the only real ?ith roots; the remaining 
roots can be grouped iuto h (?t-2) pairs 
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> • 


— 1 •> V*) •! ' 

?r, W W -; W\ W >ic Z 


If )£ is o:Ul, 1 is the only real ^^-th root, the re-Ji lining roots ein 
be grouped into ^(w-1) conjugate pairs 

1 <> _«j n in~l 

«’» w\ ir {<*2 M'"2^ 

See also § 6'1. 

7‘4 1 2. Pf’ove th.'zt th^ sm/t of fh'i m th voztrr.i of Ih'. n ntJr- 
roots of unity is ft or Ojzccordmg as m is or is not a multiple of n. 

If w = where p is an iute 4 :e:’ and is one of the «feh 

■ "* • 

roots, then 

( H-r) m = ,^rm = ,prp;i = (ipn ) pr = 1 . 

hene^ the sum of the wth p>.vers in this eis? is ;r. 

If 2 «_ is not a multiple of n, then »•'" 7 ^ 1; 

The sum of the with powers 

Thes" results may als) be eauly cljdaeed from §o 41. “O 

7-4 2. To fin I (he nn*h rooU of any c.- 

All such numbers are clearly the rv>ot5 of the equation ' 

A. /4m 


1(0 


x^=c. ^ 






( 1 ) 


<4 


—T"/ ji - 

. K • C*^ (fe f *^^1 * is 

Now by § 3*4, any uu nbor c can put into^j form 

r ( cosp + isinp) 

where_r is a positive numbe r and p, a real aiikl'^- 

Further eosp + isinw-C05(;>+2Hi'ir) 47^in(pd-2/«Tr) and 

where«« = 2lC, and m an integer, .-. theeinatinn (1) may 
be written thus ^ 

[,h'“eo^S+wia) + iV ^t;os(^ + ?rt<T)]“ (2) 

wher rV“deuotes the arithmetitja^l «th root of r. Prom (2), we see that 

?'^^^[cos(/' + ?Kf^) 4"^ sin (o+wwt)3 ^ ^ 

is an «th root of c for all /alues of »». 

T> 4.^- — n irO *1 «'l in ( 3 ) , we have the « ?ith roots 

By putting m — O, If 2, .5....« i> m v 
of r. These ean be sl^oVn to be dMiUSt i» ‘he manner of ^7 4. 

It should be uotdd that if we denote r'/"(c-os6 + isin4) by y and 
cos«+»sin« by «S tjien the «th roots of r are given by 

i/i<’b yn~, • 



? 7-421 1 


n ■: R HOOTS OF -1 






t .... S 7’4. ’ l.*t n-i cMH^iikn* fh ‘ 
7 - 421 . A^ npu-t,vil.u- ;^^>t , . • 

n'h ro'.ls of -1, or tho rooU of the oqualion V -1-1 -0. 

■ -■■ .os« + 7si.mi.s on,, or tn,. .oo. 

of-1 ‘where^ Tho..efo..,.§ T ^-J. nil tho nth root ot-1 nve 
oo.sn + f.ino,<.. + isin:io,o.,siln + /sinSn,.. .oo..(lWV + rs,n>.^<-.,... 

iJilcT'th-nf. ™.>tsof ’"t" 

iuo-M^jmU'’- Thus'-fc^*'--r—^ ' . 

+ ;sir.( 2-< -1 )n = (cos2no + tsiu'Jnn 1 f cos«-zs. n«) 

— c>srt-*snitf; 

... cos«±isnw i« one pair of conjuate «oinpU*x roots. 

^Similarly co3(2/i-3)aH-isin(2?/-3)a=<.*os3rt isiii3fl; 

c.os6a^UiBU .\^ another pair of eonjn-ate roots, and so on- 
Now \tH_\s ^1. x^'H-1 = 0 lias no real roots and thus in this 

<.,ase we have pairs of complex conjugate roots 

cosa=fc^sinfl, cos3fl=t»sin3a..cos(H-l)rt=fc?siii(H-l)«’ 

If ^is 0 ^. ^" + 1-0 has only one real root. 

co 3 «a + « sin«a = cosTC + /sinic "1 

Theremiiining n-lrnotscanbe grouped into 4(«-l) pairs 

cos'i=t/shirt, cos3rt±tsin3rt.cos(;i-2)rt±isinC«-2)rt. 

ExamxiU 1. Find the c ube”roo ts of d-fiVC-S). 

Suppose 4=rcosp and 4>/3 = rsiiij>, then we easily have r = 8 

and^=tan'H3==hc: hence \f//lC=^a 

4+4V-R=8![co.s3a + tsin3fl). 

One of the cube roots is clearly 2(cosfl + isinrt); the other 

two are 2(cosrt4-/smrt){cos6rt+«'sin6rt) =2(cos7rt+isin7rt), i 
and 2(cosrt4-f'sinrt) (eosl2rt-l-*sinl2«) =2('Cosl3rt + isinl3fl). 2 .C 4 
u-*iTri**^/i;;ert»Hpfe 2. Solve the equation +2 a:^-2 = 0. 

[B. O. 1924 Hons. If] 

x^-x^-\-2x^-2=x*{it^^l) +2U-M) = (A-3-l)(;r*+2) . 
the required roots are given by *^ = 1 and x*= -2. 
they are the three cube roots of 1, 1, cos Stct i siniic and the 

four fourth roots of-2, 


i 


where r =0, 1, 2, 3. 




) 
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lOO 


hxample 3. Find theojuatiou wlt>se ro>U are the twelve 
Tallies of the expression 


1 =fc V8^ 

^‘2 I 




) 




where r is an integer and 3g = TC » x ^9I9 Ho)k. //.} 

Denoting this expression by x, we have 

^ = ^eosr^ + isinra^ 

The required equation is therefore 

or .ri-2-52r<* + l = 0. 

Examples. Vf. d. 


Find all the values of the follwing: 

1. 

(-l)i. 2. 

(-l)i. 3. (i'^- 

o. 

(l-i-i)i 0. 

;i4-o)J4-a-»)-i. 

8. 

2i. (-1)* 

__ . 


7*5. I^olve infojaefors X'^-1. 

Suppose «_is even: then the roots of.V' = t are thp^« «th roots 
of unity. In this case, they are in the notation of § 7 411 

1,-1, «', or-, fc-2; -or-'’ n’ ^ > 

Tlie factors of x’-^-l eorrespondinr to these pairs of roots are 

, (ar-1) (xH-l) =sr^-l ^ 

(,y-a/) (.y-a/-t) =x--Ui!+w-^)x+l=x-2xajs a 4-1, "lor* ~ 

(ar-or^) (x-^-^) =x^-{7i/‘+w-^x+l=x^-2x«os 2a+l-. 

=,v‘“2jrcosi(«“2)« +1 

r....„„^j)Now observing that the coefficient of .r”, in, .v"-l is nnity, 

Ave have the identity 

^n-l = (jir'i-l )i^=^I[A:--2-reosr<J + l] 

When «_is odd, the roots of x<^-J =0 are^7'411. 


(1) 


1; W, ZV-^; 
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§§ 7-5,-7 .->1] FACTORS or 

C .n-esponding to these i-o..ts the faetors of -v”-l arc x-1, 
( v-H-) (ar-a -') = (a- + »•-') ar +1 = + 1; 

(A-ic-) ( x-ic--) = X-- (»■- + + 1 = jr--2.V(!Os‘Ja + 1; 




—-7/r2 


)(x-zv ■i""') =y*-(/r^“ ' + »■ *).r+l 

= j:--2.veos^ («- 1 ) a + 1 . 

In this fase wi* liavc the iiloutity 

M"-l) 

vB-l = t.v-l) 11 t .r--2.ircos(2irW«) +1] ■ 

T ) find the fa<>tors of whore <7 is any iminher, wo havo^<^«.‘-'^ 

ny.\y to write xfa for .v in the above identities (1) and (2) and then 
to multiply both sides by «”■ Thus wlion even 

A//—1 

i-rt" = II [ .r--2^r-reos(2/7C>) 4-a-], (V) 

1 

and when ^is odd 

x:x-an^{x-a) II [ .t--2rt.tcos(2^ir>)+( 2 -]. (2') 

1 


7 ol. Identities (!') and (2') of § 7 o admit of the followinj^ ^ 

* \ • i . 31 

g eainetncal iDtevpvetation , zs 

Ao, A\, arc the vertices of a regulat polygon insc¬ 

ribed m a circle, centre C and radius x. P is a pt. in i /te radius 
CA(] (tistafif a from C. Prove that 

PAq. PA\. PAt — PAn~\= ^ {x^-cP) 
positive or negative sign being chosen according P is zoithin or 
icithout, the. circle. 


Since Aq, A\, A*, ^‘Au-i are the vertices of a regular poly¬ 
gon of n sides, each of the arcs Ao Ai, A\ Az, -••An-i Ao subtends 
an angle, 2ic/« at the centre. Hence from APCA\y we have 

/^^i- = A'--2<Tjtcos(2'ic;«) 4-a-. 

Similarly from As PCA>, PCA\\, ...we have 

PA‘r = x--2axeos{4'Kln) +a- 


andif M_is even PA^^^^x^2axeos(n-2)Tcln-\-d^ 


24 
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too'* 


Again in this case P^J^n = x-\-a, PAo = =t(Ar-fi) 

the upper or lower sign being taken aecjrcling as^ is within or 
without the circle. 


Hence PAo. PAr...PA-^^^^ 


hn-\ 

= ^{x~~a-) II [A:‘--2aA'eos(2r'ic/w) + a'-]. 

1 

Now from the geometry of the figure it is evident that 

PA\ = PAn~\, P Al= PAn-'liPA-.K= PAn- S,... 

Thus the above result transforms into 

V J«-l 

PAo. PA]. PA>.^.PAn-\=^^{x~a-) II [.v--2(3!x-c)s{2rir>)+«"] 

\ ^ 

V = ± (jc?i-a«). 

If tz is odd we \ 3 an similarl y prove that 

' i(«-I) 

PAg- PA\^. PA->^..\^PA-^^^^^.^^ = :i^{x-a)ll [x--2ax^'2t'^ln)-\-a-] 

1 

It is easy to see as before, from the geometry of the figure that 
p A\^ PAn-\r PA> — PAn->,-- and so on. Hence in this ease also 

the theorem holds. 

7 ■ 6 . Resolve hitojacfom 2 ;“ + 1 . 

(€i 

Tf n is even , by §7'421, the roots of .r“+1 = 0 are given by 
cos< 2 =^tsirw:, cos8rt^isin3rt,...cos(«-l)<z=^/sin(«-l)fl 
where tza—'K - The factor s of j:“ +1 cor respo nding to these pairs 
of roots are 

(a;-cosrt-isina) (AT-cosrt + /sina) ^x--2xjosa + 1 ; 
(Ar-cos3/i-/sin3a) (A:-cos3fl + rsin3a) =A’‘'^2Arcos3<r + l; 


[.v-coB{w-l)fl-isin(«—!)«] [a;-cos{;;—1 )(T+tsin(«-l)< 2 ] 

= .r--2xcos (rt-1) a +1. 

Now the leading coefficient of x“ + l is 1; hence we have the 
identity 

^ 04-1 = (.r'--2.reosa +1) (x-'2.reos3a +1) • ■•[Ar'-2A‘eos( «-l)a + Ij. 
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cote’s properties op a circle 
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, • Lv 5 7*421 the roots of 

Similnrlv when wjs ^ 

arethesingi; vea! root-l. and the i(a-l) pait. of -oots 

,0M±fsina, eos;ta=Fism 3 a,---eos(«- 2 )a±/sm(« -)a- 

The eorresponding faetors of ;e’'+t are, as before 

,r+l, ;r'^- 2 *eoso + l, yi- 2 ;reos 3 « + l,.. x- 2 ^«>s(«- 2 )a + l. 
Henee when « is odd. we have 

va + 1 = (t +1) (,v"-2.veosa+1) (x-2;rcos3a +1).. . 

^ ^ ^ ,..[a’-2;<:cos(a-2)a + l.] 

To factorise we write xhj for x in the above identities^^ 

and then multiply both sides by y”. We thus see that ." +!/ is 

'lI[v>- 2 xycos( 2 r-l)a+yn or (x+yh} [^••t- 2 Ay«os( 2 r-l)«+yO 
1 

according as n is even or odd. 


7*61. The following is the g eometrica l interpretat ion of the *- 
latter result*. 

If Ax, ore the vertices of a regular polygon inscribed 

in a circle and a M. on the fa<Ii^s that hhecls the chord Al An; 

J*Ai. PA-i. PA^...PAn-\> PAn = ^^^V^^ 
where x is the radius and y the distance ^ fr^m the centre 

of the Circle. /CrnTrT) ^ 

The proof is left as an exercise to the student. This and the 

result of § 7*51, are known as Cote's properties of a circle. 


Example 1, A regular polygon Vi K 2 .--K 2 n+i is inscribed 
in a circle. Anv nt. L on the arc K^n+i y i is joined to the 
vertices Y\, y->,>-^y' 2 n+\; prove that 

(AKl + AK2n+l)(/-'>''2+^^2n)...(/^>'n + -^>^n+2) = 

[B, a. 1917 Hons. II.] 

Denote the angle subtended by the minor arc A Ki at the circum¬ 
ference by 6 and let 2(2^^ + l)a=TC; then it is clear that A > i, LYz, 
A Kg...subtend angles b, 6+2fl, 6H-4«...and AK 2 n-t-i» LYin^ 
AKsn-i,...subtend angles 2a-d, 4«-^, fia-b—at the circnmferenf.e. 
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Hencf if we denote the diameter of the eircl-^ by d we liave 

/- Ki = dslnd, jLy-i„+i = dsi'ni2a-d), 

'’^1 Ki + Z. = 2^/siiwco--;{rt-/d ; 

^ Similai'jy /.^'h + /,>2» = 2r/»iin8i7eos(rt-&); 

K;i + /- >2n-l =2r/siD5<7eos(a-7>); 


Hence (A Ki+ /. K.n^-,) (/. A y:>..) ...(/.yn + i^K,.+i) 

= 2^/A'sin<7. sin3rt. sinr)rt’...bin(2;/-l)rt cos^ia-h)- 

Now since 2// + ! is an odd integer, we have by pnttinjj a = 1 in 
(2) of §7'6, 1 = 2" sinrt sin3fl sinja---sin{2«-l )n. 

Agnin it is Hoar from the geometry of the figure that Ahri+i 
subtends '2na-\-b at tlie eirenmference; 

A Kn+i =^/sin(2;/<7+/-i) =rA*os(^'-ft) 

The rerpiired result is now evident. 


13} 
to 6 ^ 


7’7. Resolve Into faeiora: ■V-^- 2<i-Vr^^cos;//)-t 
We observe that x-^~2a^^x'^msfip+d-'^ is iUioadratic exnre_ssinn 
in x2 and hence, putting it into the form 

(A'“-u:"eos«p)- + ii-°sin‘Aip or (.v^-rt"eos«p)-- 7 -sin-«A-^'" 
we see that it has two factors 

.r"-rt^(cos;/p + ^J^inw;)) and j;"-rt“(cos;/p-?siu;/r/). 

Since co.s«(;' + 2 sin«p= (cos;> + /sinp)“, these factors may be lulL 
into the form where ft = cosj» + /siDp. 

Now if u' is one of the «tb roots of unity. 

eos( 2 rX/w) + «sin( 2 rTC/bO 

it is clear that abw or rt[cos(A + 2?x/*) +/sin(;> + 2r'ir/«)] is « 
of — and therefore^ j—aia' is a factor of Similarly 

x-ab^hv-^ is a factor of x^^-d^lr^-, hence {x-abtr){x-ab^'^u'-^) or 

x—ax{hw + h-hr-'^)+a-^x'- 2ax<iO'A{pd-2r'7 :lit) +«- 

is a factor of A-'-^’-2a"A"cos«yH'rt--'h 

Taking into account all other «th roots of unity and ob>erving 
that the leading coelficient in .v-“-2fr”.r“ cos ?tp + a~^ is 1, we ha\e 

the iJentitv + = r^^-V.teosf-'T 

0 
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7 71,7.72] r>E m >i\'ke’s pkoperty of a cibcee 

Hesults of §7*5 and l7 C may be derived from thi:. 
np = 0 and tc respectively in it. 


identity by^ 


7'7I. The faUort'in:^ »- e.>m'.‘tric:il proper ty is immediatel> 
obtained from the result of § 7‘7. It is due to De 
l>\ r)i Pu-.-Paarv ih^ vcrtUc^i of a re.^nlar poly^'on of n si.irs 
inscribed \n a circle, rndre C and radiu. x and R h an^ sicch 
that CR = a and is indinod (0 any o?i^ of the radix CP\, CAj,-.- 
at an angle t>. P rove that 

RP{\ RDi\ = np-\-a-'K 


Suppose Z RCDi=p. Now /),, nre the vertices of 

a regular polygon of « sides; therefore each of the arcs D\/)>, 
Din.\, Z):(Z? 4 ...subtend an angle epial to* at the centre t, nb 
being eqnal to 2x. Hence RD\, RD>, -subtend angles p, 

7 ) + ^, p + 2i,...p+ («-!)/' at the centre. Now from the A RCDu 
we have 

RD\^^CH:-^-CD\~^CR. CP\ cosZ A*C/)i==.v‘--2rtJ Cv>s p + a-. 

Smilarly from A« RLD-u /?c/?;t---we have 

7? n;i =x--2fl Acos (p + 6) + 

R Dy — a:‘~2rtxeos (p + 2&) + «-, 


Hence RD\^. RDrMP.v RPxr is equal to 


n-\ 

II [ V--2axcDs(j) + ri»)] 




0 


# ^ i t 

This result ^i'ncUiSes as particular cases,those of § 7‘51, and 
§ 7*61. ^he student may work out the suggestioi^ 


7*72. Prove ihai if na^l'K 

cos^/.x-cos?^!/ —2’*“'[eos;r-cosy] [cosA'-eos(<z+>')] [cosx-cos{2rt-+‘y) ] 

• •• [cosA—cos(«-la+y) ]• 

A proof of this result has been siYcn ^ ‘ 

It can however be easily deduced from th^identity of § 7 7, by 
writing cosi.x+*sinix‘ for x, cosi-v-tsini.r for a and y for p; for 
then X reduces to 2cos ;r, «« to 1 and x'^^ + d^, to 2coswx. 


-jjLni 
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Example 1. Find the faetors of + + 


We have ;f*^ + .r^ + l=jr'^-2A-'^eosHx + l, henee by § 7'7 . we have 
AT^ + jr^ + l = (A'--2A'eos^'lC + l) (A---2.vcoSg'ic + 1 ) (A---2A'cos^^'^'n: + l). 


. n jT ** 


Examvle 2. Show that 


II cos(4r-l)rt = (-1)^™2 ' if m be even 

1 


= (-l)i’“-*-^2 ‘if who odd 

Ama being e qual t o tc. [ //. O- 1922 hons, 11.7 

Writing tc, ^tc, 2w, and Aa for 2a‘, Amy, », a respy .^ in the 
identity of § 7‘72, we have 

eoswi'IC = 2-™"^eos3«. cos7(7. cosll(7...eosf8»n-5).e. co.^fR«j-l )f7. fl) 

Now eos(4»n+ 3)^7 = -co93<z, cos(4»n + 7)a= -eos7<2. ete. 

Making these substitutions in (1). we have 

22m-i(*o3-3i7. eos-7fzcos“l !«• • .eos^( 4»2-l) = (-1) "Niost//7C — 1 (2) 


Taking square roots of both sides of (2), we get 

cos 3(7. eos7rt. coslliz_cos(4w7-l)(Z= =*=2 

Now if m is even, eosf2w + 3)u, cos(2w/ + 7}a, cos(2?« +11)^7, 
...cos{4w'l)o are negative, for they are cosines of angles lying 
between ^tc and X- Hence in this case we have 


eos3(2. eos7f7. cosljrt.-••cos(4»*-l)(T.*= ('1 bi 2 - 

If m is odd, cosines of the angles Vlm + Da, (2m + 5)(7, 
(2m + 9)rt,...(4m-l)(7, are negative similarly. Therefore when m is 

odd, we have i/m+n 

cos3fl. crs7rt. cosll(7. -*cos(4wi-l)<7 = (-1)-' '’2 - 


Exanwle 3. Prove that if *ta — 2X. 

2“"''^sinAr. sin(x+rt). sin(jrd-2f7)...sin[ 2 ;-h (?/-] )a] 

— siniwA'. sini;7(A-+x)- 

ABC...U a rcgnhir polygon of n sides inscribed in a circle of 
radius unity and centre O. A pt. K is taken within it so that OK=^b, 
and angle Z KOA=x\ shew that the product of the distances from 

the centre, of lines KA KB, KC-“ is equal to 

/^^siniwA'. sinA«(A+x) 

2“"- y (^-"-26^cos«A + 1) [E. U. 1916 Hmis 11. ] 


ILLUSTRATIVE EXAMPLES 
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§ 7 - 72 ] 


Writing for and .r + Aiufor y. in the identity of §7’72, we^have 
eDsi?iTC-C')Sw(i:+J'lc)= 2 «-'siTu;sin(ji:+a).--- siu[j:+(«'!)«], 
which immediately reduces to the first part of the question. 

Denote the lengths of perpendiculars from the centre to 

A'A, A'C-,-by pi,p 2 ,.-*Pr....Then by considering the area of the 


A /<^OA in two ways, we have 

2 A KOA^ px.KA^OK. 0^fsinj: = 6sinx. 

Similarly from As KOB^ KOC,^- we have 
P'>‘ B^B = b sin(.t:+<z); ps A C=b sin(7.+2a); ••• 

pi PZ:.Pn ATA. /rA.A"C... = ^“sino:.sin(j:+a)...sinU-+(«-l)a]. 

*2'""d^sinj^i.t:. sini?/(jr+TC) (1) 


Now by §7*71, we have 

A^A, KB,KC... = v(iJ‘-“-26“cos7/A + l). 

Making this substitution in (1), we obtain the second part. 


Example 4. An oblique conical surface stands on a circular 
base in which a regular polygon of sides* is inscribed. One side 
of the polygon is bisected at rt. angles by the diameter of the 
circle which passes through the longest and shortest generators of 
the cone, of lengths h and /•> respectively. Prove that the products 
of distances of the vertex of the cone from the angular points of 

the polygon is V. 1920 Hour. //.] 

Let O he the vertex and ^ the centre of the circle, Ai, Eu 
As,...All the vertices of the inscribed polygon, OP^ OQ^ the lon¬ 
gest and shortest gererators and PQ^ the diameter bisecting at rt. 
angles the side An Ai. Draw the perpendicular O to the plane 
of the circle. It is evident from the symmetry of the figure that N 
must lie in the diameter Q P. 

Now 2.0 N Er=TCl2; .*.O O N- + N A'r- 
Again 2 N X Ar™(2r-l)'ic/«; •*. from A A^A'Ar. we have 
A/ET-=XEr + XN'^-2XEr. XNqos [(2r-l)Tu/»]. 

OEt^ = ON'^A'AEt^ + X19‘^2X Ar. AA^cos[(2r-l) Tt/h]* 
Further 2 OP/X—Tzi2; .*. fromA OXN^ OX- — OEP+ NX^ 
&nd hence 
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0/ir* = OA--\-A'0'--2^A A'yV r.y: [('2?-l)7C/0- 
Now sin<*o OA'=PA, from A OQP, wo hn\'o 

OA- + XQ^ = h(OP'+OQ') 

also 4rQX. XN= QX-~NP' = OQ'~OP- = li-^~l->- 

Heuco we have 

0£r- = i(/i-+^ 2 ')^H/i--/r)cos [(2r-l )x fi] 

= [-H/i + /2)]--2[i(/i + /2)JLi(/i-/2)]e)s[(2r-l)x«] + [Af/]-7.)]-\ 

By writing r=l. 2, S, we obtain similar expressions for 

OAi'-, oh:- .Multiplying them, and using the resull of § 7'Gl, 

we have the required result at onee 

Example 5. Prove that, ifwjs odd 
(r +1)"- (,r-l) - = 2.V ( v: + tim-«) (.v- + taii-3ff) (+ lau'oa)... 
to n factors 2«rt being eqnal to X- 

If a- represents any one of th? /ith roots of unity, o -f-Zsii^yr 
say.^a root of (.v+1)“= (.v-l) ^ is obviously given by 

(or +1) = 

i. e. by .r--(I+ ^0 (1“«') =“mot2ra= -/ tan(«-2r)'f. 

The equation must also be satisfied by the conjugate rojt 
ftau {fi-'2r)a. The corresponding faetor of is 

A:“ + tan-(«-2r)u. 

Writing ^ = 1, 2, w’e have-H^^~l) quadratic factors 

-T' + tan-rt:, .r' + tau- 3;T, Ar-d-tan-ou,. 

Now the coefficient of in (.vd- !)“-( is 2fi and hence 

we get the required result. 

Examples. VII. e. 

Resolve the following polynomials into linear and quadratic 
factors: 


1. 

X* d- 2,r-cos2rt -r 1 • 

o 

^ • 

.r^d-2.r-sin2od-l. 

^ • 

^6d-x'W2d-l. 

4. 

.T®-2jT''siu3rtd-l. 

5. 

A;«-l7.r^d-lC. 

G. 


7. 

2.r'=-l-/V3. 

8. 

x^'’ d- 2i.x\‘.os‘-ip- 1 

9. 

Prove that, if = 

cos^X d- /sinix x^~/= (x’-a- 

JO. 

Prove that if u = 

■ eos j ^2 

Xd- JsinjVx 


.v0-/= (x^-a^ . 




.•v 
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7*8. The following example illustrates an interesting appliea 
tion of the «th roots of unity. Consider the determinant ^ 


ai 

a> 

aw 



a-w 

n\ 

a> 



(72 

aw 

(t\ 

♦ 



The elements i>f the seeond antt The third rows are the two 
eyclie permutations a.^, ai.^j,'1xnd a>, aw, ai, of the elements of the 
1st row a\, (72, this reason sneh determinants are called 

civcniauts. ^^Tlley can be easily expanded into the form of a 
product of lin ear factois. 

Multiply the 2ud and the 3rd eolnmns by 7V, w- and add these 
circulants to the 1st column: w being any tmhe root of unity. The 
determinant then reduces to 


di 4(72^<’4-a;{ir- 

(72 

aw 

aw + a\iv 

a\ 

(l2 

d2"hd;pr4‘u2Zd- 

a-i 

a\ 


Now it is easy to see that the elements of the 1st column of the 
transformed determinant can be written thus: 

ai + (Z2te + a3>c-, ?r(ai + +a2*e + (Z;pr-). 

Hence a\-^-a>uf\‘a 3 w'- is a factor of the determinant. Tbns corres- 

# 

ponding to the three cube roots of unity, the determinant has the 
three factors (Zi+rt2+<*.5. aid-rtiW-haa'C', <7i 

Now observing that the coefficient oP in the determinant is 
unity, we have the identity 


ai 

a2 

aw 

aw 

ai 

aw 

fl) 

aw 

ai 


(<7i4*rt 2 {a\-\~a>w + a:Hr-) (ai + a^^o- 4-a;pr) 

( § 5’411) 


The method can be easily generalised . When the determinant 
is a circula7it of the «th order, we emi(jfl^* the nth roots of unity. 


1. Prove that 



Jixampies. VII. f. 


1 jr 0 0 

0 1x0 

0 0 1 a: 

X 0 0 1 




JLUI” 

4 .C«r> 
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2. Prove that 


» , 


b h 
b b 

a b 
b a 


= {a-{-:ih){a-b)^. 

C} « ^ ^ ^ , A* 


3, Express as a polynomial 




:& ^>4 )i 








t < ) 3 

I 

4 


o I 







ff-* ( «- 

1 

X 

.r2 


0 

1 - JL*') ( 

0 

1 

X 


1 

3-2 


4) 

a:- 

0 

1 


X 

1 

)0“>v 

i r 


0 


1 

1 1 

[ 







e that 


1 1 

3 

3 

0 = 91 

« • 5 

c -X } 

1 i 

0 

1 

1 

3 

3 

» i 

\ 

A 1 

3 

0 

1 

3 







1 

3 

3 

0 

1 


O I X- I 
♦ '‘H t-K^ Ki 




/Vofis. [. I 

y<^ 


5. Apply the method of this article to prove that 


a + b 
a + 2b 
a + 36 
a+46 


a + 2h 
0 + 36 
0 + 46 

rt + 6 


0 + 36 
0 + 46 

o+ 6 
0 + 26 


0 + 46 

o+ 6 
0 + 26 
0 + 36 


= 32(2o + 56)6*'’ 


[ B. U. 1916 Hons. I. ] 


^^7 [Interchange second and fourth rows, it then reduces to the form 
of a circulant. See § 2*64, illustrative example 6, for an 


al ternative meth od!. 
G. Prove that 


0 0 
1 0 
2 1 
1 2 
0 1 


= 22 


Examples. VII. g. 

Resolve into factory 

1. ;ir° + .r""i+;r""2 + ,.. + a; + i, = ^ 

2. 1 -~x^~^ + ... + (-1J “. 



I. 


Ay tP'l Si 

5, 

;.s,* * 

5 7-8] - 


^ o 




£ O 


3-. 


»izr 


•«>-• a«w«' *!■»> - 

^ EXAMPLES. VII. 





a.-cotTdt,... 


3. If 4wa=7C shew that cotrt,-cot3a, 
hot{Viu-Da are the roots of 

x'^-n *-nC9j:"“-+ iitTsA''"'^ + • • • = 0. 

Deduce that 

2p^«|iOJtrt. eoseo-a-cot3<i. (;oseo-3(2 4----to ?i terms = 2«-‘. 

[B. O. 1921 Problems and B. U. 1915 hotis //.] 
[Write Ju for na and llx for x in the equation of §7'3 


xi 


4. When fi is an odd integer, prove that 


+ cot^4«+cot^Ga 4- • • • 4- cot** («-l )a 
= («-!) in-2) («'^4-3«-13) -^-90 

where 2;;a = Tr. [B. U. 191? Hons, //.] 


5. Show that 

«-l 
S cose<} 

1 


lOfir 


A a4-—1-V 

V « / V 


* y a 

cos ee - M <z-cos ec "a. 


» d. 


M. 




. ^ 


[B. U. 1925 /fo7is} //.] 


6. Prove that if 2;w = 'jc, 

(14-.r)^4- (l-;^^=2(14-;r‘-^cot-^a) (l + a:W (14-xWSa) . 

the numbers of factors on the right being or J(«-l) according 
as n is even or odd- 

(14-x)" = {l-r)”[cos(2r-l)'lc4“ / sin(2^^1)111 
^ ■*• 14 'a: —(I-a)[ cos(2r-l)'n:/«4-«' sin(2r-l)'ic/ 

, ,, H.v.hTo* ^ - tf.jOC.:* 

7 . Prove that if «/t =a^ ^ 






• i. 


_ _— ^ 




•4 t 


•m. 


Cs 


(14-;*;)“-(l-;r)“ = 2K.r(I4-A:Wa)(l-hA:'2cot22fl)(l4-a:2cot23a) 

the number of brackets on the right, being J(w'-2) ov 
according as n is even or odd. 

8. When n is even and 2 na^TC, prove that 


^ •▲A 


n, 
Xu 




i. 2^“ ^ * 


i« sine. sin3* sin 5a-..sin(«-l)a = l ; 

ii* 2^ ^CDsa. Gos3a. ftos5a...cos(M-l)a = l; 

iii. 2-*^ *sin2a. sin-l^K. sm 6 (z...sin(«- 2 )( 2 = >/7i: 

iv. 2^ 'o32z 0343. c.:)s6a..-cos(77-2)a= Vk; 
V, taniz. tanSa. tan5fl...taii(7e-l)<z = l; 

vi. tan2a. tan4a. tan6a...tan(«-2)« = l; 
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9. When ?2 is odd and 2fia = Tz, prove that 


^ “ —sina. siii32z. sin 5 ( 7 .-.siu (n-2)a 

♦ » 

n. 


— eos2<2. cos4rt eosG<z...eos(w-l}<7; 


111 

iv 

V. 

vi 


1 


“* “ N« = siu2^i. sin4:z. sin6f7...sin(2i—I)/?; 

= cosa. cos'Sa. cos~)a...c:ys{n-2)a; 

<n =tan 2 (z. tan 47 . tan 6 f 2 ...tan{w-l )3 
= cotrt. eotSa. eoton...eot(72-2)rt. 

10 If n is an odd integer and 2iia is e pial to %, prove tljat 
3^1 = 2 « (4 + eot^ 2 ^i) (4 + cot^a) {4 + e yt-6a ) •.. 

[4 + eot.-(7/-i)aj : 


ii. 3« + l = 4(4 + tim-2rt)(4 + tan-4rt) (4+tau-6rt)... 

[44“tan-(7/-l)a]. 

[Put 2.v=l examples 6 , 7, above]. [29. U. 1922 Prohtem^i] 


11. A reg’iilar polygon ofsides is inscribed in a 

circle of radius ( 7 . From the mid point of the ar* .429, perpen¬ 
diculars are drawn to the sides of the i^olygon. Prove that the 
product of the n perpendienlars is 4(a,2)''. [fi'.U. 1926 Hons. //.] 


12 . Prove that if = 

t 1 A'siny , ^ _i jrsinCy + ft) A'sin0'4-2&) 

+ tan-' +... + 2 «tenns = tan-' 

a-Xi.-o^{>j + -ih) a-’“-Ari^cos2«>’ 

[B. V. 1921 Hons. If] 

[We have ff'^v-“eos 277 y + /.V''^sin272>'=«“”'J'-"(cosy'isini/)-“ 

= [rt-;tr(cos?/-isiny)] [a-vCcosy + ft-zsiny + ftlj-'-Sv. factors. Nownsc 
the result of e.xample 16 IV, c] 


13. A series of radii dividesthe circumference of a circle into 
2n equal part.-;; shew that the product of the perpendiculars let fall 
from any point of the cirenmference on ?i successive radii is eipial 
to r^sin 72 tf/ 2 ^“^ where r is the radius, and q the angle between the 
ladins to the given point and one of the extreme radii 

U. 19IS Hons. //.] 
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14. Prow that is viinal to 

1 X X' JV* 

A.-:* 1 A- A-*-' 

r^' 1 X 

X X- 1 

Ci u.t, tt<fp 

15. li' <7, lu e,...aro the roots of 

/( v) = + ? i'’''“"+ ”=0, 

and zf' is a special zzth root of iiuitj’’, prove that 

?(;>:) ./Urr)./(xio").../(rre-’-') = ■• • 

16. Shew that [cos(2ot + 1)a:+1]^(cosa + 1) can be 
expressed, as a square of a polynomial in co.s.t'. ^e. g. 

2cosi i:v+2 = (>’+2) (r’ -y^ “-iy ’++ 3y 'D" 
where j/ = 2cos.:r. 

17. Prove the following two identities 

I. .r5-5a6:t:^ + 5rtV^jr + <2=^4'6’= + « + 

;>< [x“'¥2(a-\-d)x ;os72®H-rt- + Z*- + 2a^cosl44®] 

X [x-+2 (a)xcosl 4 4^ 4- a *+^ ’ + 2rt?Jeos7 2*^]. 

II. ;c5-6fl6x-‘ + 9^r‘’-AV^-(a34-^^)- = U---(a + 

X[x--{-{a+h)x+a—ad+6-']X[.x-{a + h)x-{-a"ai>-\-b^. 

18. Prove that the equation >tcotvA +cot(a-A:) =0 has« + l 
solutions, no two of which differ by a multiple of TU. 

If these solutions are po, pi, Piy-'Pn, prove that 

S cot (pr“«) = (4—«)cot?w. [ C/. 1927 Horn, II]. 

0 

[Consider the equation freot«(;v+rtj-cota: = 0 obtained by writing 
x+a for X in the given equation]. 

19. Prove that if «d —2^ 

[1+siu2acosA*] [1 + sin2aeos { a* -b 6) ] [ 1 + sin2acos (x 42^) ]. 

• ••to n factors= [sin‘-*^<T-(-2l)“2siu”rtcos“acos«x4-cos-*’a]. 
Radii vectors SPi, SP-iy-SPn are drawn from the focus, 5 
of an ellipse meeting it in Pi, PzyyPa. If the angle between any 
two consecutive radii vectors is 2'rc/w, prove that 

2H^=SPi SP2. SP^ .^SPn 

X[(a4-6)»-2(flM'’)^“(-l)“eosnA4-(a*-6)“].wt-* 


CHAPTER Till 


PARTIAL FRACTIONS 


8‘ I. We know how to express a sura of fractions snch as 
1/+ 1-(-1^+1) in the form of a single fraction ). In 

many problems however, it is convenient to exhibit a ralional 
function in the form of a sum of partial frai'fions-ivoMtion's whose 
denominators are of lower degrees than tliat of the given fraction. 
This chapter is devoted to the study of methods of etfeeting this 
transformation. 


i-gt) §*2. The f undamental theor em of the chapter-depends on the 
following lemma;- 


• \ 


// lu'O polynomials C and D*a*o ^rimc (o each e///r^* -thev have 

other polynomials L and 


no common factQr-/7 is possidlf^to find two 
M such that L.C-VM. D=-\. ' “-'vO 


i^uppose C and D are of the w»th and //th degrees, m being 
greater than n. Apply the Process of findin<y the fi. C. F to these 
polynomials and denote the corresponding^remainders, that occur 
in the process, by/?i, D-y, Ds-.^Dn and R>, R.] >.Ri\. We 

liav’e the following obvious identities 


C =-D. Dx + Ru Rx = C-Dx.D- (1) 

D — R\. Di + Ry ; R* = D ~R\. D'l ; (2) 

R\ —Ri~ D.x-V R\\\ R\\ — R\-R*. Z?.j; (31, 

Ry — Rz- D\-\' Rx\ R\ —Ry—R.x. r)^\ (•I) 

and — 1 - Dix-^Rn Rn-'l~Rn-\Dn- 

From (1) we have R\ — C-D\. D, (1) 

{ Substituting this value of R\ in (2), we get 

Ry=-D-Dy{C-Dx. D) =-DyC+{\-\-D\. D 2 )D. (27 


S ubstituting the values of R\, and R-i from (lO and (2 ) in (3/ 
we have similarly j 

,?3=(i + Z?,. Ds)C+(-Dy-D,-D,. A. A)0. (3') 
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In this way, we ean express each of the ii emaimle rs Ri. R'..-- 
anti finally K« as « linear homogeneous fnnetion of (Tantl D .. Wt 

thus have , 


where U and M' are alearly som'* polynomials. 

Now since C tpfd /? have by hypothesis, no common factor, the 
last remainder. Vc most be a constant different from zero.^ Divid- 
ingjhe identity («') by /f„ and writing/. and vt/for /.'/*n and 
we have the resnlt in the reqnired form. 


8-3. // any Ixto polynomials C and D hf primf to tad, other, CL 

then any fraction RKC. D) can be thrown into the form 

Rilc.D) = N+ aic + b:d. 

where N, A, B . ate polynomials, A and B leing of lower 

degrees than C and D respectively. 


Since C and D are prime to each other, we know, from § 8 2, 
that two polynomials L and Af exist such that 

1 = Z.. C + M. D. (1) 

Multiplying both sides of the identity (1) by wehave 

RI{C. D)^R. AfjC+R. LID. (2) 

If R. Afhe of a higher degree than C, divide ^by C and 

let the quotient and the remainder be E and W, so that we have 

R, A/JC=£-\-A!C. (3) 

Similary suppose R. LjD reduces to FArBlD. (4) 

We thus have, from (2), (3), (4) . 

RAC. D)^ F-V A\C-^ B\D. (5) 


Now writing iV for we have the identity in the required 

form. ^ _ 

UbovW. Remarks:-It should be noticed that the degree of N is equal 
to the degree of R minus the degree of C. D. For, multiplying (5) 
by C. D we have 

C.DA-A. DA-B. C. (6) 

Now A and B are of lower degrees than C and D respectively, 
therefore A.'D and B. C are of lower degrees of than C. D. Hence 
the degree of the right hand member of (6) is the same as that of 
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A''. C. D. Therefore R i.s of sain.* as A'. C. D. Heiict* 

the degree of A” is (;‘<4aal to the d'^gve-:-of ^ ininns the degree of 
C. D. In partkjilliir, if the gi ven fraetii> D is proper , the polyno¬ 
mial part A/" of the right baud expression of (G) mast identiealiy 
vanish. 

8 3 1, PoUjnomials Py Q, R,...arc prime to (“ach other (ind 
are faciora of (he ilcnominaior ot a frarfion. Prove that the fraction 
can be Put info the form 

A, C-•-being polynomials of lo'.cet' degrees than P, Q. i*?,...re.vp- 
ectiveUj. 

The theoi*em can he proved by the re peated applicatio n of 
§ 8’3. Since, P, Q, are prime to each other, /^and the product 
Q. R _are prime to each other. Hmee by §S* 8 . the fraction ean 

— . ( 1 ) 


> /7^ 

he put into the form -^ + ^+ 777 ;— 

M i\ * * • 


where A and are polynomials of l<)wer degrees than P and 
^./^...respectively. Applyin.? t h*^ saui* arggaimt t> th* fraction 

B C' 

B'.Q- R -‘ , we see that it can be put into tle^ form --f. 


O ' /?... 


( 2 ) 


Using (1) and (2) we find that the given fraction can he 
put into the fonn 

.y.A B.C 

Repeating the process sufficient number of times, the required 
result can be easily obtained. 

Bxample I. Resolve into partial fractions 


\V^ien x^ + xd-1 is divided by x'-d-xd-l, the quotient and the 
remainder are .v-1, and xd-2 respectiyelv. Hence 

( 1 ) 


{x^d-x-\-l){x-+xA'i) . 




x^ + xd-l^\x-1)f(^-^x+U-\-xd-2. 




Similarlv when V'-r-tr + l is divided by xjj‘2, the quotient and 

* X _ ... - "^R, c.t.*.v 

the remainder are z-l, and 8; ^ ^ ^ 

^ "^- + ^ + 1= (jr + 2) (.r-l)+3. (2) 

' Ffc.' 

CC..C 


\ 




^ S-31 ] 
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FroJii (1) and (2)^ vre "ot 

y-4.^+l=(,v-l)[(.v‘' + A- + l)-(A-l)(y^+A- + l)]+3; 

8 = {a-‘-^H-.v + l)L(v'l)-’+l]-(r-l)(.v-+.v + l); 

3Ca-— x) = ix'-x) (/--2j' + 2) + ^ + (^-1 )(j;^H-a: + l). 




Dividing this result by (Ar*'+.v+1) (.x-+-v+1), we get 

:Mx--x) „ (a-^-.v){.v--2.v + 2) _ (aA-)(a:-1) 

+ 1 


A-=‘ + A- + l 




4sb. 


! 


(A'--rA-+lMA-;y-^X+l) 

b, ^ + 2 ) 3 3 ^ ^ ^— 

- isow. --=A-:i+ — .- 


(3) 


I — X 
O * I 


X 

A 


A--‘ 4- A- + I 




and 


.^'‘ + a:+V 


(a-^-a)(a-1) ^ ._ 

A-- + A-+1 ■ * A-- + A-+1* 

Heuee (8^ reduces to 

A-- + 1 x+1 


x'--x 


(A-- + A-+inA--‘ + .r+l.) /■’ + A-+1' A-^ + A-+l * 

Otherwise :—We know from §8‘8. that the fraetiou ean be 
written thus: 


A—a: 


lx-¥m , /'x'- + m'x-\‘jt' 


H- 


(4) 


(a^+a-4-1) (a--^4-a+1) a-^ + a + 1 ■ A-’+A- + l 

where /, m', are eonstants. Multiplying the identity (4) 

by (A-+A 4-1) (A-*+.V +1), we get 

x~-x — {lx-¥m) (a’'4-a4- I) 4- Wx--\-x-\-it') (a-4*^4-1). (5) 

Equating the coefficients of the vai-ious powers of x on both 
sides of (5), we get the equations 

/4-/' = 0; ?«4-;'4 »/ = 0; 1 = /4-/'4-?//4-k'; 

-1= t+?«4'OT'4-«'and 0 = «(4-;/. 

Prom these simultaneous equations, we have 


m‘ 


= 0 and — -n'— -I' 


Hence (4) reduces to 


A—A* 


a ‘^+1 


a4-1 


(A-*‘i4-A4-l)(A-34-A-4-l) A-34-A-4-1 A*^4-A'4-l 

Both the methods suggested in this example are of universal 
application . Much simplification can, h owever, be introduced by 
employing certain devices,. In the following articles, we explain 
the principles underb'ing them. 
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[ § 


f. \o V ? 


S'32. The ease ot a single non-repeated binomial factor in 
tiie denominator of a fraction is of frequent occurrence. L?t the 
factor he x-a, so that the given fraction is of the form f{x)IPix) 
where P(x)^{x-a)Q{x); ^(.r), P{x), certain 

polynomials. 

Now by § S’3, the fraction can be written in the form 


fix) 


A 


+ 


Pix) 


( 1 ) 


L'ln of a product of factors ix-a) Q{x). 

4 ..^ xoii^ 2 . 0 ^ . 

ases wliei'e the denominator caniiot ae 


Pix) .r-<7 LMf) 

where A is independent of x and Pix) is a polynomial. I^Iullipl- 
ying%oth sides of (1) by Pix), we have 

fix) = AQix) + (A'-rt) /-(A') . 

Putting x — g in the identity we get 

f{a)=A.Q{a) or A=f{a).0{a). [H) 

* We thus deduce the vuh :~Thf pariial fraction vorrpspon.limj 
to a siuf/le. Kon-rcpeafed binomial factor x-n, is Aix-a) ivlhcrc .4 
1*5 obtained hj putting^for i« the remaininu body of Hip fraction . 
To apply this rnic, it is ii'Hjessary to express thedeuominatorof the 
given fraction in the foi 
A suitable formula in cases 
convepientlv factorised i s derived thus;- 

Differentiating the identity Pix) ~ix-~a)Qix), we have 

P ix) = Q(x) + (x-a)Q'ix ). 

Putting x — a in this, we have P' ia) =Qi^)- 

Substituting this value of Qii^) in the :’ormula (3), we have 

A = t(a)-^P(a). i-^'^ 

Remark^:-It .should be observed that in the above argument 
we have assumed nothing regarding either the dcifi’pe of the .ll um iL- 
rato r or the nature of t he numbers; hence the numerator may be of 
a higher degree than the denominator and a may he real or complex. 

Example 1. Resolve into partial fractions 

x^ _ 

(1^2)(A-l)(.r + l) • 

Applying the formula (3) of § 8-32, the partial fraction correg 
ponding to ix-2) is 


93 


Ar-2 • (2-l)(2+l) 


or 


x-'l 
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Similarly partial fraefion^.• carrespomling to x-\-l and ;r 1 are 

1 , , 1 
ami -n 




ft TT 1 • 

AT + 1 ^ I 

Further, if A'-* is divuled by (a-‘2) (a: + 1)Ca- 1). the (inotieiit 

is elearly 1 ; lienee the polynoirial part consists of 1 . 


_ ^ _=14- H J— 


_ 1 
G 


_ 1 


-*4 

6 - {■' “S 




• • 


A- + 1 " X-l 


CC«.K 


/txample 

4 . 

X X +1 


2. Shew that 

nC 2 _ . ^ 

-;« • • • ^ - 

.v +2 .v-bw 

x =0 » 


72 _ 

7(;rri)U-'-|-2)..-(A+V2) 
IB. U. 1918 Horn. I.] 


To establisli the identity, we resolve the viffht hand fraction 
into partial fractions. Applying the formuLa (3) of § 8 32, the 
partial fraction correspondini' to x is Aoix where 

^o=«!'1*2'3-.o2 = 1. 

Similarly partial fractions corresponding to 
x-\-l, X'\-2, A:+3,..-are -^hCx + l), - 42 /(a: + 2 ),--*Wr/(-r + r)---'where 

^.,=„l/(-2)f-2 + l)(-2 + 3)(-2-I-«) = (-l)M'2!(«-2)l = (-l)2uG;, 

^r=--Hl/('r)(-r-l-l)(-r-l- 2 )...(-l)(-r + r+l)(-T + r + 2)...(-r+«) 

= (-!)'• nCr; 


6 **»*-* ****** • The result may also b e obtained 1)3* integrating b etween 0 and 1 , 
t he obvious identlt 3 \ 

Example 3. Resolve into partial fractions x^l{x^-l). 

The roots of are clearly 1, -1. i, -z: hence the factors of 
are a:- 1 ,-r+l, a:-*, and :r+*. Applying (3') of § 8*32. the 
partial fraction corresponding to the factor x—l is W/(x— 1 ) where A 
is obtained by putting 1 for x in a;3/4a:^ and is therefore equal to 1/4. 

Similarly, partial fractions corresponding to x+1, xA, x+i 
are l/4(.*+l), l/ 4 {.r-i), 1/4 (a:+z) respectively. Since the given 
fraction is a proper one, the polynomial part does not exist; hence 
we have 
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L .' 1 '^ •«- 


' 1 , 


-L + 1- + -1 f. 

.^■+1 X i x4-/ ^ 


( 1 ) 


(1) 


Expressing the sum of the last two f ratrfioiis ns a sinL^Ie fraction 
transforms into 


x^~l 


= i 


) -5- + —-h - ■ ( 

^ x-l x+\ -t-+l 


^ ‘ Kesolve^into paiiiaT^fraetions 

l-[(l+.r)''+(l-.v)’]. . —. 

S grV ^<*-1 5- 

If lOrt-^TC and ?r=i‘os2(2>-lM + / din2 (2r-l)<7^(r= 1, 2, 4. ) 

M -i. • .7 M .^-12.^ . ^ 

tlJ011 it IS IV* f li •! f <1 1 -1— V \ *1 U. ^1 — — A K\- 


^ -I ^ ~ 14,: 


iNow (H-A')’*+(1“-?)^ IS an even fnnetioii of x and is of the 
fpnrtli degree : hence-f tan (2>'-l)a must also he a root. Tliercfore 
A‘- + tan-f?, and A'- + tan'-3a must Vje the factors of tlie denoiniual )r. 
The corresponding partial fractious are, by §8'32, ei-i-(.r- + tau'rt) 
and>9-i-(.r- + tan-3^2) where^ and y9areobtained by putting-tan-rr 
and -tan-3a for x~ in 


1- To^ [{1 + ^)5+(l-r)5] or 'ix-^-[(l-hx)*-{l-x)^]. 

(I \X'‘) •' 

T . 


__ 2 __ I tan a __ 2 sina:. co:^ 

^ (1-1-/ tan a)*-{l-i tan n)^ ^ 2 sin ia 


Similarly 


= ylyy COS 3a. cos a. 

n~ ~ xV cos3a. 


Thus 


10 sec/’i. sec3a 
(1-|-A*)'’+ (1-v)-" 


r-H-tan-a .t:--|-tan-3a 


ExampWs. VII. a. 

Resolve the following into partial fractions'- 


•J 

jtr- 


(.r-hl)(.r-l-2)(.r-l-3) 


{x-a){x-h){x-c)' 


.r3 


_. 4. 

(a.r-h 1) 1) (c-v-t-1) 


^-hl 


t.v-hl)(“v--|-l) • 


¥W 

("eT fl w+A-) i e+) 


4 
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at * j 

V __j__jS:.,(IT7^ 

u + D^'-vM '-*- • 

(9) Prove the . ___ i" 


•• i+vH.v^ ■ 

(!)) P'*'" 

__• =.r-\“i-{-h-^r \->/.-\-7'- ... ■.w^_/\‘ 


Heiiee or other^i prove tliat 




n s 4^ 


^ Mi . sy 


H.ac,» X ai 


a* __+_i_ 

(a-F){a-r){a-<i} (h <i)(h-c){h-^0 U-a){r-h) {c-d) 


= a-\-d-\-f’-\-d. 


{d-a)(d-l>) {d~r) 

8.3 3. When a repeated factor of t)ie tonn {x-a)^ oeenrs in 
the (leiioininator of a fraction, the corre?pondin*j partial fraction, 
liy v'S*3, can be pnt into tlie form A.v)/(-v-n)''where/’{.r) is a 
polynomial of the j—I th {le;'rP 0 at most. Now /’(.v) can he put 
into the form { Rend'remarks on illi;Srralive example I, § 1 33. ) 

P{x) = p-^q{x-a) +/ (j—«')- + .+ 
where p, < 7 , r,.are constants. Hence the partial fraction 


P{x)l{x-ay can be transformed inh> 

P{^) ^ _P . y +— +... + --. 

{x-ay {x-ay {x-ay-'^ (/-«)*■“- x-a 

How the transformation is effected in practice, may be seen 
from the following examples. 

Example 1. R>S7lve into partial fractions 9.v/(r-l)^(.v+1). 




Putting x-l = fj or r —l + v, the traction reduces to 

”-i. a. < ) It _» ( <t 

X(14->')/!/^(2+»/) ' S. 


Now by actual division or by inspection, we have 

S + Sy={2+y){4:-\-2y-yn + ff. 

Dividing (1) by y^ (2 + !/), we get 

S{l+y)lyH2 + y)=-^!if-y‘2ly^-lly+\-^{2+y). 
Substituting the value of t/ in (2), we have 


( 1 ) 


( 2 ) 


^ 8a: 4_...2_ ^ 

(x-iy^ix + l) U-1)3^(a-1)2 ix-l) a: + 1 


Otherwise: - We know, from §8’33, that the fraction can be 
thrown into the form 

^ 8a: _a _ _b _. _c_ , _ d 

U-1)3U+1) {x-iyi^{x-l)2'^{x-i) xVl ’ 
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r ^ I*•*>'> 


here < 2 , h, c a'are coniitants. by + 1 ), wo 

av = rt(A-f-l)+ft{A--l)(.r4-l) +r{ v-l)-(-V+l) (4) 

Putting x= -1 in (4), wo have </=l. 

Similarly putting a: = 1 in (4) we get a = 4. 

tT 2.51 «<, A c«» ^ wf. 

Differentiating the identity (4), with respect to a and iLen 
'^‘"putting A = 1, we have 8 = a + 2/», ^^ = 2. 

• Differentiating (4) twice and then putting = we get 

) 0 = 26+r(6-2), -1. 

I 

third taethod. C>ustantsrt, d,c, d, may beevaluated by etjuatiiigL 
the coefficients of powers ot x on both sides or the identity (4). 


Henc 


Example 2. Resolve into partial fractio!'-s le- 
Now 2 h- (l-.i-) =^[i;(l-v) + l,(l + .v)J, 

1 =l / 1 

>*yi-x+l + x) 


1__+ _ '± _ +_3_ 1_ , 

( W') ( 1 + a')- (1+v;- i 




1 3 i_r 1 , 11 


3 r L/V 1 

“ [l-A-r 14 -a 


*3rtK^ 


— x[ — ^ + 3 _1_ A. 3 ^ 3 _L. 

I (1-A-)- - (1-A-)--^ “ 1-X - J+A- 


.3 _J_- _ ]_ i 

^ (l+A-J- i • 

Example. 3. Resolve into partial fractions 
Putting 1-2 a = //, the fraction reduces to 

Restoring the value of y, we have 

( l-r)" _ 1 5 1 _l__ - ) _p /> ^ 

(1-2aJ3 2W (1-2a-)- (1-2.V)- 2(1-2a-7 > 

where /^denotes a polynomial of the (w-3^ th degree. 
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Resolvo into partial jiavtinl^ractions; 

1. I^.r2(.r^ + 1). 2. + 

3. + + 

8*34. Lastly, when a power of a quadratic expression 
occurs as a factor in the denominator of a fraction, 

the corresponding partial fraction is, by§8 3, of the from 

Mx) 

Kx’-k-bx+c)^ 

where F{x) is a polynomial of the (2«-l)th degree at most. Now / 

any polynomial like F{x) can be nut into the form * 

(ao+^o-v) + + + ^ 

■where P—x~-\-hx-\-c. Using this form of the partial fraction 

can be expressed in a simpler ^orm, as the sum of the n partial 

fractions f 


aQ-¥b{\X j^ a\ + b\x . o.-> + h>x . a-.K-k'b^x ^ _^a a-\’\-bn-\x ^ 

_ />n pa-X pn-1 pn-A _ p > 

* jV. B. How the transformation is effected, is seen thus:- ‘ ^ 
Divide /='Ca:) by and suppose that the quotient and remainder 
j2oj Fo, where Fo must necessaiily be of the form 
We thus have 


Fix) = (ao+fto^r) Qa F. 



If Qa is of a higher degree than one, divide it by F and 
suppose that the quotient and remainder are 0i, where 
must he of the form a\ + hix. We thus have Qo = (ai+^ixr) -^Qi.P. 
Using this value of Qo in (1), we get 

Fix) = (flo+^oar) + ia\-^b\x)P~\- Q\P~. (2) 

Applying this process repeatedly, we get the necessary trans¬ 
formation of F(x.). 


Example 1. Resolve into partial fractions 


{x-l)ix^ + \y^ 


[ B. V, 1924 Pass I. ] 





partial fractions 



Xow by §S'32, tho partial frafiioii forrespoiubii.^ to ,r-l is or 
the form (at-I), while by §8 34, the partial rraetions i* )rres- 
poiuliug to {x-+l)-, are of the form 

(do + ^'oA') -^-(a:-+ 1), (rti+?viA')f-V'+ 1)-. 

Henee, the given fraction ean be written in the form 


.r^ + 4.v'^ + 7 A , ^o + ^>oA' rti + Zov 

{.r-i)(.v-’+i)-’""^1 A--'+r (^-+11' ■ 

Multiplying (1) liY (.v-1) (.v-+ 1)-, we have tlie id *nti1y 
a-^ + 4.v-' + 7 = . / (.V-+ 1)- + (rtii + /Ai.v') (.V -1) (.r- + 1) 

+ (aH-et.v)(.v-l). (2) 


rutting x= 1 ill (2), we have 12 = 4./ or .4 = ‘>. 

Putting .v = / i u(2), we get 

l“4/ + 7= +t(7l+^]/, (/-I ) = 

Kquating real and i inae'inarv parts , we get 

8 = -rti-4ii; -4 = ^71-?^]; henee =“2 and 771 = “ti. (4) 
Making these substitutions in (2), we have 
.v^4-4.r^ + ^ =3(.v- + l)-+(rtn + /^ii.r)(A-l)(.v-^'l-l) + (-(i-2.v)(.’-l) 
"or^ ^'^^‘'•-^a1 + 4.V'-‘~4/- + 4.v- 2= (floH-fto-r) (.v-1) (.v-d-1). (5) 

( 5 ) being an identity, we expeet that its left-hand memher is divi¬ 
sible by (.r-1)(/'4- 1 ); and we easily realise that itisthecase. 
CarryiiiL'’out the division, we hav’e'2v+2 = <7(t + /»ia*, which is an 
identity and hence wc have 720 = 2 and hi,= - 2 . ( 0 ) 

77 n and 60 may also b e determined thus.- - 
K( iuating coefficient s of x* on both sides of ( 2 ), we have l = .4 + <&(i. 
Komenibering that A —3, we have ho —-2. (7) 

In the same way, equating eonslawt lerinson both sides of (2), 
we liave 7 = ^-rtt)-ai- Substituting the values of ,4 and 771 , we 

have 77 u = 2 . 

8 '4. We now give S)ine trigonometrical applications of the 
foregoing theory. 

c^.H Prove iha/, if 27777 =7r 


1 — 1 1-A'<^>^2r-Ij77 

.r-»4-l V f-2.vco7(¥/'"l)77 + A- ' 

[c. f. B. U. 1921 Hon^. //] 
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We know fiom § 7’0, tbr.t x-ir where 

tr = oos(2/—i )a + /sin(2 /'-])a 

is a faetor of .r-^ + l = 0. The partial fra«^tion eirrespoiiUiii'' to 
this i 5 A:{x~ 7 i>) where A is obtained l\v putting for .v in 

] (1-2J. + 1) or 1 *.-2,7/-"-^ , 

dx 

and lienee it is e.pial to-»'-f-2//. Similarly tin* partial fraelion 
(•orresponcling t«) t he o.miuLoite faetor a-u/~ * is 

-/r“* -r •). 


Tlu siini of tlr'se two fraetions is 


-1 j tr ^ > 1 * ^ 

'2n ( x-iv x-ir~^f n ' l-2veos(2r*l)u 


+J- 


Snbstitntiug ^ =1, 2, ‘1,...;/, we get n partial fraetions whose 
sum is equal to the given fraetion. 

This result may also he obtained by differentialing with respeet 
to X the identity of (§7*G), 

+1 = (.r--2xeofirt +1) (x--2.rcos3(j + l)(x'--2.tcosjrt +1)- .n factors. 

8-5. Prove that .H.b iJ-e-' 

a. iaa'® 

eosiUA _ 1 sin(ff + x/>). onani (a + v/> ) 


Qosnx-cosfia 


ftSnvtn 


r = 0 


eos.v-cosvad-re) 


where 7/1 and 71 are positive integers (j«<w) and 2 TC~nd. 


9<« 


We know from (4) of §4'4, that cosw/.v and cosw.v-copwjz can 
he expanded iuto p olynomials in cos. v of degrees 771 and 71. Further 
eos«jt'-cos«rt has ^aetors (7‘2)I*»-.i-) 

cosAT-cos^?, cosA:-cos(a4-^), cosa— cos(a4-2&) ,...cos.v-cos[fT-l- («-l)6] 


Now the partial fraetion, corresponding to one of the factors 

eos-v-eos(rt4 rb) is Ar-^ [cos.r-cos{a4-rfc)] where is obtaineffliy 

wi'iting cos(a + >'^) for cosvor a + rh for x in 

[ , _ d . 1 sintcostn.v 

■■ V (eos«.v-cas«/z) I or --- .-• 

n\<50SXi) J 

Hence Ar=sm{a-\-rb). cosMi (<z-hr^)-j* («sin«a). 

By writing r=l, 2, 3,..., « in (1) and adding the « partial 
trations, we get the required result. 
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[ 8'51, S-j2 


M-. !>.•« R.. ^3') 




8 5 1. If 2^'—'Kr , prove that 


siu2.r _ 1 


(- 1 ) 


r- 1 


sin-2rrt' 


sin2v:i: 2/;^ —j ' ' siu'-r^-sin'-.v 

This I'esult may be derived ty om the last article by siiita 
substitutions. An i ndependen t proof is however s imple. 

Wekiiowfrom (9) of §4'4, that sin2;f.v-4-sin2.r can be expanded 
into a polynomial in siu“.v, and[tha^its factors are 

sin'-rt-sin-.x', siu-2<7-sin-.r, sin-8;x-siu-.r,...sin-(«—Drr-si.aV. 



Tlie partial fraction eorrespoudiug to 

sfiu‘-7'<7-sin-.v is ."/^(sin-x'-siu-)’^) 
where .4 is obtained by putting sin-ra for sin- x or ra for x in 


[ d s in2«A- 1 

t/x:(sin-.x'J siu2.x: J 


sin-2.r. 2 sintr. eosr 


or 


2//sin2.veos2;/.v-2eos2A:siii2//.v . 

Hence ^4 is equal to (-I)*" (sin-2/rt),2«. The other partial 
fractions are obtained by assigning to r, values 1, 2, 3, .... w-l- 

8-5 2. If 4na = TU, prove that 2«s('<;2/iA' is eipial to 
siu2a 


siu'Jo_ sinC fl__j_ _. - ...to n terms 

-a-siii".v siu“3a-sin-A' sin-oa-sin-r 


1 . 


3. 


sm 

The proof is left to the student as an exercise. 

Exantplea VIII. c. 

Kesolve the following into partial fractions: 

X 

{i+x)m-\-x-^^) ' 

\-4x-\~x^ 

l-.r 


4. 


6. 


a+.^)(i+-v")' 

1 + 2.v + 3a= 

Ar^+Ar + 2 


D. 

7. 


> p * <• 


(l + .r)(H-.r^)^ ■ - (x^ + x-l)(x^ + x+i)- 

Prove that, it /(.v) is a polynomial of lower degree than « + l 

(-l)n),|/(x) _ .101/(0) 1|C|/(1) . iiC-’f( 3 ) 


A-(Ar-l)(.r-2)...(A:-;/) 


X 


x-l 


x-2 
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Prove tlie id nti^-ios 8-1^: 

1 . 2vy ^lAf; [. 8v^ 

1+A- l+A-^r Id-vV l + .v»^ 


8 . 




^l.K 


= ?23J!l' + J___ 


H-...to 71 terra? 


A»^-l 


■where p = 2^. 

.SdV>‘-’?in3r 


0. 


1“.V 


siiir 


rt*^-2.'2'Vj^*os3A rt''2r7/^eo.sA' + /'' 



11 . 


7ci>s.)a' 


sin-2^f 


.?in-(ir7 


4- 


+ 


sinMOrt 


cos7.v eos-.v-eos-a eo.svv-eos-3a eos’-A—cos'Oc 




• lU 


where 14^: =x. 

12. Prove that if 4;/^ ='it 

(l+a:)'i:a-(^-v)'-“ 


see’Srz 


+ 


sec-5a 


^ ;r < s-c-fl . _ 

O+ic)‘^“4" (l-ic)-“ ^ A-H-tan'-'V/ .•r'-4-tair'3rt ' Ar-dtan'O/r 


+ 


... + 


see-(2v-3)rt 




se(r(2«-l)a 


\7i-\)a I 

-(2«-l)«> ' 


+tau^ (2«-3) a ■ A-+tan- (2«-l) 

ct- ijy 

Deduce by putting x = i tany or prove otherwise that 


sec-rt 




sec“3<z 


+ 


see-of7 


wtau2^_ 

tany tan^a-tan-// ' taii-3a-taii-y * tan-5rt~tan-y 


— *h«.» . 


13. Prove that if Afia—iz 
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siurt. cos-^ sin3<^(.cos-^ ‘^3fi 


(1+A) ^ + ( 1 -A) 2n X-+tan-a 

■2n-3\ 


A-H-tan-3a 


+ 


smoa. «os-^‘~^otz sin7a. cos-® ^la 


A-4-tau“5<i 


A- -t- tau“7a 


+ ...to « termas 


by >c& C ^ 

Deduce^r otherwise prove that 
weos^^A sin«z. cos-^“^rt sin3<z. cos‘-““^3a 


eos2«A tan'-a-tau"® 
Pvove that 


tan-3a-tan-A 


-b.*.to 71 terms. 


k(®^ ^costfp) 

A^®—2a® A”cos>ip 4* a^ 


»* — 71-1 A-acos (p 4- 2rTzl7i) 

a— 2aAeos(p 4- 2nu/?i) 4- a- 




PARTIAL FRACITOXS 



1 ^ ^ 

[Take log-avithins of the identity of § 77, and then differentiate 
with respect to x]. 

15. Prove that 


r = Ji -1 




.r--2rt.vcos(/jH-2r7C/^0+rt- (.v-V-) {.v'-''-2rt";r“eos?ip + <T^) 


[Multiply tlie identify of example 14, above, by .r; subtract;/ from 
the left liaiid fraidioii and 1 from each of the;/ ri^ht hand fractions] 
Interpret the result geometrically. 


IG. Shew that if n is a positive integer and 2na — TZ 

2;/sec;/.v= sinrrt eosec-J '~*oseci(;/i4-.v) 

where r has the values 1, 5. 9,..., 4;/-3. 

iB. U. 1923 Hons II.] 


17. Prove that, if na = TZ, 


I aiun .x—shiny ) _ _ s inj-sin(y + 2;'(? ) 
cosnx'-iiosnt/ q cos.c-eos(j^4-2;v/) 


II. Hcoimj = coti/+cot(;/4-a)+eot(^4-2rt) + ---to ;/ terms. 

[ B. U. 1927 Hons. 



] 





CHAPTER IX 

Sr.MMATlON OF FIKITK SKRIKS 


9'0. The stndont lijis already studied the Arithmetical and 
the Geoineti'icul series. M** als') know.s ho'«T to find tlie sum of the 
squares and cnhes of the first n natural nnuiber s. We propose to 
study some more standard typ'*s of series and indicate some i^eneral 
methods o f obtaining their sums in this chapter. We shall generally 
denote the rth term and the sum to r term^, by Tr a nd Ar respecti¬ 
vely . 

9' I. The sum of a series can easily he found if the rth term 
Tr, can be thrown into t he form where /r-i is the same 

function of tx-\ as tx is of k being independent of r. 


For, putting r — 


have 


2, 3. 4,...;/, successively in the relation, 

Tr = X-’ 


and Tn — k (^,-fii-i). 

Adding up these relations, we have 

Su=Ti+k (/—<i). 

No general method can be given for carrying out the transfor¬ 
mation of Tr in the required form. The necessary skill m ust be 
acquired by solving a large number of examples. 

Exafnple 1. Sum the series to n terms 


_J_ + 1 1 -h 


Here 


Tr = 


4. rM (2r-l)(2r+l)' 

Now applying the rule for partial fractions, we find that 



1 

2r+l 
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[§!)•! 


Putting r 1, 2,...?/ in this relation sneeessively, we liave 


term] 


^1+72 + ---4-/'ll ^)+(-j-f) + ...to « 

= 4U--JL I 

' < 1 2« + l i 2«+l ■ 

Example 2. Prove that, to 7i terms 


_ L _ . I 1 

1.3.7.9 3.5.9.11 5.7.11.13 28 4(2?/ + lU2«+7) . 

It is ea.sily seen that 

'7' _ 2rH-3 

■■ f2r-l)(2r4-l)(2r + .5)(2r + 7) * 

_ 1 [f2r -t-l)(2r + 7)-(2r-l)(2r+ 5) 1 
(2r-l)(2r + l)(2r + .5)(2r + 7) ’ 


7 ' _ _ 1 5 _^^ 

'■ ^a2r + l)(2r + 7J (2r-l)(2/ + 5) i ’ 

Putting: r = l, 2, 3,...?/ successively in this relation, we get 
Ti-^- 72+ 72 + *“ + 7h 


^{( 3.^9 " l.\) + (;^ 

—x5 1 _ 1 ? =J_ 

f (2« + l)(2« + 7) J.7i 28" 


to terras 


^ (2/i + l)(2« + 7) 1.7 i 28 "4('2« + l) (2,7 + 7) 

the sum is given as in this example the necessary 
t ransformatio n of TV is suggested by the obvious fact that 

rr = 5r-5r-l. 

Example 3. Sum to 11 terms the series 
(cos-x.eotj-siu-.r. tanx)"*+ (cos-3x.eotr-sin'3x.taux) ^ 

+ (cos-5xcotx-sin-5x.tanx)"^... 

+ [cos- (2?^-1) xcotx-sin- (2«-1) xtanx] " ^ 

\_B. U. 1917, Hons. II. ] 

It is easy prove tliat TV reduces to 

__ ^ sin2x siD[2r-(2r-2)]x _ 

2cos2r.v. cos(2r-2).v 2cos'2rx. cos(2r-2)Ar ’ 

siD2rreos(2r-2).v-eos2r-rsin(2r-2).v ^ 

2cos2rA'. cosf2;—2 )a' 
or i [tan2/'A—tan2(r-l)A:]. 
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Hene(?» putting r = l, 2, ... ?i in this reiation, we get 
5'.i = AL(taii2j-0) + (tan4j-tan2x) + (tanGj-tan4j) + ...to u terms] 
^^t&n2nx. 


Example 4. Sam the series to n terms 

_5 . 0 i_i_ L + 

1.2.3 2.3.4 ' ^ 3.4.5 ’ 2- 4.5.G 2=* 

r+4 I 


Here 


Tv = 


r(r+l)(r-t-2) ‘ 2>-i 


:= 1 

2»-“ ‘ <r(r + l) " 


(r+l)(r4-2) 


that 


Heuee, putting r==l, 2, 3...« in this relation, it is easily seen 


Sn — 1 — 


2*»-» ■ (;/ + l)(« + 2) 


Examples. IX. a. 

Sum the following series ro n terms: 


1 . 

+ 

A +A.+- . 


1 9 

X • ^ 

2.8 3.4 

2 . 

0 -.+ 

1 1 +.... 


2.5 

5.8 S.ll 

3 . 

Ju + 

0 ^ \ 


1.5 

3.7 5.9 7.11 


+ 


4 11.1 + 21.2 + 31.3 + 41.4 + 

11.11 


' -r 


» -r \ “ I) s fcd.' —tC 


5. 


6. 


7. 


8 . 


_L + J.--_ 

1 3 2.4 3.5 4.6 


1 ... . 


5 


+ 


4.12-1 
1 2.3 


4.2'^l ^ 4.3M 


1.5 


_ 4. 3.3- 

3.7 5.9 


+ 


4^ 

7.11 

9 


92 Vf's-i X 


L * -U /Jk^ - 

1*“' It-r-i 


!•«...< I 


i) 




+ 


4 *. • • * 


1+12+1* ■ 1+22+2* ■ 1+32 + 3* • 

9. 2 tan2y+22tan 2^y+2HsiU 22y+... 


\ I 






I.** e.^ J 




1 * 




i^rt^ 
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SUMMATION OF FINITE SERIES. 


[ § 9-2 


if K*<»? WT 

10. itani.v + itani-t'-f 


^ . • li 


ir. siiit*. siii.y+slM2.x\ sin2£^rH“sin3.r. siiio -1 + > 

_ *“ i. L’ “ T-^/ 


- 


CV.«-Y». JU 9 ■ 


^ S—r>i..o-:;..<»->t at(«, 

9^ 


.4-. =i 3"^Y:^ ^4-. - -^5^4 -'. ^ -^>9 

18. sin-’^A- + .^sm^Vv+9siii4.r + 27sin^.;,V'^ + . 


12. tan ^ n-> + ^ r» ^ r> “f“ ' <7* +••• • 

, ..<-./ 2-^ . rI'v . .. h: _ s- 


L»^ 


sin2t- 


^ si HA ^__+ sin8.r _l_ 

eos.r + eos2.v eos.x' + ros+.r coilz' + casG.z' 


— — 
3 >t. ~«43 x 


5*^jcw 'i‘in 
C»^'f^Txfkoc>^ 


9‘2. Fhid tho aum of u tcnus of Hip .^pv/ps whose rfh term is 


' + [< 2 -r (/■ + 1)4[^‘’" + (^’+ 3)^]- ••[^ + 

The form of the series possesses t)ie following 'cliaracleristie.s 


2.39 


(1) each term is a prodnet of llie sa me n iimh er'^of faet ors; (2) 
these factors are in A. P . and (3) thefi r.st facto rs of all these 
terms are also i n A. P . the common difference being the same as 
in the former A. P. 

Denote by f,-, Tv [« + (?-l-.s)^'] or 

[a-\-rPs [« + (^■+1)^-*! ^ + ('' + 2)^^] - .. [<^ + (^ f .'■■)^j 
Then we easily see that 

/r-^r-i= Tv [a + (r + 5)?>-frt-t-/-l6)] = 7',(.'--+1)^. - - ^ 
Hence, putting >•= 1, 2, 3,--- , in the formula we have 




^ ~ 6-* 0 ^ v-jci. 


T^KTat 




n-u^=n{s+i)b, ^ 5 ' 

Z (».-A .i-i .)a 3>J“ 
f)—tl— T.l(s-¥l)ht trCi. Ph>.-<.--m.v. 4 . ■<•^.1 

. AS.- 

, A 6*-•*•*•-^^2-—' 


Adding up these relations, we have 

/u“A) = (•'•■“b 1) ^ 


C — 


Alternative methods will be suggested later on. Vu ^ 

Co/-. The student should notice the followmg^^ importan t,-^ir 

narticwilar ease :- 

1. 2. 3.-..S-1-2. 3. 4. 5...U-hl)-f-.-f-«(K-hl)(«+2)...(«+s-l) 

= [?2(?i-}-1) («-|-2) (^/+ 3)-•• + -'^)] “ (■^"b 1) 

- f ^^-^fr'is obtained by putting a = 0. ^=^ in the above result. 


< 















^cz*-**- ‘ 

I,,! I 2.1*>“i 

tio*- 5 9‘20l 1 


\ V 


•>C * 

} (-< < 
)C -' 


o , 

I t* *; **- 

ILLUFTRATIVE EXAMPLES 


isXt** i- -iJ^-f^ 


ZZO 
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Example 1. Sum the seriesi to n terms 


Here 


and 


1, :i. 5+3.5. 7 + 5.^7. 9 + ... 

(2r-l) {2r + l) (2r+V)V- 

ir = (2r-l)(2»'+lH2r+«)(2r+5). -< 


/r-fr^t»(2r-l)(2r+l)(2;+3K2r+/f))-(2r-3)(2>-1)(2r+l)(2/+3) 

-«ro._l \ ^9^4-1 » *.w4 5.i-.-AT=^+ tW-it. 


1 — 8 TV* - ** 


H.9. cC<.«4« 


Hence, putting r=l, 2,...« successively in this formula, ana / 
adding the « equations, ^ve have 


= •.!.. 


S 5n = (/n-/o) = (2«-J.)(2« + l)p^+3)(^^^^ 


Example 


z(tt, (iii yu -ic .*. «t*K“ 

2. Sum the series toV-t^in5^ « -'W*. j)s •h.iE. 

1.2.3- + 2.3.4'^ + 3+^5i^rn'[r^T^^ •>^ 


Here ri- = r(r+l)(r + 2)“ 

= /-(>-+l)(,-+2)(r + 3'-iT'X '^^~=ri 


I&. 




= /■(|• + l){r + 2)(r+3)-^■(/' + l)(^+2). » (+-*s)^***- 
^e, putting r = 1, 2,...?*, we 5(ee that ^" — z — 


v«) 




2.0 






Hene 

t.3.4+2.3.4.5j+ 5rir5.6 +...to « terms) 
'^(l.2:tr4-2.3.4+3.4.5 +. to « terras) 

Now,b 3 r r9'2, Cor^^>;^^ have 

1,2.3.4+2.3 4.5+3.4 5.G+...to n terms 
= ;t(« + l){«+2) (?( + 3) (« + 4) ; 

and 1.2.3 + 2.3.4+3.4.5 + -..to fi terms 

= iK(« + l)(a+2)(«+3) 

A Su — ^ «(?^+l)(«+2) (k+ 3) (tt+4)-i«^«+-^)(«+2) (k+ 3). 
^ TfV «(«+!) (« + 2)(tt+3)(4«+llT. 

9'2 01. Note how in the above example, the ^th term is trans- 
foi'inedand the series is thus split up into a number of series each 
‘ resembling, in form, the series of §9'2, cor. 1. Generally^ if TV 
is a p olynomial in r of the .^th degree , then we can put it into the 
form, (Read remarks*^n illustrative example 1, § 1‘33) 
.^0+-4ir+W2r(r+l)+.'f3r(r+l)(r+2) + ... 

. ^ +-^V(^ + l);r+2)..,tr + ^i)- 

-<1- 4...- t 98 





CO V 






»*<• -. ^ i V ■^"•' 

-T' ! 3 '|“'° L^-I-SJS- = - 

J t ^ “•“ -3i-m summation of finite SERIKS 

Thns putting >'=^, 2, 8,... ?/, we see that lhv‘ t'eTios eaii be 


[ 50-21 


Cl—iy • 


split up into g +1 series. : 

^/ii( 1 +14-1 +..- to // t^rips)/ 

-^1 (1 4 - 2 + 8 + .. .to 7/ teniis) , 
.42(1-2 f 2.8 + ..-to ;/ terms), 


[l .2 3...s+ 2.8.4.5 --■ (j' + 1) + ..- to 7^ terras] . 
Henee, by §9'2, eor. 1 , the sum of the series 

= .-/o;/ + .^.4i//(//+ 1) + ,^.42 w(;/ + 1) (;/ + 2) + ... 


Example 1. Sura the series to ;/ terms 


1.1. 1 + 2. 8. 4 + 3. '.7 + 4. 7.10+... 

t “O «. I o 


Hei-e 7-, = )-(2r-l)(3r-2) ." ','7^ .f 

n^firCr + Dt^ +2)-2.VrCr+l) +lf»; 

Hence the sura of the series to;/ terras, bv §9*2. cor. 1,' * 


= ^//(;/ + l)(?/ + 2)(// + 3)--^’ //(;/ + !) (;/ + 2) + ^^«(« + l) 

4 o A 


= //(// + !) (9//--0//-1 )/G. 


Examples. IX. b. 


Sum to ;/ terms the following series: 

1. 1. 2'^ + 2. 3^ + 3. 4‘-^ + 4. 5- + ... . 

2. 1. 1- + 2. 3- + 3. .'V- + 4. 7- + ... . 

1+ 2- + 2-. 3- + 3-- 4- + ... . 

4. 1.3.4 + 2.5.0+3.7.8 + ... . 

5. l.(2;/-l)+8.(2//-3)+5.(2«'5^+... . 




▼4 l 


0. (a+;/) (^ + 1) + (a + «-l) (/> + 2) + vV- 

7. ;/.l 2+(w-l)2.3-P (;/-2)3.4+(;/-3)4.5+ ... ^ 


8. 1.2+(].2 + 2,3) + (1.2 + 2.3 + 3.4) + (1.2 + 2.3 + 3.4 + 4.o)+-- 

= *l.l(3//-2) + 2.3i3;/-5l+3.5.(3;/-8) + .^ .y) 

5_;tk AOi ' “I 

CVryi.l UifU "*" ''4)*2 I . We denote the su7n of the v th power s of the /h'sl >i ^ 

7 iahtvat mTnjtcf^^’.ySu. In this case 7 'r = /'i‘. a polynomial in ratidl;*^ 
henee the method of §9‘21, can be successfully applied to it. Thus 

. . V F-r »«. lv^7« t+.J.-Ct.j'i.f 

j^n = 1 + 2 + 3+... + « = iw(^^ +1) -» 

2-911 = 1-+ 2"+ 3- +.//-='^ rr(? +l)“^] 

= i«(« + l)(;/ + 2)-i«(« + l) ''yi+f,+ \ I ' ( 

= d;/(;/+1) (2// +1). t- t ^ 1 fr W I 1 






J K.1 


II_Ll ‘ ‘ 1 ' M 

■ , » -a- *- T- 




• %. ‘i 


t r 


iu ^ ^ 11 >0 I “ 

i».S 16 I 








-I' - W - IL-J- - tL-u V 

^2 =u>^3v.w^ii-rfM 


0 ‘?n I FOKMULA CONNECTING p.^n, b-l-S«,'--l-5^n 219 «*-*»?. 

’ w*.> It 'iZ-- vx. -v*’ 

- ^ ^ ^ 

In Use rnme wny, it is oasy to see that '... 2 .^*- t -l j 


Another inetbod of obtaining such results directl;!^ will be_ ^ ^ 

suggested in the chapter on exponential series. 


9’2I1. The following formula connects pSn with 

C C „ C . C 

/H«x* p —l*Jn> p—2*Jni p—3*^ii»• •‘lOu* 


;«v 


Prove the formula 

(;/ + 1 ) P*^^—( W+l)=p+i Ci. pSn'h p+1 C'i.p—I'S'n'h • • • 4* p+lC'pi.j.Sn. 

We have, by the binomial theorem for a positive integral 
exponent, 

(7 + l)P'^^“rP‘^^ = P+i CirP4-pi-itr2rP"'-l-p+iC3rP''“H-..p+iCprH-l. 

Putting r—1, 2, 3,...?/, in this relation and adding np the n 
equations thus obtained, we have 

(// + l)P‘*‘*-(« + l/ =p+lCl.pOn + p+lC2.p- l5n+... 4-0+1 Cp,l5n. 




hxampU 1. If 5n,==l>"-l-2"*-i-3"' + ... + «"‘ prove that 

o,s,+s-,^i{S^p 


and 


S~;«.4o1^'-“(2) 55 + 57 = 2L%)2 B-c,k 

r t/., 2914^ Problems.^ 


We observe that 1 O 


>..7 


Putting r=\. 2, 3, ...?2 inthis identity and adding up the 
resulting relations\we have 

' ?i^(7/ + l)^*='65‘5 + 25’3. 

Remembering thar, Sis=i«(«4“l), we have at onee 

' 8(5i)3 = 655-h253 
fi^)m which the first pai’t'is-Qbtained. 

To obtain t he second part f^^^bser\^ that 

rnr+_l)*-(r-l)M = SP +Sr^. 

Putting r=l, 2, 3 « in this relation and adding up the res- 

uIIjs, as before, we easily have 

h*{?i-\-1)^^ S{S7+So) . 

Now substitute 16 {SzY“ for w^Cw + l)*. 
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SUMMATION OF FINITE SERIES 


[ § 9’22 


Example 2. Show that 12 Sr,= hi-\-\) (2«^ + 4;/--t-?;-l). 

A 


[ B. O. 1922, Hons., I. ] 

By example 1 above, ise liavo 

3.S>,-4(5i)M53 

Now 5‘] =47 /(j/ +1) amt N 3 = i7/-frt + l)-amt hcnct" 

12N.^ = (;/ +1)(// +1) ^7 +1) ^ (2«2 -H 2n-l). 


Examples. JX- c. 


A.i* d »<i> .i*U 


1. From the^itlgntify 


//-(;7 + l)-(2-7 + l)-r7/-1)-Vf2v-l) = 10774 + 27A 
deduce that C1) 7/-(;/ +1) - f 2;/ +1) = 1 OiX,, + 2,>5n 

and that { 2) iSu = 3 ^" f '/ + D (2;/ + 1 ) (3e- -f 3;/-l). 

2l*»» 

2. Prove that 

7 N 11 = 2 -\ V"C 7/4-1 )-(37/-*4-h7/"-77--4?/42) . 


3 Prove that the ? u]n of the products of the first 7 / natural 
Dumber a taken t wo at a tim e is 

4 . Prove by using: the identity ^ 

(2.r + l)P+i-(2.r-l)P+' = 2(p-HiG2itvP + n+ir32P-2A*P-2+....K 

that (27/4-1)1*-*-1-1 y ^ 

= p + lCl2P~*-l pNn + p4-l C' 32 P“lp- 2 *Sn + p+lC 52 P"^p- 4 Nw 4 ^J^^*” 
Prove further that t he last term in the righth^i^aexpitSi'ion 
of the latter result is either 2?/ or 4 p+iCi;j-§n''acj>d^ing as p is even 
or odd. ^ ^ / 


I»M «a<* , ' 

s^iri. uot» _ 9 a». Considei’ the following 

- '1 1. 

\ iXA> 5 , G, 


les of numbers 




^ 4 , ir.^-G-'-ru. ir, 21 . 

...OH 1, 4,vl0, 20. 35. 56, . ' 'n'*-*'-*- 


1, 5, lJ'35,/O, 126, 


Tliese .series possess the following charaeh-ristics .- 
(1) Eveiy term of the fir^t series is equal to one. (2) The fir.st 
term of every series is also equal to one. (3) The /• th term of a 
series is equal to the sum of the first r terms of the ])reeediiig 







It* b'f !->». ^^—».*•» •f •♦•■ff*. *»y * 


5^ 1*^ }!•«.* 

'I®' 9 22 9'2JJ 1 KIGURATE KUMBERS AND POI/YGONAL NUMBERS 2-1 

•J J 

series These nmuhei’s are called figurate numbers; the tciins of 
the rtn series are said to be of the .th ord^and we shall see later 


bllC t llJ - - - ■ 

on that they are eceflhdonts in the expansion ^ * 

npnntin^'‘?he* V+l ^h term ^Ihe r+l th series by rfi-- 've 


• ^ ••• 


have iininedi^J.el5' from cor. 1, § 9.2, 

= 1. 1 “h 1 ”h • • 'to ?i terms fi : v “■« ». » • “ 

2fli.-l = l + 2 + 3 + ...+ 7/ =i;/(w + l).* ■ ■ 

^ 3an-i = 1 + 3 + 0 4-...+ i«(« + l) = + 


/ 


/ 


^ In this way we find generall y that 

^/Tiv-i = ;f(;/4 1) (?; + 2) - ..(yf + r-l) -s- ;•= * ^■' 


Rxcitnplei. IX. d. __ ^ . — 

Prove the following relatioivs^Iret^eu figarate numbers: 


1. ,1-^Tn = i-an-l + r-fi^-, CiJ-to-) 

2. , )rtn = l^^^^,-l + r-l^^T•l^^-^^^^lI-l^"•••^■r-p«u-l + ^-p-l«n. 

= rflp + i—lOp+l+r-l<rp-t2 + ***^'‘r-lJ?!i* 


1-*^ **• 



' 4. tti<7n — tiRm-* 

5. r^o, r-i<iii i- 2 «i 2 i o<»r are the successive coefficients 

in the expansion of (l + .r)**. * 


6. Prove that the first w + 1 coefficients in the expansions of 
[^(a:)]^. [/’(a:)J^- - are the first « + l terms of the figurate 

numbers of the 1st, 2nd, 3rd...orders respective'y, Pix) being the _ 

polynomia l 1 +a+a.'“ + ... +a:" . ^ 

9*23. The sum of the first r terms of the A- P. whose krsi 
term is 1 and common difference, </, is ^r[2+(/(r-l)]. Setting 


<S9 








SUMMATION OF PINITC SERIES 


[ 9'23. 9 3 


M M ^ 


The numbers iu tlie wth row or series nre ealled polyffonal 
numbers of the w + 1th ordei'. those of the first order beiiif^ ea<-h 
eijual to one- Polyjjonal numbers of the second, third, fourth,... 
orders, are simeliraes ealled linear, triangular, square--. . 

To find the sura of the first ?/ tei ms of the wth order of 
polygonal numbers,-we abserve that the ?th tirm in Ihis-ease is 
(w-2)(r-l)] and hence, by cor. 1, § 9'2, the .sura of the 
first n terras is 

J«(k + 1) + (w.-2)«(«-!) {// +1) -Hfi. 

or n(«-hl) L3 + { -T-fi. 

Example. 

If mPt\ denotes the //th term of the w + 1 th order of polygonal 
numbers, prove that 

i/h. 2/h, . 


tiv ooo 


i;’:’, 2P2, -AP'Z,'-' . 

ip-iy 'ip\^, . 

are arithmetical progressions \vh'*se first terras are 1, 2, -3. 4,--. 
and whose common ditfi-rences are 0, 1, 3, G.../. e. U nn<l the poly¬ 
gonal numbers of the third older. 

A. f A *-.*.1 C.'A A / 

9 ‘ 3 . Sum ihe scries to n let ms whose r th term 7\- is the 
reciprocal of 

[a + r}j\ [a-h (?'+l)i^] [fz+(r4-2)i^]... [(7 +{r+ 

It should be noted that the reciprocals of the terms of this 
series form a series possessing the same characteristics as that of 
§ 9*2. Now consider another series wdiose rth terra tr is derived 
from Tr by omitting the first factor in the denominator. We thus 
have ir — ia-^rb) Tr 

and so ir^tr-x — hiX-s) Tr. 

Putting r=l,2,3,...« for r in this relation and adding up the 

resulting n erjuations we have. 

tu-fa = b{ I- .f).Sti, or 5'n = l“-y)- 

The theorem m.ny also be established by integrating, between 
zero and one, both sides of the identity 

and then tiansforining the re.sult by suitable substitutions. 


§9*3 ] 


ILLUSTRATIVE EXAMPLES 
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Example 1. sum the series to n terms 

+ ... [ B. V., 1924, flojn., I. ] 


1 ' 


1.4.7-4.7.10 7.10.13 

It is obvious that the series eoine.ides in form with that of 
§ 9'3, and that in this case Tv and tr arc respectively etiuol to 

^ .2 (3.-2)(3^+l)(3.' + 4) M3V+1)^4) ' ^ 

Hence ^ = ( 3 ;^:! ) (h7+^) ” 


-f) 


^-() 7V. 


(3r-2)(3r-!-l)(3r + 4; 

Writincrl,- 3,...;/ fi>r r in this relation and nddinj'up the 
results thus obtained, we have 

/p-tn - 6 5n 

1 


or 


5 - 1-i - 


24 0 (3;/ + l)(3// + 4) 


Example 2. If 5n deuoies the sum to n terms of the series 
1.24-2.3 + 3.4 + ..-and SVi that to m- 1 terms of the series 


+ 


1 


1.2.3.4 2.3.4.5 


+ ••• 


fhew that 18 5i,. S'n-i-5ij + 2 = 0, 

[B. U, 1918, Hons. I. 

By cor. 1 of § 9*2, we have 

Sn = J«(h + 1){« + 2) * 

and by § 9*3, we have 

Sn-i = i [t;^ 3 ” 1) („-i-2)] 

• _ 11 1 

• • O n—1 — — — — . —~ 

18 9 6:„ 

from which the desired result follows immediately. 


J 


Example 3. Find the sum to u terras of 

1 . 1.1 


2.8.11 


+ 


5.11.14 


+ 


+ ... . 


8.14.17 

[ B. U. 1916 Hons, I ] 
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SUMMATION OP FiNlTE RERlES 


[§ 9*3 


In this ease Tx is equal to 

1 


or ..— 


8r-l-2 


(3r-l)(3r + 5)(3r + 5) ” (3r-l) (3r-f 2} (8/'+5) (3ri-S) 
Now writing (3^-1)+3 for 3r + 2. we have 


Tr = 


- + 


3 


(3r-h2)(3r + 5)(3r+8) ' (3r-l,(3r+2H3rH-5) (3r + 8) 

Patting ^ = 1, 2, 3, ... n in this relation, we have two series 
each of which coincides in form with that of §9’3; and lienee their 


sums are 


\ ( J__1_ 

^ 5.3 (3/? + 8)(3;/-f 5) > , 


I 


• • 


5n = 


.T f___ 

2.5.8 ‘ (3// + 2)(3« + 5)(3« + 8) 

3« + 4 


120 6 (3« + 2)(3« + 5)(3;^ + 8) 


The student should mark how the rth term is transformed and 
how the series is thus split up into a number of series each posse¬ 
ssing the charaeteristies of the scries of v,9'3. This transformation 
can be always applied whenever the nuineralor of tlie Hb term 
consists of a polynoineai in r and the denominator can he made to 
coincide in form with those of terms of the series of ^9’3 The 
following example illustrates a more general method the method 
of partial fractions. 

/ixattiple 4. Sum the series to n terms whose /th term is 

_ S7i _ 

Putling TV into partial fractions, we have 

1 1 


TV = 


(2r-l)-* (2r-h^y- ’ 


1 


r_l 1.1 1.1 1 , ^ I 

1-“ 3- 3-J .52 5-' 72 (2«-l)2- (2« + 1)2 


= 1 - 


1 


{2/^ + l)2 ‘ 






GXAMPLKS. IX. (• 


T23 


1 . 


Examplc'i. IX. tt. 

Sum, to n term.s, tlio seri«^s wlux-^u rlli tcu-nis an? 

I o 1 .. 1 




(2/-I)(2A + y) 


n. 


4. .- 


o. 


{Hr-2){nr-{-7) 

1 


{or-2)(yr + l)(y/- + 7) [^2 + (r'l)/;JLrt+(/' + 2)/0 

Slim the lollowiiij? series to n terms: 


G. 


1 




. -- 

i.2.:i. 2.M.4 HA.b 






' 4 ‘ 






f />. C/., 1926, hons. I.] 


^ :•{ . _ _ + 7 , 

1- + 2- l- + 2-+:i- 1- + 2- + 3- + 4- 


1 + 


1 - 


8. 

" + + 

;/-2 , 

7 - * *— •F • • ♦ 


1.2 3 2.3.4 

3.4.0 

!). 

//{// + !) , (v-1)// 

, («-2)(;/ 
“T - 


1.2.3.4 2.3.4.."> 

HA.b. 

10. 

^ 

+ 

1.2.2.i5 2 3.0.8 

3 . 4 . 8.11 


21 ir‘<A 


.VM 




( f 








• • • » 


9*4. Sam iUc .srr/Vs io n terms, 


a , <z(rt + .f) , ^ (^ + ■%•)( rr + 2 ^ 

d Z»(6+.r) /i(ft4-.v)(/;“h2.vj it-i C 

In this series Tv is given by 

y. _ a[g+y l r«H - 2.v] ...[<! + (r -l).v] 

^ [&4-2.vJ ... [A+(r-1 ).v] 

We observe that the numerator of Tv consists of the product 
of r factors which are the first ?’terms of an A P. Sijuilarly, 
the denominator also consists of the product of r factors whicli are 
the first r terms of another /4. P. the common difference in the 
two A, P. s being the same. 


If U 


Tt {aArx) 


a(<?+A‘) (ad- 2.v)... (a + rx) 
b(h+x) (6 + 2.v)...L6+ (^—DaJ 


then it is easily seen that <r-i==[^+(i-l)A:] Tr ; 
so that ir~tv^i = Tr {a-hAx ). 
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r 9-4-9-42 


^ • • 


Putting ;' = 2, 8,.-.// in lliis formula '^U(.*i*e.'=?^:ively and adding 
up the ft-\ results we have- 

((7 T- A‘) f + 2r )... f(7 d-ZM') I 


or 


5n = -- - ^ 

77“/> + A' ^ 


/z{/z-!-.v)(/-->-2v)...r?z+(;7-l).v] ‘ > 

TIk* last result may also be ohtaiiied by integrating , betwyyn 
the limits zero and <uie . tin* following obvimis ideniity 

(l-.r)i*(.v'i + .vM + i +vi'^’P... H,v') + '-') = (l-rr.‘-i(.va-.r i-^') 
and transforming till’result liy snitabh* suhstitulions. [tSee 
^ 9'5| eo »“ . 3 rr and /iramiJra.. IX. l->. ] 

9‘4 I . Changing the sign of n in tlie series of § 9'4 and theu 

transforming it, we liave 

a aia-\) , 77 (^-.v) ((7-2a) , . 

- - --r , ;-, - -T ~ ••• to 7/ terms 

h /’(f' + .v) ^Me-|-.v) (^ + --v) 

_ (j i, (-1) »(a -.-i -) (a - 2 a- ) (ri - 3. v) ^ f i 

~ nT^X ^ 0(/7-|-A)(/z-b2A)...L/>-|-(7;-ljA-J i 

9'42. It is interesting to see bow the series of §$ 9'2, 9‘8, 
eonld be derived from that of § 9’4. 

Thus the series 5 . 7 + 7 .9+9.11-1-11.13 + -. -transforms into 


5.7 + 


Similarly 


5.7 


changes into 


+ 

5.7 57.9 


7.9 1 5.7.9.11 

5,7.9.11.19 

0 0*7 

5.7.9 

: 5.7 _L 5 . 7.9 ^ 

5.7.9.11 ^ 

! 1.3 ‘ 1.3.5 

1.3.5.7 

+ 1 + J- 

+ + • ■ • ■ 

7.9 9.11 

11.13 

_ - 4 -- 

5.7.9 

M v-k « « 1 •> 


+ ... . 


i- 


+ ... 


.5.7.9.11 


or 


U.M , 1-3-5 + + JAiIi5L + ..\ . 

* I rT? .^79 ^ 5.7.9,11 5.7.9.11.13 

Example 1. Prove by any method.that 

v(.v + l) , .r(v + l>(v+2 ) +. + U,v+n.:,Cv + »-l) 






(A-+ 1 ) {-V+;y — • - -(r+ji) 

7d 


[B. f'.. 1921. Haas., I.] 


The -series may be written in the form 





§ O'42 1 
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.v(.v + l) (a- r 2) , 

I 1(1 + U(1+-) 

We tlms si-v that tin* series, after the (ivst t'*rin, coineUles in 
form with the series of § 9*4 ami ran he dedueed from it hy sc-ttiiij? 
V, 1, 1 for rt, 0, -T respectively in it. lienee 

Sn = (.v+l)(.v4-2)(.v + 3)...(.v + «) 

2. show that tlie snin of the reeiproeals of tlie 
liiuomial (I-a')’-^^ 2-1 ^ (;/ + r). 

[ B. U., 1921 Hons., I. ] 
We have to find tiie snni of the series 


, L+_L“--_ 1--'^ - 

'In 2//(2;/-i) 2w( 2;/-l) {2;/-2) 


+... to 2// +1 terms 


or 1 4- 


1 


+ 


1(1 + 1 ) 


+ 


l(l + l)(l+2) 


(- 2/0 (- 2 '/) (- 2 //-*- 1 ) (- 2 //) (- 2 //+ 1 )(- 2 // + 2 ) 


+ ... 


niul henee its snm is 

^ + J 5 _ t>.3.4.-n+ 2^-^ I 

(-2//)(-2« + l)...(-2// + 2//-l) 1 


o _ 


// + 1 


Tie* pi'ohlem may also be solve! hy integrating, between zero 
and one both sides of the identity 

V! .+ 1 + (1 - v) = A*‘-^^A-'“-Ul-.v) + l-A-)"...+ (l-A-)-“. 


Hxampk 3. shew that 

nC*x _ n C 2 _ 1 _ n ^ 3 _„ _ 

1-x (l“j^)(l-+rl (1-a:) (1 “^j:) h-x ' 

and henee or otherwise prove that 

nCi^l-nOGr2 +— 1 
where a.- = l + i + i + ... + l^r. 

[ B. U., 1919, Hons., 1. ] 
Writing the given series in the form 
- „ (^0f -« + l) ( -«)(-« + ! )f-// + 2) _ 

I'A- (i-;t‘)(l-A-+l) (l-v)(l-r+l)(l'V+2) *" ’ 

We see that it is identieal in form with the series of § 9’4. Its smu 
is therefore equal to 

- _ r (~» +! ) (-?^ + 2 )...(-;/+?/) T \ _ « 
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I § 9-5 


To solve rlie other part of tlie proMeiu, diifeventia'e tiie 
identity with respeet to .1 and obtain 

11 Oj ( 1 . •> ? . )i 


(l-.v)- (l-v)(l-ia-) >l-r 1-^- 


+ •*. = 


Puttin'*: a' = 0 in this, the desM'?il result is t>btained at oin^e. 

The student who has studied Maelaurin's Theorein n the Cale- 
nlns will see that tlie ai>ove methol is e luivalent. to ;his: Expand 
both sides of the aliove id-uiity in aseendin;^ powers of a' and 
tlien equate the eoelfieirnts of .v. 

An independent solution is ol>t.ained by inte^antiiijj, l)etweeu 
zero and one, the identity of Examples. I. h., U). 

ExaniMfs. IX. f. 


vSnm the followinsr series to « terms: 


1 . 


22.5_^ 2.5.8 _j_ 2.5.8.11 
1 1.4 1.4.7 1.4.7.lU 


+ • • • . 


y. 


2 . 5.8 . 2 . 5 . 8 . 11 , 2.5 8.11.14 . 

-- --r--+... 

7 7.10 7 . 10 . 1:1 

_p_ O.iy ^ i ).]8.17 

y.7.11 :-i.7.ii.i5 y. 7 . 11 15.19 


• • • . 


4. 


jl^_ _j_ _(?■-!) (r-2) 


rr-l)(r-2)(r-3) 


i). 

(i. 


^+1 
1 -' + ^ 


+ 


(/■ + l)(/- + 2) (/4-l)(r + 2Mr + y) 

(r + 1) (r -t- 2) (r +1) (?■ + 2) (r + y) 


r-1 (r-lJ(r-2J (/-I) (r-l') 

Prove that the sum to ?/ terms of the series 


+ • 




1 + ^ 

2! 4! ^ G! 


wl«!2-” 


( 2 «).' 


7, Prove that the sum to ?i terms of the series 


1 

- + — 
1 1 ! 1 ! 2 - 


4- 


4! 


+ 


(i! 






(•->»)! 






2- 




9-5. Ruler’s Identity. The followin'? obvious vmi 


prebends a large number, of series as partieiilar eases 
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TIk* pro ;t' is <inite simple. V.V linve 
S\= 7i = l-ei; 

5, = 5i+ = + 


In this wav it is easy ti> verity the idmility. 

9 '5I. Til'* series ot § !r4 is most easily deriviMl by simple 
sui> 5 titntions in the above iileiitity. 

For, putt ill" 

a-\-v ^7 -b 2 1 ’ _ ^ '■ 

= r T+a- /. + 2V. 

we have 

/>-n-r (a-\-x)ih-a.~x) . + v) fr;-b 2.v) (//-a-v) , 

-1-—-:-H---rr-—- 


7>(/* + .vi 


/»i7* + .v)(/> + 2a-) 


_ (rt + .v)(a + 2r)(^T + ?l V) .^Ja + 7/.v) 

j')'(/>+'2.r)--.I/>+(//-!).v] . 

whieh rednces to the desired foim wlien both sides are multiplied 
by a {b-a-x). 

/ivavtpfps. IX. 


1. 


Prove *^he followinjr identities: 

(l + ai) + (H-ai)a-i + (I +rti) (l + rt2)(7:i + 

= {l+rtl) (l + a:;) (l + '»n)***Cl+an)- 

X , a\ X , a\ ai 


to V terms 


+ 


+ 


.r 


A- + fli x-\-a\ * x-¥a-i a'+^i x + a> x-\-a:\ 




to 11 terms = 1- 




(.tr + r/i) (.vd-a-i) ..(A' + rtn). 


;i 


«i 


l + (l+ai) (l-ba^) (1 +rti) (1 H-rt-i) (l + rtu) 

to ;/ terms = 1-,-- ^ 




+ 


nix 


+ ... 


(l + rti) (H-«2)-**(l + an) 

4. [(l+rti) + (l-f-ai)^72+(H-«i)(l + « 2 )<J:t+--to u terms] 
X[(l-ai)-(l-ai)« 2 -(l-ni)(l-« 2 )(?:i-*--to n terms] 
=^{{l-ai-)~{l~ai-)ar-il-a\-){l-ar)a:r-to n terms]. 
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SUMMATION OF FINITE SERIES 


[§9*0 


- — — - • — — • - -V^* • f ^ 

9*6. The method of mathematicar'induciion has a very 
w ^e ran‘j:e of applicatio n in all hranehos of matbenialics; it e.mics 

when all otboi' inetli.Kla. app-irontl.v The sfndent 

m should have a peidVet ^-nisp of llie miderlvinj? priii.-ipie and is 
therefore advised to study the foll()\vin{r examples caivfallv 

v*^! .. .. t(i-K>a)so .. 

1. Prove ihat ... 

• X 


s caret ally. 

w** I dL.^A*^^r;4 

- - .X, . y CkkC I»W t 


Z fv-4i.f = 1,2.3+ 2.3.-1 + 3.4..3+ ...to /i tei-ins = .t?(« -h 1) f;/ + 2) (// 4 3).“ if"-*’)' 

t he result is true for a partieuiar value m of ;t: 


so that 

-S III = i w {a/ + 1) {w + 2) (;« 4- 3) 

•'• + l =-Vm 4- 7't,i-ui = .p;/( w/-|- I) ' M-h 2) ( J//-*■ 3) 4* 

(m 4" 1) («; 4-2) {;« 4-3) = 4 (//f 4- 1) (»/ 4-2) (a/ 4-3) (a/ + 4). 


We thus see tliat if the iv.sulv is tni“ for a partieuiar value, uf 
of it is true for tlie lU'Xt ‘^reaver value /«4-lof/^. Now the 
result is evidently true for the value 1 of lienee it is true f()r 
the value 2, and therefore for the v’'alne, 3 and so on sne(f"‘ssivcly. 
The sesnlt is therefxirc Iru* fir all vain *s of /i. 


21 8r 

/ixampU' 2. In the n itation <;f §l)'2i, prove that i-.S’,, 1s a 
polynomial in of de;,'’ree4-1, divl.^i'ole l>y ;;(//4-1) (2//4-I) or 
;^-(//4-l)” aeeordiii!^ as /• is even or odd, r lieinj'‘^rearer than unity. 

FromIX. e., 4 ,we have 

(2»/4-l)i^*-l==.-i(r!2''-^hX..4-.+i6V2---*r---9n4‘.+ir52‘--:‘r-iX.*... 
in whieh the last term is either 2« or r+iC'2-i.S:, accordin'? as r is 
ev'en or odd. 


To prove that i-X.i is a polynomial in of the /--Hlth de-^ree, 
assume that the tht*orem is true for values r~l, 2, 3,.../-I. Now 
in the above relation (2;/4* 1 )‘"^^-l i^= a polynomial in // of the r4-l 
th dccrree and y+^0^. 2'-K r-e-S’n-h-.-is a polynomial of the r-lth 
deerree at most. Hen<-e i-N.i must be a pul.vnoinial of the ;-4- Ith 
deijree. Now i-S,. -4-1). a polynomial of the second de^n-ee^ 
the theorem is true for tin? value r = 1; it must be theretore true 
for the value r = 2. A^ain. since the theorem is true for r — l .2. 
it must be true for r = S. In this way the proof may be eompleud 
by induction. 



examplks. IX. h, 


•g.jj] EX-VMfl.K'. IX. h. “ 

Topn.ve that r5., ia divisihle by „(« + D (‘ia +1) wh™ 

even, woubsorvotlmtinthU ease (-« +1 )' + '-Ci« +1) is‘bual to 
v + lCl ^'+' r ^ S ' i . + i + lGi ^'- ... + . + lC 

Now assume that .-ei'.., .-.-V. , ,-a.V„....-V„ a.-e divisil.le l.y 
h(« + 1)(:^«+1); and ob.st‘i-vc tiiat 

+ (-'/+!) '-i’ + U 

is aivi.Mblf by «(» + !) + D - It t>‘='t umW this supposi¬ 

tion r^’n noist be divisible by h(«+ 1)(2«+ l). 

Now ■zSn = h>t + + lienve, nS,. must be divisible 

bv «(;/ + l)(-b/ + l). ^iiuee the Uieorem is tnn* i«»i* r = 2, 4 it must 
be true for/-G and so on. The third part oi 1be problem may 
be similarly esUbrush-d. 

1. p^,^rthaV«(» + l)l. -J+ia 1)«- '-i- :-!+(«-2)(»-l) • m,- 

t. « tui-ais is P(|ual to ;/(« + 1)'« +2) (« + a'(a +-iio-iO. - * — 

■ - (2.M.4)^"' (8.4b)4+- 


2. Prove that 


0.2-;)^ 

to n terms-.S aaual to - ) - 7^Y)'‘(» + 2)’ ^ ' 


■)4>^ 


Prove the following icleniitics 3-7: 

i\0.\ . „ _1_ 

I?.'" ;/ + 2 


4. 


nC (1 


+ 

uC> 

1.2 

2.3 

3.4 

n (' 1 

C2 

+ 

nCa 

1^ 

2' 

3- 






*> 


= Xi4-(•••'b(-^i< ■ 
where A r = j + ^ + ^ + • • - + (1 “ *') • 

P - (2?i4-l) . vtifn-\) - ... 

^ 271 + 2 ^ 1.2 (271 + 2) (277-t-4) 

_ 1.3.a.-.f2» ?-1) _ 

“ (2/1 + 2) (2;i + 4) ■.-(2»i + 2/7/) 

wi being a positive integer. [ 792(5 Hotis.y I. j 

[The result may be obtained deveetlv bv_ integrating, between 0 and 
TCf^, the identity 

sin-^AT eos-*"^'=sin^x (1 -sin-.i')"' = sin-" x-m Cisin-^’^-.v + •. •! 

6. 2“( osArcos2A'Cos2-A:cf>s2^v.. .co52" “ = sin2’bf + sin.v. 
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7. (1-4 sin4r)(l-4sin-2.v)('l-4yin-2-.v).. (I-4siii-2'*-i.i) 

8. E:^tablisli V on dor Monde*;^ theor^ in l»v iiulncfion. 

Lvox.c«>«^| ^ w»X>C -• 

of im;nl>(*rs sn.-h 

and any throe c )n‘;e.Miri\v niiinhors U niv 

^ ^ ^ijf , «•. 

ooiino«‘to(l by -2(‘-)s.v 7/„ + i4-^,',,+- = 0. Provo that >srv* 

«f <*!•>) 13^-^ 

9‘7. Ir. s miVsi.M*ios. only tiVe^nrsHv^ 'i\o-m*?ar.‘ ku:>;.vn ana 
iieitlier the i^oiioral rot-ni n >r the Jaw of t‘«)rinati >n of the series is 

^ ^ K'K,* ^ • 

ijiveii. Ill sa<r!i cases, wceiup'oy what is known as the method 
of finite differences, to disoovcr the sim]>lost of tlie law s that 
answer to the known terms. Consider tJie series of tei'ins 

yi, T?, 7':*,... (]) 

From tliis series, wc ( h-rivo anotlier series, 'li-'I\, T.tT-i, 
T^-T'a,-*- the cth t"rin f>f whicli is obtained l)y suJ»tra.'tinw the 
/ th term from the r+lt)i lenn of tlie prec'dinj^ series (1). The 
terms of tlie new series are dcu.yfed Iiy av-= 

3>: ^ ^ ^ ..(-') 

' The series (2) c mslitiites wJiat we call tiic/?;•*•/e/v^v of d'lj/er- 
cnv£^s, ^ r - -r 

0.-1 Ilf■ ^ ^ 

sr=-%^^'- From the series (2j, we d erive similarly (hr .wo.i-l orrd r 
of (liffprciio's. 

A 7h-A 7'i, A /It-A A T.-,, . 

and denote them by 

A-7'i, A-7'i., A^7:t,... (3) 

In this way, we miu sinaiessively build up higher orders of 
diffarencps, T' ar, 






S, J 

Fr<rtn the series of numbers s, _» 6Tj 

S '** A-T 

1, 4, 9, 10, 25, 


ExofJiplc 


the following orders of d'tferenees are derived; " 

.3, 7,<J, ...2«+l... 

2 ■' •' •' “"T-- * T,-6" t. 


0... 


’ ’ ’ - e&TT; 

^ O-o. p*aj. c* f^s 

^ ^ % *» cf^Uc^ 

In this case, the tliircl and higher orders ot dinerences consist 

of zeios* A-<-p ^ 7 * 

Co A“* f.< A r,*A 

AT-v) ^ T.-* *■ 



mKTMOD of DIFFERENCK!^ 
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?0'71 I ^irjiii'./i^^fc* 4^j**K***-'*'^"* 

9'7l. Wo now ^ive some ^eiioral tlieoi‘eins fundsnaental in 


fho theory ot^ finite dijfmmces. /^) _ 

/’roro ///rt/ 



7'n+i = 71 "t" IIC] 71 + ii^r^ A ■* 7*1 •!" tiC;? A'^ /"i +. 


We have 


' 'i^7■■L.’^n. f u. 


/:^- T'l = A Ti : 

.-. 7o = 7'i + A T'l. 

Similarly A. 7^ = A 7'i rh A- 7'i. 

Adding up (1) and (lO. wo have 

n>+A 7%= 7'i + 2A 7'i +A-7‘i. 

bnt 7:i= 7'^+A 7'o A n-= T'l -1-2A 7'i +A-7'i. (2) 

Xow starting from tlie first ordiwmt ditferonous insti-ad of the 
givoii series, wo ha*'-’ siinitn-|y ' ^ ^ 

A /':i = A'/',+2A-=7'i4 A'*/',.-- _ (2^ 

Adding (2) and f2') and romomhe-ing that V i = 7 -h/S T-.i, 

wo have 7'4 = r, + 3A 7'i + 8 A’ Ti + A^' T \. 


We thus ^ee that Ih* tlm'irem is true for values fi — 2, 3, 4 . 
As nine that the theorem holds for a particular valne^of n so that 
w.- have Tv+i = Ti + rCiA 7'+rC2A.^y’i4-... 
and A T'lVt^— A T'l+rtTiA."7') +rC.;A.^7'i + ... 

Adding these twda ela'tions and remembering that 
7V+2=7',Vi + A7'r-ki 

we have TV+'j = 7'i + (iAiH"l)A7~i4-(i-Ci + rC^) A."7’i +. 

= 7*1 + r+l A T'l 4-r+lC2A.'“7'i +... . 


Thus we find that the theorem is true for tlie next value r-h I 
of 71 ; and so by the method of indnetio n the theorem is true for 
all values of w. 


Q.7 ^.'CC b li 

9*72. Pt‘ 00 ^ ihal 

Sii = iiCi T'l +T 1 C 2 A T'l d-nCaA.-T'id-. . 

We have by § 9'71 

^ , /«-l) A ■ («~1) (?^-2) . , 

Tn Ti 4* ,, A i\ 4“ ■ A.“ P\ 4“. •.. 4 A ^ ^ 

vtb 


1, 2j — - . 

where T'l, ATi, ... are independent of tv and hence by cor. jT, §9*2 


we 


have 5n=«ri+^j^Ari+'i^^ji”-I^^iA2 7'i + ... If- 

^*•3=:^ j.-5*^* ^ .4 ^1 j ^ j f#r.»vC.A«.3 


* X *4- ^ fiH f*. 
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[V.^-K7V-y7{ 



^ 973. Piovethai 

®7 1 = 7ii+i-jiC 1 7., + „C» T'li-1-...-j- (—1) * ,,Cu /'] . 

By 7l(*riiMtion.'' wo ha\*o 
' x,- fi V = '^■'-'/-’■ 


ET^ - T 

■ g = ^ 

i-^T. ^ 




' 6T, 


.^Siinilarlv 
'TTT, - nv ‘ 


AT " 

T ' ^ r^\^ 

t,5 at, 

- a. 6^T, 


A-7'l = A7^-7^/A 

= (7:^-7l.)-(7',-7'w 

= r3-2 7^j+7'i. 
A-72= 74-27';i+ T':: 

.*. A-T'i-A^ro-A-T'i 
= ( 7',-2 71; + 72) - ( 7^f-2 72 + Tx ) 


= 7',-.‘)7':i + 3 7j-7'i. 

* The j'H'oDf iiiny he oomplolod Lv tlio of inatlH'iijaf ionl 


induction. 




»•. ? ' ac 






Exa)n}ilf. 1. Sum. ti> // Ici-idp. llio j:oi'ics wliosp /l)j tcnn is 

«(«-+]). !ii, L' JM'-'&w 

(— • '3 

Tlio tiM’tiis of lli{‘ sorios ju‘4* 

- Cx V , 

10. ‘10, GS, l3n,...;/0/- + l)... 
and the ordors of difforonoes are 

^ 20, :->'S. G2,...3/7-’ + M«-f2... 

1^. IS, 24 ...G« + G... 

£. G. ... G ... 

Honeo hy § 9'72. the snin is 

j,C]. 2 + tiC284-,iO 12 +1,00 
//(?/ +1) («- + ;/ + 2). 


or 


<*-? 




9'7 4. If the r th ortlrr of fi ifTa ^nrns irifh rcapfct to a sorn’s 
cousfsts of equal tfrms. i/ieii thp uth term of (Up series is a pohj- 
nooiiaf in 11 of the rth tfpf/ree; eotn'prspfn if the nth trrw is a pohj- 
uonu'al of the rth deijrec the rth oiui^r of di fferpn'ps loxth rPApeet to 
it consists of equal terms. 

first part tollows iniinediately from § 9 71, foi-. 

^ ^ _——7',, = 7’i + 7.-iCiA 7 1 +ii~i^^ 2A"T'l +... + n -1 C i-A‘ T'l. 
the hi'•her orders f>f <liffereiiees eonsi.st of zeros. 
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MivrHOn OF dii*ffrkno£> 


• 2 : 5 .") 


To prove t he e )iiverse Ihcorein, suppose 

,1,0,1 Ar„=("+i)'+'>i(« + i)' ' + ••• 

wlii.'h is a polvimiiiinl of doKa-co r-l . Applyiii!,' Hio saiiu> a,-i, 11 ,ant, 
iveean pn>ve tl.at A^r,, o,- Arn+i-A'/n is a polynomial of ilagree 
-g. 'J. In this way waoan prove that A' 7,, is of zei'O ilegiee. 


E^am.h. Sum the series 1+-J+ 0 +f2 +27 +to« terms. 


The orders of differeiwes ore 

1,0, / . 1 •), dl 


2, 4, S, 1(). - - - 

We see t.bai the 2ud order of ditt'ereiuM?s eonsists ot terms m 


G. :_ so that A-Tdi - 'A'+i 

' Pnttiun H = l, 2,.5 .«in this relation and adding up the 

^ 4 M lU 

«M|t\ations, we 

A 7 „+i-A. /-i = 2“+’- 2 or A 7'„+i = 2”+ '-1 • 


Now 


A 'U^\ = y„+2-7n + l =2’‘+'-l . 2.-- 1 


t 

Puttiuj;;/= (t, 1 , h -1 in this, and addin*: the n rela- 

tioas, we get 

Z"*"— 

the Sam of the series —2*^'*''-2-A«(;i + lJ. 


/txa7/ipl/’s. IX.yjc*' 


Sum the following series to it terms by the inythod of ditf(*r- 


euees : 


1, 8 + 8+15+2 


5 + 24 + 35 + • ♦ • • ® ^ A / ^• * I I t 


-1 + 0 + 3+8+15 + ... . 




tivA«^rA4U:^ 


6 + 24+60 + 120 + 210+.-.. 








-8-5 + 0+8 + 17 + 31... ^ " “'<• 

t.. •). 3 + 5+i+10 + 13 + I5 + 18+... . ^ 


^ mm 4 I I AV I i X I I *•• • 


6S£B+5.r+8.r2+12.v3+17A'*+23A-‘5+... , 






V* *». 








^ •! 






.c V 





Jx 






’ ~ J. ^ 


-i 


L r^c*v 


oo,. -■• V. t->'^?')-», 

-y /^ "..<^ C SUMMATION OF FINITE SERIRS , f^OS 

(fc.->^-**.) *. s^r:<.i i-.'c- j«.Ma (^^‘) -(i-x)’*-*' 

<*«.^. » rxt-V *^f'’7 r, kj) * = • ^ ' 

V'8. The following examples slmukl be earefnlly stmlieil as 
tiiey illustrate t wo important methods o f suimnatiou. 

Example 1. Prove that ea'^i+<'j----(-l)*‘Cr = (-l)''(;/-l)r'i-r!. 
where c,- is the eoefficicnt .v*' in (l + .v)'^^. 

We have (l- v)'’ = ro-f i v4-r2r-“r:(v’* +... + (-1)’Vi .v^ 
and (l-v''*'^')/( 1-v) = H-.r+ .r- +...H-.v ", where/« > ;•. 

Multiplying the identities, we have 
(0>"ClA'4-f‘2.V---.. 4- (-1) ''<*rV*'H- ... ) ( 1 + .V +V- + A''’+ ...) 

The desired result is obtained at ouce by etjuating tlie cai»iTi-. 
cients of .f'~ on both aides of this identity. 

Tnis example may also he solved by the nn-tliod*^)? § 9'4 or 
more easily, by u.siu"the formula r,, = ;,-i C,, 4-if,,-] 

Exa7iiph‘. 2. (1 4-.V4--V-4-.v^)'* =^7)1 4-(7].v4-<72.r-4-... 4-a:{ .v’“ 

and J/, A^are re.spectively equal to ai>4 -(7:t4-U(;4-f7it4-■ ■ 4-<7t 

(^ 7 4“ ■ • 4-(7r)4'rts4" ■ ••, prove that HE-'2 = 3.1/4“ 1 = 3A'4-1 ■= 4 ‘ 

Patting x = n' in the given identity wh‘»re ir is a eomplex eul)e 
root of unity , and using the propertie.s of the eube doT (jil'4) we 
have \—L + u'M-^-iV-A'. (1) 

Similarly, putting x = whieli is the other eomplex enbe 
root, we hav'e ^ ~ P +iv'M-\-u’N. (2) 


Further, putting .v = l, we have 4“ = A4-A/4-A^ 


(3) 


Adding (1), (2), (3) and remembering that 14*»'4'//’--(l 
we have 

4"4-2 = 3A. 

Now multiply (1), (2). (3) by »•, a--, 1 and then add 

them; we thus have 4"-l = 3A^. 

Similarly, multiplying (1), (2). (3) by 1 ami then 

adding them, we have 4”-1 = 34/. ^ti) 

The required results are obvious from (4), (5), (6). 

For a detailed_study of the methods of this chapter, the student 
may read Chrystal’s Algebra, part II, chapter XXXI. 
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EXAMPLES. IX. j. AN'D IX. k. 






Kvantp/es. IX. j. 

i. In tlie notation of ^9'22.*'pVfV\*p‘tlK^ following idcntitii's: 

( Irtn + 1(7 J.V +" 1 77 J-V ■ 4" - • ■ "h ITJii —l-A'^ ^ ) ( 1~A )“— 1) 4” *. 

(i(7.i4':’T7i.V + -i77j.v- 4* ■ - - (l-v) 

- L-.l{;7 + l)C7/ + 2).v*>^;/(«4-2).tr“+>-A;/(« + l) v"-*--. 

Generally 

(rrtn4'iniA'4-irt2.v-4-... 4"i-TTn-i-v”"*) (l-.v)'■■’■* = l“.v''/(.r) 


where f{x) is a polynomial of the J th clej^ree. 

/+’'r4-.^-)“ = rtn4-77i.v4-77_»-P-4- - - . prove 

<7,-. i,Gi“«r-l. iiCl4-rrr-’'. nfri>-<7v-:{. nC:{4-...4-(-D'Oii. nC- II. 


£./w, u^' ) 

3. Prove that 


is either zero or^l ^eedrdinji: as r is not or is, a ninltiple of 3. 




1 


1 


J/'. 4! (77-4)! 8! ( 77 - 8 )! 


4“ ... 


On-‘J 


7/: 


[l4“2cos’':hceos:l^7/Tr] . 


4. If/=7T»4:iv'^4-(l.iA'‘’4“... 

in =a]A 4"774.rM «77.v' 4- ... 

7 / = <7_.r- 4 - 77:,.V** 4- 77k.v^ 

where (1+x)“ = no4-(7i.v4-.7iv''4-77:iv'*4-••.4-(7nA'“ prove that 

/■^4-»J''*4-77''-3 /»» 77 =rt;)4-.71A'*4-77j.v'*4-77:{.\‘^4-.•-4-an-V-'“. 

5. If /, m, 7 / are respeetively etpial to 

4 -as4“fiG4-,.., ai4-a4 4-a74-..., aj4-a:,4"as4-... 
where (l 4-A:4-A--)“ = a i4-a!.v4-a2A-4- -ra;:i,.r-”. prove that 

/- = 77i=7/ = 3". 

*T ^ 'V^inti/y a/t f 

tTt to’**-'* /(-v) =ert 4 -rij 4 -(r 2 A- 4 -... 4 - 7 :u.'r'’ 

tlMt f{x) 4-7r“'- /(A-,e)4-7r-‘^^/(.r77'-2) 4-...4- 

= s( ^•rA■'■4-Cr + •.A■'■+«4-C,.+2^.^■*''*■-^4- . • • ) 
r being zero or a positive integer less tJian s. 


ExeimpUs. iX. k. 

Sum the following series to 77 terras: 
1 * — 4 -- 4 - 5 - 4 -^ 4 - 


3.\ >*. 


r“.“.4r. - »' 




2 . 


1.2' .3.22 . 5.22 

* - —*♦ 1“ »•• • 


4 . 22-1 4 . 32-1 4 . 42-1 


< 


SUMMATION OF FINI I'E SERIFS 


[ > 0 


2‘JS 


1+1- _ 1 + 2- j_ 1 + 3- 

l+'l- + l^ l + 2- + 2^ ' l + ::- + 3^ ■ 

2-Han2-'.v + 2'-tan2--.r+2--hin2--v + ... . 

•2_ _+_-i„ + 

i.3.5.7 3.5.7.9 .7.7.9.11 


(•os2.x' _ _ «*os4.v 

«*<)s-2.vi?i)s- v-siu-2.i'sin-V cMs-4vi^>s-i-sin-4 vsin'-V 


, rosfJv 

'*os'^G.t'<*os'+—.sin-C v.siii-A* 


7. 

cos.v. 

Cosl4v-eos2v. eos2+ + 

8. 


-3” 'cos’*.3 V + 8“-eos'*3+' 

I) 

1 

• -1 , 

2.4.2 , 2.4 041 , 2.4.0. 

; J, 

-1 

1 

1.3 1.3..') 1.3.7 

1 n 

2.1- 

. 2.1.2^ . 2 4.i;.3^ . 2.- 

1 u. 

1 

1.3 i:3..“. ^ 1 

11. 

0 

, 2.4 , 2.4 h . 

“h- ^ ^ . v*’~ -T ^ ‘ * ' 


f.r, 

1.3 7 1 3..>.9 


12. l3+;.i:' + ,V. + 7'+ ... . _ __ ^ ^.-t: m 

-—H). Pnt-l,-.s—1, ft-l for in, n, r is.'spe m\<.* 1\ in 111* idtinn.^ 

of ^ .V2i3, innltiply the result by us- + l) '■ -h (;/-1 )! and tlnis obtain 

(.. + l)[1.2.;!...v+2.3.4...(.'.- + l) + --- + ''(^^ + l)(" + ‘-ll---(''''"-;^^^^ , 

=;/(« + ! )(« + 2).-(;? + 5). 


O'*) 


* > ’ll- 


- =,5^d;;r'^,ar 

f.c + l) [(// + l) (;/ + 2)...\'// + .v) + (// + 2){// + 3)...(v/ + .s*+l) + --- In 
trnns] = (m + //J(w/ + » + 1 )..•(«' + '/+■"■»"''(" ++ 

No"V"l.•^l^-'^^le"'ar7^m^nr^ T''7*2n^‘*'to this r.-suit an.l 

(•..^tnblisli the iih*ntity of § 9 2. ['■. f ^ 9.2 ] 

13^ Put -/a.-l. / for », '' i" the idenlit> -'h>- dixiil 

th.- r*‘sult by r! and tlins obtain -• ‘'j,' 

3 C , w(«i + l) , /'+ltrrnis 

i + T^^T72 i.-'.a „ - .... ~ 

_ (»a + l) (w; + 22^..(»^2:) 

1.2.3....r 


§y.sl 


EXAMPU::?. IX. k. 






C^1 

_ A 

V 


,.,4 ;. {,j. -L. r) (;„ + r + 1) , (m + r}{n,-^ y + 1 + 

r-K^ (7+Tr(r + 2) ^ (r + l)(>- + 2)(.+H) 


to»-torms = — \ (,- + l)(r + 2)...w* + ^/) ‘ ' ■ 

14. Fut-r, --s « t*)v m, » ill 


m-^r c ( -r >• 4 - 1 ) (w< + r + 2 ).. • 0 /? + +//) 


vide the result by ;d and thus obtain ]( f 


s{H+\)i.s-\-2)..As‘¥fi-V ^s(s-\-\)..As±jf-2) ; 

-..^ " " (//-1)1 • 1! 


i f(r+n(»+i) ('+«■■-) 4- 

■*' 1! ■ ■ («-l)! »' 


(rd'.'?) (r-f .y 4-1)... (> 4-.S-4-//-1) 




15. Ill the notation of prove that f*' 


It ^ 


rM*>i**-.**j 


IG. Prove that . -'4,i-l-.'Jii-i. Wi + .^n-j./:>-l" •••+- hi-/n - 1^^( 

, _ r.-« . /■^■‘ii 


^vhere y'/i = [ 1 .H.. 5 ...('i//- 1 ) ] 4 - [ 2 . 4.6 -■• 2 // ] " v h- J 

[ Put r = ,\*=:-A in the example 14., above ]. 

17. In the notation of § ">'213, prove that 

ry. (?/+«):.+■(?' +Dr- (// + .'J“l)\ + (r-l- 2 )i-- (w + .y- 2 )-, 4 '... 
..•-t" (r-l-«'-l)i(.s‘ +1 )^+(!■ +?/)ry- - 2 . /•t'i 


fisl 


= r\ -si (?/ 4 / H-.S-+ 1) , +-,+ 1 -i- (; -|-.s’+ 1 )! 

1 * €.(j. l.(« + l)42. « + 3. («-l) + ■■•to ^/ +1 terms 

*- ' 1.2(7/41)42.3.«43.4(?/-l)4...to n + l terms 

= (.v 41 ) ( 7 / 42 ) ( 7 ^ 43 ) («-l- 4 ). 

» 1.2(H41)(tt42)42.3.« (« 41 ) 43 . 4 .(«-l)» + ---to//41 terms 

= 3V(«+i) (7^42) («43) (//44) (h45). 

18. Prove that the first n terms in the expansions of 
{l^2x+3x^+... + 7ix^-^^ and (143.r4GA'-4...i«(« + l)v"”')- 
are the same. 

c#.iio*- 19 /„ noiation of §5-2/j prove that 

rr-nCiC,-+l)r + „C>(»- •-2)..-...M K+l teni,s = 0 
i if'here r are positive in/vgers {fi> y). ^ 


» « 

I I 


1. I 





SUMMATION OF FINITE SERIES 




I hat ii, -r-\, n for m, v, /• respt*c*fiv(-ly in tlie ifli-ntit.y of § r> 21 
?mcl then multiply the result by H-i-;/! .] 

(h \.' 2 -n ‘2.:j + ;i;^.4-4.:) = 0 

und if «>2 1.2-„Ci. 2.3 + nC 2 3.4-,,G 4..j + ...^0. 

20. If n and r aiv positive inte;jers {fi>r) and if f[ 
polynomial in /• of the rth decree, prove rl?at 

0 = /( I)—iCi f (2) + IIC (8)-. ..to ;/+ I terms 

0 — 4-,,fTj1)- ...to 7/4" 1 terms, 

fi. (j. (^?"l-(/)-3(^ + 2</)(rt + 4^/) ^0; 

(a 4-r/)--3((7 +2^f )- + 3(rt'{rt-!-4rt')- = 0; 

((Z + </)‘'-4(rt + 2'/)'' + t)(77 + 4//)*‘+ (rt + f),/)■' = {); 

[/(p) can be transform *4 int > rtn+r/,;7 4-oj/y(/j-M) -f ...(§ 9 201). j 

21. If n is a p(»sitive inle;;,- ^nvater than 3 pi-ove that 


n 


■^-nC 


^uCjn ■'iy'‘-uCAn . 


I//. 1923 yVw.s-., /.J 


22. When )i i.s a positive* iiite.^er. prove Jljat 

[/y. r.. 1919 Hohs., /.j 


23. Prot’f that 

= 7 /,|-iif i{« +1)1. + 11 C,'f« + 2 ) 1 ,-... 

(-l)’'(7/ + 1) 1.(77 + IJI = ( 7 ^+ l)l.+ l 

-,iC 1(77 + 2 ) n+i +11(^2(77 + 3) I 

(-1)"(77+ 7)T.(77 + ?-)r= (77-^»’)lH-i-- 

“I, (Tl (77 + ;•+ l)„ + i- + nG(77-t-7*+2),, + i--... 

[ To obtain the last result put, ti-n--r-\,n for W7,77,7* in the identity 
of §5'213, and then multiply the result by (77 + 7‘).'-f-;/f .] 


24. Prove that when 77 is an even intejjer the value ot th»* 
»*xpression 

77P-|6'i(77-?)p + „C2(7/-4)p-.-. . 

is zero if p<77 and find the value when p = n. 

[ B. 17., 1920. Hons , /. ] 

25. \Vlien n is a positive intejrer. prove that 

^^j.-j^(y^(„-l)i' + nG(7/-2)^...=77l. [ B. V,; 1914, Hon>>. J. ] 
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§ 9 - 8 ] 


Sliew ( by indiuttiou or othorwisr ) Iliiit if n ainl k jitl* 
posilive integers, then 

■kG(-V+.j-)*' + i.G(A + 2 . 7 )"-u'' :i( v + :{!/''‘+ ... 

rumliiins tio U vm in v of degm* tlnm and .h-ihi-M* lliat 

[ /L I '. 1922, I. ] 

27. I ro\*»‘ that 

a-A:)'(l + 2v + ar ’ + ... + ^/v""M = l-('i + I) VM-v v “ '; 

11 -:r) •' (1 - + 2-.V + + ... + '') 

= 1 + v-fn+ 1 y'V +(2«- + 2« 1 I v" 

ami {jeiuTally 

■ 1’"^* -*■ -h -h' ■ ■■ *■ ^ ') = /*!■ v/) + (7!■+ ](:'■)) 

wiit'iT /h i i-j tind (/i ) .*»!*.■ i> >lvn timaU in x *r’.lt*^'re.‘.s r, r+1. 
respiclively. 


2,8. Provo that 


29. Pnxve that 


//• 




1--. +21-1: 

Vi ii.:»‘i 


r-.2".32...r- 


+ ...to ; + UxTins 


i'U). Prov 

1 M - fl) , {fv l 2-.'t) _j_ (?((2'-;rt-) , 

__ -V _ ....-P , 


l!i:i 


to ?i +1 terms = 


*•4 ' « 


//!(;; + !)! 


31. Determine the law of the series 

1, 2, 29, 130, 377, 8G(>. 1717,-.. 

using the method of differences or other and find the sum to n 
terms. [j9. U,, 2920, Hons., /] 

31 




i) 4 .) 


MISfEliL\Nfc:OaS £X\MP[,ES T 


H'2. Prove that. 

(l-4siii’v) (l-4siu-;lv) (l-4sin“3'-A-)...(l-4sin'’S 'W‘) — i* ' v shcm'. 
and that (l'4siu'-3“'.r) (l-4sin'“3""-v) (1 ... (l 

= eosi' se« 3“” v. 

38. Snin the series to n itn nis 
2t£*,DA' .sec2v + 2- taii2v see 2’.v + 2^lan2'v S'.‘fi2‘\i-+ ... 


MISCELLANEOUS EXAMPLES i 


1. If (H-A- + A--+... + A-'')"^ = ^70-+*^:.V + (7.jV-+...-f (7,urV’'“- 
then (//4- l)rti -r {n+'2)a> + ■••+ (// + w/r 

= i(wr + 2»)(r + L"‘. 


Prove that 


a, ft 

- \ 6 
« 

f 

I 


(f 

-1 

0 ' 

•! , 

1 ^ 

1 

-1 

C 

0 

1 - 

d 

0 

0 

3. 

1 1 

Prove that 

1 1 1 i 

j 

/ 

% 

•X a x 

X 

1 

b X 

■X 

1 

; C 

X X X \ 


0 

0 

1 

1 


= rr 4 - 4 -r + (/ 




I ^ « O 

H « O 

^ v-fv • ^ 

^ H-c 


4. In a triangle ABC of given spec-ies, A is fixed and />' 

inove.s on a given eirele; prove that C also moves on a fixed mrele. 

* 

.>. Shew that the nor-t'S-; try and sufiieienl et>nditiou that the 

product of one of the roots of 

aA-4-6 a' 4-G = 0 and one of aiA‘-4-^u:4-Gi = () 

should b * equal to the product of the remaining roots, is 

ef ( ^--2rt G) “ J = rt 1G1 ("-2rt 1 c 1) “ ’. 

6 . p is a rool of a- 4- aa 4- 6 = 0 , and q_ of v-4-rv4-(4 = 0 , prove 
that pq is a root of x*-arx^ + a6r^/A4-6'r/ —0. 



MISCELLANEOUS EXAMPr.ES I 


24:^ 


7. Prove that 2“"' n\ is equal to 

// («2-l2; ( «2-32 ) („2-52 ) ... [„2_ ( •> ;2J 

O , ( H - i - 22 )( k '^- 4 -! )(«'--6 0 

aircording as ;/ is j)dd or even. 


tan 


-1 


S Seni the s(‘ries to n terms 
0 ,4 


C 


r- Ian 


* 1-2'2 + 2^ ' 1 + ■ 


1-12+ 

*9. If 7 r is a ‘-oini'lex 7th root of unity, piove tlia^ 
u*+ 2 ff" + 7 v^, »*'■ ar'^ the roots of Ihf equation A2 + .r + 2=0 

D.^hnte that. sin-|'IC + siiiiTr + sin2'Ic = 4'\'7- 

"10. If w is a eoiuplex 11 (h roi>t <»f unity, prox e that 

//•+ rr’^ + ir'* + jt"' + u -’, »/'-’ + ir^’4- + 't-® + 

. atisfy v-’-i-v+ 3 = 0. Peduee ihat i <11 is equal to 

. “TC 07C MIC . lOX 1S7C 

n ^'^11 TT 


11. If is a positive integer, prove that the first « +1 terms 
in the expansion of 

> II 21 «l > 

are giv^m by 


1 +'1’^ + Ci + ^ +... + Li_ 

nl 


1 ! 


21 


31 


1*^ 

-1 ^ • 

.s 

ff 

e 


Shew Unit in the usual notation f 

= 3^^.2 


a a a 

s b b 

b s c- 

c c H ' 

13. Shew that 

a-^nb 

64-7/a (i4''2)6 

6+tia c+nb 


s IX • 

^ e-* 

•• © o *-c 


= *<• 

0 

0 1 

- 1 


« 

*• © 

1 



0 

l( 


a-1-7/C 

h+nc 

{n-2)c 


37/(rt4-6-|-«^) {bc+ea+ab) 


* The two examples 9, 10 belong to the interesting Theory of 
clotomv [ G. B, Mathews' TJtPonj of Numbers, Part I, Chap, m.l 


244 


.M1S(’FLLANK0LTS EXAMPLES I 


14. jiiid CD ard divided af. /, and .*/ in tb** sasn ■ r.-.iio 

and A.I/:s divided nl .V in a fixed ratio. Prtivo tliat ilu- bien-; o.' 
A IS a st. line. 

1"). Shew that the e iiinlion 

2.Vt---_'y s.v- + I.v-2'; - 0 

ha.s on-' and onlv one real nej'ative root and find its value e()n-(et 

to til! ee plaees of deeiinals. [ B. C. . 1 /. .-i. IV >4. | 


llj. The eondition thr»t. two of tin* roots of 

(rt.v- -h 2'W 4- r) “ — {. ,-/v d- r) - 
should lie equah is ^ 




[ [(A C'^y'-a 'r-Hr) )! :it‘- 4f/(/'« -e/f; J (). 

17. .V., denotes the snni to tt-nns of tie- s'-ri-'s 

a rt'(n4-r) a (o x ) (<? 4- 2.i') 
b h(b+x~) W + .vJ(A + 2.v) 

aio] Su denotes the sum of tin* reeiproi‘a|s of tin- l-nn-of 
series; prove that 

[.9t,(rt -A4- r) +(?] -r v) 4-/»] = (^ 4- w v) (A-h// vj. 


i 1 1 i '* 


18. If (l+r)'' = r„ + ei.v4-rji-4'-.- + rr..v’h prove that 
(r + 1 -f- (r-1 + ... + ("1 )''^r — ( 

lro-2ri4-;drj-...4-(r + l) (-1 )‘'r>= (-D'C-.-iO + w. n-^C'r-iJ. 

Deduce eorrespondimr results tiue for all values of n. 


19. Prove the identity. 

[(e osx-sin I'lJuuO +/ feosa' tarn? + sin i )]*' i->s ?/// 

-/[(eoS-V'-sinx tauf?)-/ (eos.v tnu<? + sin.i)]** sin fiy 
— see^rt [eos« (.r + j' + «) + (si n 71 {-V + y u) ] 

20- If eoi^7i+ eo.suj+ eosfla+ 005^4 = 0 

—• siurti 4-sin^7j + sinaa+sin^4 
prove that for all inte^jral values of r 

eos(2r-l)ui + <*os(27"I)uj4-cos(2r“l)rt;! + eo.s(2r-T)a4 = fi 

and that sin{27'-l)^]+ sia(27-l)a-j + sin(2r--l)u3 + sin(2/-l)u4 


=^0 



MI''CEIil>ANEOUS KXAMPEK>^ I 


245 


p-nv^. thni tb- first r + l fr.ns in tl... ..xpnnsion r-f 

Jirc* fjivt'll hy 1 + inn Oa + iiiMt~2A "+ni!i ^ -A +--- + iM.t 

22. Pr.»VL‘ 111 tl (a- 1)^ is of,u:ii to 


25 . Provi* MimI 



.V* 

v 

1 ! 

Mv-’ 

2t 

1 

0 i 

1 

\ 

1 

1 

1 ' 

t » 

• > 

1 

{) 

r'* 

•t 

X- 

.V 

• 

C.v^' 

:lv 

1 

0 

1 

1 

1 

1 

1 1 

i fi 


1 

(1 i 


V 

1)‘*+1 


21- A '/ P>'~ similnv to A nn4 tin* join-; of tlio corrcs- 

ron4in<r vt-rii'.'s J f\ CR m-- divi-I-.l i.1 A. M. A*:!, th-san.o 

ratio. Prove tlmt A A.T/.V i.s similar to A .'/A(\ 

25. The two equations 

2 Y* + 0 a:^+-V"- 4. V + 1=0 

and 3A-5-9.r'‘+l3v^-nA- + 5Ar-l =0 

remain unchanged after transtorminj? them by wntinjr a -h (2a-1 ) 

for -V: solve them. 

26. Tf (I, b, c, he the roots of the equation/^-/w-'' + 7/- + r = 0 

form the equation whose roots are bed, ctUi, dab, abr. 

Also prove that the equation whose roots are 

cd'\-db-\-br., cd + da’\-ac, da-\-ab-^-hd, ah-^hr~k-f'a. 
is y^-'lqy^ + {<f- + 2r )j-^ + (>-- 27 ) '.r + f - = 0 

[ /y. U. M. .d. 1924 ] 

27. Prove that the sum to « term of the series 

\ + Py + 2ir‘^ ^ 3!r* __ . ^ 

X a:(x+jf) x(a:+>')(x+2j') x{x+f/) (x + 2>/) (x + ay) 




_ ?i\y^ _^ 

a: ( a:+) {Af+2 2/)... U* + (?«-1) y) 


-i t ■ 









^^Is^•c^LA^■F:o^s KK I 


2s. Prove that the sum to ?/ terms of the sei-i.-.s 

It " ~t 


3! "^ • •• 


2.*') (a f .{^') ( >7 4-4r)... fo’4- w.i') 


2!I. F^rorM tlijit in l}i>- usual ii'>tati‘)n 

1”7; r"e .s//./=/P'-„C'-4“‘Z>.“. 1 < 

•'IJhI 'tin?/. / = 4 />// “. 

vrhere fi = h-+r‘*-a- and ^2^ = the aiea of . l/yC. 


30. Shew that if 


and r,). /■], /-j,.. e_-|. are coefTeii-nts in 'he expansion of (l+.v}-’ 
r,i?//, 4- r.tM,- 1 . ?/ ] 4- r,???,._:>?/2 + ■ - - 4- //^ = ^ [ (??/ 4- ?/),- 4- (»/.-;/), ] 

where «,>?/ [ ^ j.,yj jj j 


31. Prove that 

(]4-,v + .i-^)(l+A- + .v«0(]4-.v5»4-.vl*')(14-.v^'4*.v''*)--.to ;/ faetor.s 

~ 1 4"'V4-.r~4-.v*4--to terms. 


42. tTiven 3'\ .3’, 3-,...3"“' Jbs. weights; prove that it is 
pi's>ihle to weigh nniijnely any itilegral number oi lbs, from 1 to 

In particular .show how to weigh 471t>s with 3", 3^ 3-, 
3^ lbs. weights. 


33. Prove that 

(1 4-2cos.r) (1 4 - 2eos3j-) f 14-2cos3'-j’) •■•to n tac'ors 
= 2»osi (3“-l) //4* 2cosA (3''-3)j- + 2eosA (3"-:.).i- 4- • • • . 

34. Sum the series 

sini' . 3sin3?/ . 3-sin3*r . . . x_ 


. + _3-.sin8-.v 

I4-2oo.s// 14-2en.s3j' 24-2co.s3-j' 


^ *c 
O I 


A 


3 . 5 . t>hew that 2 n^r is equal to 

{b-\-i')- ah ac I 

' , i A- \ ' j ' 

<-*4. J he 




x. 
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MlsCELliVNEOl'S EXAMPLES 1 

86. Prove* tlial v-rt)-(.v-/0‘’ is equal to 


v» 

.r’ 

•> 

A- 

X 

1 1 

j 

rt* 

«■* 

•> 

a 

*- 1 

4rt-’ 

8^7- 

2a 

1 

0 1 



h‘^ 

h 

1 ! 

• 


Hb’ 

2h 

1 

0 ‘ . 


87. AH, CP aiv divided at A and M in the same ratio and 
AAd/A' is of fixed species. Prove that the loens of A' is a st. line 

3S. Derennine a, b_ r so thst the polynomial 

2.V'' Prt v-+Av + r 
should he divisible l\v (a'-J) '. 

80. If a, b, c are the roots of the exjuaTion 

A-‘‘-h8pA-- + 8yA-+r^O 

and if i».i is equal to {«4-('•+/>)*'■, prove that 

= *5;i 

• > 

40. If // is of tiie form 4w+ I and 2;/(? = 'ic. prove that 

(l-.sin2vco jee.7) ( H-sin2AV.>.see!8^j) (l-sin2.fco.s?c."77)... 

X [l4-sinJAeo.see(;/ 2)o] = (sin7/.v-eosw.v) -r (sinv cos v). 


41. If/. („, .v) = l+"j:^' + + 


n^x’^ 


+ • • • + 




Vi\ 


prove that the first ni + l terms in the exapansiou of 

F{a, x)X fi{b, .v) X /• (c, a*) X ...X .r) 

in ascending powers of .v, are given bj* A(/7 + 6+r+...A*, .r). 

[ Apply § 141 ] 


42. Prove that 


(n + r/)- ia-\-2d)- (fl4-3^0- (^7 + 4^/)- =0. 

{a-\-2</y^ (a + 8rf)'-i (a + 4rt[)2 Ca + o^f)'-^ 

(n + 4rf)- (rt + .'lrf)- (f7 + 0f^f)- 

{a + 4(/)2 (a + 5rf)2 + {a-\-7d)- I 


43. St; lines AC, BM, CN Rve drawn eqnal and parallel to 
the sides of a triangle. Prove that A/^i9C and have a 

commoii centroid. 
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44. C,>iiiitinct fl poK noinia] tip- .3th such tJiut 

y’(.v)-l and /’(.v)+ 1 are divisible by (.v-,1)'* and (.v+ 1 )-' resp- 
eetivelx . 

45. Trove that the er|nati.ui fA--p)-‘* = 2;/,/-' “bv has t^vo real 
r.>ots or none aceordin<? as ./[/d 1-2;/) -2;//] is ne-'ative or positive; 
p and q are given to be real nninbc:-s. 

4(). s'.lve tile e.juali in.s a -r/‘ -{-^ = 0. / 7 - 4 -/»* + r-=t [o 
and (P*-r +/■’’■= 27. L C'. 1937 ifon^.. \ ] 

47. Ptove dial 


^ //] _ _ ____ 

^ 1 +/M (1 +</]) (l + rtj) (1 {-rti) (l + a-j) \ i-f rt.:) 


- ... t) // lenns 




( _ -i- 

i-a^ (1 il <i\) {l-a>) {\+o,) 


+... lo // terin> 




n.r 


_ 1 _|_ + 

1 -// 1 - (l-/r)( l-f/j-) (l-ai-)(l'/7::-)(l //;r) 


+ ... f(i ;/ terms. 


4s'. Trove Hint 

2c' >.^/7. con/ 7 + 2e )S(f/+2'>) 4-2 'e cos/;, eos(a-4/; 4-2/’) 

4-2'^*o.-^a. cos/;, cosr. eos(//4-'''4-r4-2//) 4-• ..lo ;/ terms 

= 2^.*os//. i*os/;. eo'je. ..(*<»s^‘eosf<7 4-/; 4-r 4-•4-. 

and that 2 eos'/ .'sin<7 4-2eos(7.sinf/7 4-2/;) 4'2'ci>su.cO';/;.sin(^/4-/;4-2r) 
4-2‘'<*os;r cos/>.eoSv.sin(<74-/;4-r4-2'/) 4-.-. to ;/ terms 

= 2 ‘eoSf7.cod;.cosr, ..cos/.’.'sin(</ 4-/;4- r 4-_). 


40. If 

X 


or 


+ 1-1) 


1) (;/-2;+1) 




4- 


(v-2)[r. -,(r) -2] = f)]-- 


th'-n 



MISCELLANEOUS EXAMPI.ES I 


2-1-9 

5:i. Pi Pi Pa —/"i and 01 Qi Qa — 0m are two regular 
P'»lygons n >t n ‘ssarily in one plane, pr >vo that 

x = )n r = / 

rs. S3 PrQr = /tn{a*-^&--¥(f') 

.s = 1 r = 1 

where a and h are the radii of circles oircninscribing the polygons 
and (i the distance between their centres. 


.•il. if ^(v)sl-rA-h.v2 + ar-'^+...+;rt‘-i, prove that 
r = «-l 

II /(x"') =l+ v+.v-+.v*-h..- to^“ l terras. 

;=*0 

where «i 

.V2. rn>ve that ^ is eipial to 

nh d“ -1^2i" + c- ch 

' rtC 6c ^ 2 + ^3 + 2^2 . 

.53. Prove that 2{6o+i‘rt+a6)((Z + 6+c)* is equal to 

j (<i+6+f)2-rt- -7>a -ea 1 

j —(<i+6H-c)~^2 I 

1 —ac “6c (a+6+c)2-c2 I . 

* LJJ\ M, N, N' are taken on the sides BC, CA, AB 
of a triangle so that LL!y MM' NA' are pi’oportional to BCy Ca 
AB. Prove that triangles J/and AM/'yV'have a coinmon 
centroid. 

.5.5. Solve the equations 4 (a.'°+1) = (a:-1)2(;c+ 1)2 and 
(.vM)(.t2+ji-+l)= 4 U'-l)U*2-r+I)2. 

56. A polynomial f(x) is identically equal to =*=/(2“t:). Prove 
that /(x) can be written as an odd or even polynomial in .r-1. 

57. It f{x) = x'^{x+l)^ (2.v+l)P prove that 

__ fix-l) = (-)P/(-.r) 

* Examples 43, 54 can be solved most easily by statical methods. 

32 
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mSCELLANfiOUS EXAMPLE' I 


and that f{x)-f{x-\) is an odd or even'polynomial in x aoeordiii^ 
as p is e/en or odd. 


Prove by nsing the identity 

«*'{;/ + !)''= (rCl.-Jr-l^'n + rO. 2»—+ r<^r). 2i—5^n+...). 

58. Prove that 

2.5-^^ii + 35n = 3(25n)- aiul 7.G^'n + 5.45,, — 1 2..;5n.a.S'n . 


59. If tr is an «tli root of unity prove that an +^?c ^ .satis firs 


GO. Prove that, when 71 is odd 

{n-\)i'2 

+ + II [.v- + 2(a + 6)x(*os(2r'ir'«) 

I 

d-a- + + <7/>eos (4; TC/w) ] 

and that wlien 71 is eve»i 

(«-2)/2 

^ (,^ + /,) J H [.V- + 2 {+ />) rcos (2rTC w) 

+ fi-+ 4-2ff ^'os {4/TC/^/) ]. 




(il. Prove that the sum of those terms in the expansion of 
+ ^ + wliieh contain every letter, /■ being a positiveinteger, is 

(„ + /^_p^)r-[(^4-,r)^ + (e+rt)*‘+(rt+<5)'] 4-n*'+5'' + e’-. 

State the corresponding formula when there are /Hotter-. 
Henee or otherwise prove that the number of ways of distributing 
r different gifts among n persons so that eaeh reeeives at least one 

gift is 

[B. U., 1924. Prohlfms^ 
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[Expand, in the notation of example 4, page 247 above, both sides 
of the identity 

x)- l][J^{lf.x)-l]LF{r„x)-l'\= na,x) F{d,x)fU,x) 

~[F{b,x) Fie,x) + f\e,x)f{a,x) 

■^/^{a,x)-{-FU,x)-\-F{e,x)-l 

in as.ientiing powers of ;c and eonsider the ooeffieients of J*" on both 
sides of it. ] 


02. Prove that. 

X a 0 0 1) 

b X fr 0 0 

0 h X a 0 

0 1) ^ X a 

a i) {) h X 


= F-Mx^ + 5rt-/Av + o’’’+ 


03. Prove that [1 -(~a) "-"M" is equal to 



C;) 

r„.v» 

Cn-l-V" 

C\X 

Co - 

C„v“ 

riV-,.. 

CiX ••• 

• • • 

rn-lA"-! 

CnJ"^ 


eo-v- 

» • • • • 

CaX^ 

• ♦ • • • • 

C^X*^** 

C(t 

ei.v 


CiX 

foV*' 

• • 

CuX^' 

Co 

where (l+a*)” 

= rod-fi.v + C2or- + . 

• ■ + Ci\X^ . 



C4. P^O are points in the plane of a triangle sueli that 
LBaP^I QAC and L CBP=L QBA. Prove that L ACP 
QCB Mxdihtit BC.AP. AQ + CA. BP.BO + AB.CP. CQ^ 
BC. CA. AB. [Suppose A, B, C, P, represent a, h, e, p, q in 
the Avgaiid’s diagram, then we have 


p~a^ 

h-a 


where / is a real number. 


^ or 

g-ti {b-a)ic-a) 
Similarly 


{p~b)iQ-h) 
ic-b)ia-b) 


is a real number equal to hi say. Now observe that 

(6-a)(<;-a) {c~b)(a-b) (rt-e)(J-c) ^ 
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65. Find the nuinbei* and position of the real roots of 

-r^-12A- + 5=0. a., \9>7, f] 

66. Shew if II is the product of the squares of the differences 
of roots ai, 02 ,-‘-an of the equation /(.v) =.r''+p.r4- / = (t. 

(—1)“ ^ )n = /'(ai) /'(fl-) .../'(an) 

[ B. U., M. A., 1926 ] 

[ / («l) = ai~^{na]2' pa\) =-a\~^\ «?-/)(] 

Further f (ai) = (ai-ay) ( 01 - 02 )...(a\~ an) etc. ] 

67. Denoting l'-2''+3'--4'‘+...to « term> by ,..SV prove that 
(-l)«-b**-(?^ + l)'- = 2(rCo.2r5./H-rG...r-25n'+..G.2,-4.S,/ + ...) 

Deduce the following results: 

2 2Sn' = {-\)^'h^(n-h^) . 

2 45,/ = (-])“-b/(«+l) [;/(;/+1)-1] . 

2 (i5’n'= (-1)°“'«(;/+ 1) [ //-(//+ l)--3a(//+ I ) + 3 ] . 

Prove also that 2 rS,/ is a polynomial in + divisible 
by «(« + !) 

68. In the notation of the last example, prove that 

4.5S',/+8..i5t/=(-l)''-'«-*(7/ + l)^(2« + l) 

69. Shew tliat 2 cos{3// + 1).v- 2(37/-hl)cosrt-37 is divisible by 
C2 cosa- + 1)-. 

70. A, B, C, ... are the vertices of a regular polygon of ti 
sides inscribed in a circle with centre O and radius y. If P is a 
point in the plane of the circle such that OP=x and Z / OA =/>, 

prove that the sura of the angles which PA, PB, PC, .make 

with OP, is 

tan“^ lj'’’siii7/;i (.r“co57/p-a:^^) J. 

t Let O be the origin and OP, the a.xis of x in the Argaud's dia¬ 
gram. Denote the vector OA by a\ then the vectoi s OA, OB, OC,... 
are given by a, an', aw* —(where w is a special ;/th root of nnit> ) 

and the vectors PA, PB, PC, ... are a-x, mv-x, an '-x . The 

product of these is equal to a'’-v'' or ‘(con«/>4*i>ina^)-A". Now 
apply the second part of § 3'S. By applying tbt* first part, we get 

De xMoivre’s Theorem (§ 7‘71). ] 



MISCELLANEOUS EXAMPLES I 



71. If = + 

md A*=ro+ riix" + ecx'^d-cox* + • • • 

y=CiX~\-CAX*-\- ax^ 

Z = oix- + esx^ + C8A-® + • • • . 

prove that (K- 2 r)- + (Z-X) 2 + (X-VY^^^Ml-x-^x^V^. 

72. The first n-r terms in the expansion of (.v + 1)" aie 


given by 


1 (v4-i)^-l 

(.v4-l)'*-l 

C.t4-1)^~*-1 

... (a-4-1)--1 

(.v4-l)-l 

nC- 

i-tTi- 

0 

0 

1) 

n^Tr- 1 

i-Cr —1 


0 

0 

nCv-> 


r-lCr-i 

0 

0 

1 11^*1 

rCl 

V-lC\ 

• • • « ■ « 

2 C 1 

iCi 


Co 


and 


78. Tn the notation of example 71 above, prove that 

"^-Cl'‘l + C2"*-C3"^ + .-- + (-l)''Cr“^— J H- —( 

H’T’^ '• n + lLr+l •* 


l.co“*-2(ri ^ + 3 c2 '- 4 C 3 * + «»* + (~l)*’(>‘ + l)^r 


-1 


=: "±J ^ 1+ hll!k±l) 

W "h3 ^ Cr+l 

Prove the following identities: 


74. (1 + 2ae(>s.i + a-){\ + 2a\H)^2x +«*)(! + 2rt^cos4.v+«*)••• 

X (14- 2a®eos8.v 4 -X.. .to « factor.s 
= (l-2rth*os/A‘4- a-M ^ (l”2neosA'4-a-). 
where / —2". 


_ rtsinj* _ . 2a“sin2.v . 4a*sin4A: 

*'*' 1 -i- 2aeosa- 4-14- 2rt-cos2« 4- a- 14- 2n*(Jos4A- 4- n** 

asin.v /a^synlx 

4 -...to terms = -—^ -;—; 7 ~ . x -i -mriSi * 

l-2rtcos.r4-ff“ l-2<i‘cos/A-4-a^' 

2(a*-l) _ •4(a8-li 

i4-2aeosA4-i?-'^ 14-2rt-cos2A-4*a^'^ 14-2rt*eos4A-4-<i^ 


_u . 4. 

4“... to M terins = 


a —1 


1 -2rt*cos/.ir 4* l'-2aeos.v 4- or. 

77 . (cosa" 4- cosy) (cos2j 4- <*os2 »/)(eos4x 4- eos4y')(eos8x 4- eosSj/) 
• to n factors^ (cos 2 *^.v-C 082 “y') -?* (cosx-cosj'). 
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7 g isinx^^j) _^ 2(sin2.y -sin2y) „ i>nsm2-i.v-siu2V) 
co^x-hcosy cos2.rH-eos2j' ’ cosJ“;r + cos2-> 

+ terms = g°fsin2"A- + .siD2V) _ sinr f s in?/ 

cos2"a -<:os2“y/ cost - cos r. 

79. If/(A')=0 has A* real roots and /^{.r)=Obas no ival 
routs prove that /{,r)/-^(.r)-/'(.v)7^(.v) =0 has ^-1 real roots af 
least and that/(r) F"{x)-f"ix)f(x)=() has A-2 real routs at 

/!/. 792/]. 

[ If P{.r) ^ f{x) (x) /^(x) and ^7I, a 2 ,-*.a\i are the real roots 

of/(a:) =0 arrancjed in ascending order of magnitude, then P(a\), 
,‘-.htive the same signs as or-/'(( 7 i),-/'(ff. 2 )... 

and hence they change alternately. Further observe that 

P’{x) = f{x)P'\x)-r{x)P{x)J 

80. Prove that (w--?;2)cos/v+(«-~/-^)eosm.r+(/-'-a,)S;/.v 

is divisible by (cosv—1)-, /, m, /t being positive integers. 


81. Prove that (1!2!8!.is e(iual 1(» 


7l\ 

(«+l)! 

(« + 2;I ... 

{'2ft) 1 

(w-1)! 

w! 

(// + !)! ... 

(2ft-l)l 

(«'2): 

(«-l)l 

ft\ 

(27/-2i) 

• • • 

• • • 

••• 999 


1! 

2! 

3! 


1 

1 

1 

1 

Prove that n 

Cl- is equal to 


H 1 

n P 'i 

n ^3 • ♦ • 

nC- 

n-l<^0 


n — 1 2 • • • M' 

-10-1 

0 

11 - 2 G) 

11—2^ 1 .. • \\~ 

-2 0-2 

0 

0 

n —••• n- 

-:{Cr-3 

• • • 

0 

• • • 

0 

«• • • • • 

0 ••• n- 

9 9 9 

-i+iO 


Deduce a similar re.snlt true for all values of ft. 

.*4 
—; I 

83. a, h, c are three .uno pial (jnantities and a polynomial /(.'') 
i-- divided by (r-n)(.v-('»)(x-e». Prove tliat the remainder /-‘(v) 

is given liv 

* 



MISCELLANEOUS EXAMPLES I 


•J.)0 


Fix) X- X 1 j =0. 

^/(a) '^n 3 

?? 

:=fx^ ?3«'l 

A » 

84. The sides ••• - of a polyj'on 

make angles /i, with a given straight 

line and eontain n\, a>,...ar, units of length. Prove that 

aiCOSpi+rt20OSP2+ ...+ar-icospr-i+^iieospr = 0, 
flisinpi + rt2sin/J2 + -- + ^'—+<>rsin/Jr = 0, 


and generally 


r! 


/lm\n\... 

r! 


n I •rto^'rza" •. .eos (//>i + mp* + ;//Ja + •••)= 0 


‘h >«!;/!... 

/, ;//, .being r positive integers (induding zero) subject to the 
i*ondition /+m + « + ... = r. 


85. Prove that the equation 

.r 


x2 


;/} ^ (;/ + l)!'^(// + 2)! 


.T + • • • + 7— 


X 


=^0 


(//+t)1 

has one or no real root according as r is odd or even. 


80. aiy ao, rt;n 6u ^^ 2 , hn and I, wi, ;/ are real numbers and ai, <12 
o;n fix, />i, fi:x are arranged in order of magnitude. Prove that the 
roofs of the fi)llowing equation are all real; 

_ I' _-p_-I- 

(.V-Ol) (a'^i) (a— rto) (.a-^2) (-V-^;i) 

S(, If aiXi+a2X2-\-a-3X5+..,-\'an-lXn-l-\-anXn — h 

a-iXx +(23A-2 +(J4A3 + ... + <lnAi,~i +rtlA,i = I 2 
<J.AV 1 -hapCi +<15 A-3+... d- aiXn -1+ a^Xu — h 


<*n-l.«l + rtiiA2 + aiA3+... + rtn-3^n-l + rtn-2-^n =/«-! 

anX 1 +ai;V 2 + a2A'3 + ... +fln- 2 Vn-l +rtu- lA'u = /„ 

and /(*) = +<331^ + ■ ■ ■ + 

ai+<i2.v + a^x -+...+rtnA“-i 

prove that«A.-,,==toV(*e)+,e-MT^3)+«,:*v(i^^ 
where w is a special /i th root of unitv. 
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MlSCEl.LANEOUS EXAMPLES I 


88. Prove that 

olrl{n-r)l 1! (r-2)l(7/-r+1)! 21(r"4)M77-r+ 2')! 

= 2nC'r.n''roCosr.r+2n<^r-i.n Geos (7^2).r+2nCr-2-ii Geos (r-4).v 

... • 

89. Prove that 

yin-/(^2_yi) ( ^2 ( ,-2-^18) _ 

M here a — ens(Tcl4n) +/siti (tc;47/) . 

90. The fi sides of a regular polygon are projected on •» st. 
line. Provo that the prod let of the projections with their proper 
signs is 

(-l)"2"”'''-^/"sin i7/(2.r-Tr)siniv(2v + Tr) 
where d is the side of the polyg )!i and v. the angle which the given 
st. line makes with any one of ibe sides. 

* 91, Prove that the following polynomials are divisible by 
/rsl+.r+.v- + .n being a prime number; 

(o) ^l» •••» Sii —1 and ^u + 1 

where is the sum of products of 

A-l, f-x, F—x /•'-v*'* 

taken r at a time 

ib) (/^-1)«> + {A-v)'" + ...+ (/•'-.v'-')"' 

where is prime to n, 

(c) (/-■-1) "> + ( F-x)^ 4-... -r (/^-.v -«(-1 > 

wliere m is a multiple of ft. 

{ ^/) 1 m _j_ ^-m ^2m + ... + -2m -1 )m j; y ... + jr'i-'-I) 

where »n is prime to ft. 

In («) ^n-i ’s also divisible by 

In (d), if m is of the form ?rfi + h the polynomial is divisible 
by F-. 

[Observe that all the above polynomials vanish for jr = ir where 
fr is a complex fi th root of nnity]. 

* Tlie Journel of the Indian Math. Society, question no 1407. 



MLSCRLLANEOUS .EXAMPLES I 



92 If polvuomials Pi^)* Q{x), Pix), .S(x) ar 
3,a d^’rfe, prove that 31 C«--v)^A' «here A, A' are 


P{x), Qi-^), 

Pia), Q{a), P{a), S{a), 
Pia), 0'{a), P’{a), S'{a), 
P"{a),Q"{a), P'ia),S''in), 


e each of the 
ire 

Pin), Qia), P{a),- 5(a), 
P'(n), Q'M, E'ia), S'(a), 
P"{a), S"ia) 

P"{a), Q"'{a), R"'(n), S'"{a), 


93. Shew that the determinant of the ?/ + l th ol der 



^•n-1 


... X 

1 

1 

1 

i 

... 1 

1 

HI 

t 

(f^-2)i 

... I 

0 

rto 

(k*1)2 


... 0 

0 

• » • 

Hn-\ 

• • • 

» ft • 

0 

• « • • • 

... 0 

• • 

0 


is equal to where / = 

94. O, A, B, C\ are any four,pts. in a plane; BC, CA, AB, 
OA,,OB, OC are of lengths a, 6, c and a', d\ c' and make angles 
-v, y, 3, x',ty y with.a givep dir«;etiou. Prove th^t 

art'co3( v+.i:') +ife'cos(y+/) + C(r'cps(r+s^) ==0, 
ffrt'sin ( a:+.^ 0 + ftJ'sin (y+i/') + r^'sin (z+e^) == 0., 

and that 

+cV^-2W'cc'cosi-2cf'aa'eoswi-2aa'66cos« = 0 
where I, «#, h are equal to 

<BAC-<BOC, <CBA-<COA, <ACB-<AOft, 

Deduce Ptolemy’s Theorem by taking the pt, O on the circqm 
circle qICsABC. 


95. Proce that the equation 

1 J_ « - 1 ...> , ..r_A 

It- - :r t—.e ^ _u 

has one or no real root according as r is odd or even, h being 
real number greater'thau r. or n^iative. 


33 
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MISCELLANEOUS EXAMPI.ES I 


96. Prove that 


7)1 ~ S = ?' 
7)1 = 1 ;/ = 1 


+ + 2)...(wi + ) __{s + l)(.«+ 2)...(5 + r + 1) 


;/! 


(>• + 1)1 


-y-l . 


07. Prove that 


-l-'l r ^nj ))-} ) r- _ 

7)1 . 1 Wi + r 1.2 ))) + 2)' + 




iu 


m{i)t + r) 


w (+ r)( 7 )i + 2/‘) 

[ B. U , 1918, ProbloM^"]. 


[Prove by iiuluction or inte;?rat#' the identity 

+ nG(l-r)«-'V(l--V'-)^+...]. 

between sero and one]. 


98. Prove that 

?/-l r (2r-l)x"2tz 

seew.v.isee"^I.eos(/^l+a) = II \ 1-tan .v. eot “ —y - 

0 I 

99. *-7o-^i. A‘iA\\, ... Wn~i 7n are drawn parallel to the 

sides ot* a reo^ular pdygon and they ontain 1, 2, 8, ... u units of 
Un'jth. Pro/e that /ii.4n = a>^3>sec (x and that AoAn makes 

with AoAi an angle e jual to -(>/ + 2)x/2v. 



100. A, B, C... and A\, B\, C\, ... are the vertices of regular 
polygons of 7 t sides inscribed in two circles with centres O and 0\ 
and radii a and ai. If <901=^ and OA, 0\ A\ make angles p, pi 
with 00 \, prov’c that 

AAr. BBx^. T*:!-...-=A-‘^'*-2A->'’cos».'?+y-" 
and that the snin of the angles which A A], BB\, CC\, ... make 
with 00 \, is 

^ p'“sinwf/ 

'tan ‘ -- 

whore q and .r sati.sfy the relations 

«sin(p-r/)=^?isin(^i-^): y’=rt--2aaicos(p-pi)+^1-. 
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101. ABC is a spherical triant'le. Any point P on thv. sphoi-t* 
is joimul to A, B. C and the eosiiies of these arcs are denoted l)y 
(rti, 6i, similarly {a-z, h, Ci) («3» cj)i ^4, ^^4) denote the 
eosines of the ares joinin'? three other points Q, R, ^ to the vertiee.s 
A. B, C. Prove that the fovr points P, Q, R, S lie on a small 
eirele, if 



(J\ 

In 


1 

n> 

b'Z 


1 

nv, 

Ai 

c:\ 

1 

^4 


f'i 

1 


By applying the theorem to the polar triangle or otherwise, 
deduce a similar condition involving the sines of the distances of 
P, Q, R, S from the side.s of A ABC. 

[ Indian Math. S>e.iety’s Journal, question no. 1319] 


THEMES FOR NOTES AND ESSAYS. 

1. Determinants and their applications to the solution of 
linear ecpiations, elimination, and geometry. 

2. Complex numbers and their applications to geometry and 
vector algebra. 

4 

3. De Moivre’s Theorem and its immediate consequences. 

4. Reciprocal equations. 

5. Alpbraic solution of ec,natious with special reference to 
cubic and biquadratic equations. 

6. Location and approximate evaluation of the real roots of 
Dumencal equations. 
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THESES FOR NOTES AND ESSAYS 


7. The properties of the n th i‘oots of unity and thei** appli¬ 
cation to factorisation. Mention their other uses. 

8 . Partial fractions and their uses. 

I * 

9. Euler's Identity and the summation of finite series. 

> 

10. Van der Monde’s Theorem and the summation of finite 
series. 







